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1. Introduction

Here we describe some recent advances that have been made regarding the
arithmetic of the unrestricted partition function p(n). A partition of a non-
negative integer n is any nonincreasing sequence of positive integers whose
sum is n. As usual, we let p(n) denote the number of partitions of n. For
example, it is easy to see that p(4) = 5 since the partitions of 4 are:

4, 341, 242, 24141, 14+1+1+1

Partitions have played an important role in many aspects of combina-
torics, Lie theory, physics, and representation theory. Here we describe some
of the recent discoveries regarding the arithmetic of the partition function,
including a relationship between partitions and Tate-Shafarevich groups of
modular motives in arithmetic algebraic geometry.

Euler [4] showed that the generating function for p(n) is given by the
convenient infinite product
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and his Pentagonal Number Theorem asserts that
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It is easy to see that (1) and (2) together imply, for every positive n, that
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Although (3) is an efficient recursive device for computing p(n), it is
not a formula. Fortunately, an improvement, by Rademacher, of the Hardy-
Ramanujan asymptotic formula
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leads to an ‘exact formula’ for p(n).

Although one would hope that these formulas would be powerful tools
for proving theorems about p(n), it has turned out that many of the most
basic questions remain open. In this section we review some of the remaining
classical problems, and in the next section we describe the recent progress
that has been made on these questions. In the last section we describe the
relationship between p(n) and certain families of modular L-functions in
the context of the Bloch-Kato Conjecture.

p(n)

1.1. PARITY

One of the simplest questions concerns the parity of p(n). Using (1) and (2),
Kolberg [21] proved that there are infinitely many even (resp. odd) values of
p(n). However, much more is conjectured to be true. The following widely
believed conjecture is one of the most notorious problems in the subject.

Conjecture 1 (Parkin and Shanks [30]). As n — 400 we have

) #{n<X : pn)=0 (mod2)} 1
X1—1>r-I|—1<>o X N 5

In 1983 Mirsky [23] proved that
#{n < X : p(n) is even (resp. odd)} > loglog X,

and in 1995 Nicolas and Sarkézy [25] improved this estimate and proved
that there is a constant ¢ > 0 for which

#{n < X : p(n) is even (resp. odd)} > log® X. (4)
Subbarao made the following more accessible conjecture [33].

Conjecture 2 (Subbarao). In an arithmetic progression r (mod t), there
are infinitely many integers M = r (mod t) for which p(M) is odd, and
there are infinitely many integers N = r (mod t) for which p(N) is even.
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Garvan, Kolberg, Hirschhorn, Stanton and Subbarao ([15], [18], [19],
[20], [21]) have verified this conjecture for every arithmetic progression with
modulus

te{1,2,3,4,5,6,8,10,12, 16, 20, 40}. (5)

1.2. ARBITRARY MODULI

One is also naturally interested in the reduction of p(n) modulo arbitrary
integers M. In this direction Newman [24] made the following similar con-
jecture regarding the behavior of p(n) (mod M), as one varies n, for ar-
bitrary M.

Conjecture 3 (Newman) If M is a positive integer, then in every residue
class 1 (mod M) there are infinitely many integers N for which

p(N)=r (mod M).

Works by Atkin, Kolberg and Newman ([7], [21], [24]) have verified
Newman’s conjecture for every

M € {2,5,7,13}. (6)

To clarify the nature of these problems, consider the following conjecture
due to Erdos [16]:

Conjecture 4 (Erdos) If M is prime, then there is at least one mon-
negative integer Nys for which

p(Na) =0 (mod M).

Obviously, Erdos’ conjecture is implied by Newman’s Conjecture.

Erdos’ Conjecture has also been very difficult to handle. Using the asym-
potic formula for p(n), Schinzel (see [12]) proved that there are infinitely
many prime divisors among the values of p(n), and later Schinzel and Wirs-
ing [32] proved that the number of primes M < X which divide at least
one value of p(n) is > loglog X. In view of the Prime Number Theorem
(i.e. that the number of primes p < X is asymptotically X/log X), these
results fall far short of Conjecture 4.

1.3. RAMANUJAN-TYPE CONGRUENCES

The most striking results concerning the congruence properties of p(n)
are due to Ramanujan, the legendary Indian mathematician. Ramanujan’s



4 KEN ONO

findings are particularly shocking in view of the conjectures and problems
above. For instance, Ramanujan [31] proved that

p(bn+4) =0 (mod 5), (7)
p(Tn+5)=0 (mod 7), (8)
p(1ln+6) =0 (mod 11) 9)

for every non-negative integer n.

These three congruences are the simplest cases of three infinite families
of congruences which were conjectured by Ramanujan. By the works of
Atkin, Ramanujan, and Watson (see [6], [10], [34]) it is now known that for
every integer k we have

p(5*n +651) =0 (mod 5), (10)
p(T*n+674) =0 (mod 7H/3), (11)
p(11*n + 6114) =0 (mod 11¥) (12)

for every non-negative integer n where 246, =1 (mod k).

Such congruences are particularly suprising since a cursory examination
of values of p(n) fails to reveal any further congruences. In fact, a study
of the values of p(n) suggests that p(n) (mod M) is random apart from
progressions where there are Ramanujan-type congruences. Therefore, it is
natural to ask the following two questions:

Question 1 How rare are congruences of the form

plan+b) =0 (mod M)?

Question 2 If M > 1 is an integer, is there a progression b (mod a) with
the property that
plan+b) =0 (mod M)

for every non-negative integer n?

There is some evidence that supports the view that there might be many
congruences. In the 1960s, some further congruences for p(n), such as

p(11%3-13n+237) =0 (mod 13)

were discovered by Atkin, O’Brien and Swinnerton-Dyer (see [7], [8], [9]).
Since partitions are combinatorial objects, it is natural to ask whether

there are combinatorial explanations for Ramanujan’s congruences. In 1944,

Dyson [11] conjectured that the ‘rank’ provides such an explanation for (7)
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and (8). The rank of a partition is the difference between the number of
its parts and its largest part. If £ =5 or 7 and 0 <4 < ¢ — 1, then Dyson
conjectured, for every non-negative integer n, that p(¢n + dy1)/¢ equals
the number of partitions of ¢n + 0,1 with rank congruent to ¢ (mod ¢).
In 1954, Atkin and Swinnerton-Dyer [7] proved Dyson’s conjecture. More
recent works by Andrews, Garvan, Kim, and Stanton ([5], [13], [14]) have
produced a number of further statistics (a.k.a. ‘cranks’) which explain some
of the other Ramanujan congruences.

Question 3 Are there systematic statistics which uniformly describe (10),
(11) and (12)?

We conclude this sections with the following question.

Question 4 Do the numbers p(n) (mod M) play a fundamental role in
other areas of mathematics?

2. Recent Results

In this section we highlight the recent advances that have been made on
the problems described in the previous section.

2.1. PARITY

Conjecture 1 remains wide open. However, recent work by Nicolas, Ruzsa,
and Sarkozy [26] have made a substantial improvement on (4) using a care-
ful analysis of (3).

Theorem 2.1 (Nicolas-Ruzsa-Sérkozy)
a) For large X, we have #{n < X : p(n) is even} > v X.
b) If € > 0, then

#{n <X : p(n)is odd} > \/Y'exp<(—10g2+e)' log X )

log log X

Regarding Subbarao’s Conjecture, much more is now known. Using
the theory of modular forms and Galois representations, as developed by
Deligne and Serre, the author was able to prove the following theorem [27].

Theorem 2.2 (Ono)

a) In any arithmetic progression r (mod t), there are infinitely many in-
tegers n such that p(n) is even.

b) In any arithmetic progression v (mod t), there are infinitely many in-
tegers m such that p(n) is odd, provided that there is at least one such n.
Furthermore, if such an n exists, then the smallest such n is < 1010¢7.
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Therefore, the ‘even’ case of Subbarao’s Conjecture is always true, and
there is now a simple algorithm which determines the truth of the ‘odd part’
of the conjecture for any given arithmetic progression. Using this algorithm,
the odd case has now been verified for every arithmetic progression with
modulus t < 10°.

It is natural to ask for quantitative forms of Theorem 2.2. Ahlgren and
Serre (see [1], [26]) have obtained such results.

Theorem 2.3 (Ahlgren and Serre)
In any arithmetic progression v (mod t) we have

#{n<X : n=r (modt)and p(n)even} >, vVX.

Theorem 2.4 (Ahlgren) If there is an integer n = r (mod t) for which
p(n) is odd, then

#{n<X : n=r (modt)and p(n) odd} >,; VX/log X.

(Note. Ahlgren [2] has obtained a generalization of Theorem 2.4 which holds
for arbitrary prime modulus M, not just M = 2.)

2.2. ARBITRARY MODULI AND RAMANUJAN CONGRUENCES

We begin by considering the rarity of Ramanujan-type congruences. The
first author was able to quantify [27] their rarity using the fact that the
Hecke operators commute with the action of twisting a modular form.
Here we describe a typical result in this direction. Let ¢ be prime, and
let Sy denote the set of primes ¢ with the property that in every arithmetic
progression
2471 £ (mod 1)

there are infinitely many integers n = r (mod ¢) for which

p(n) Z0 (mod ?).

Theorem 2.5 (Ono) If ¢ is prime, then the set of primes Sy has density
exceeding 1 — 107100 within the set of prime numbers.

Such results clarify the rarity of Ramanujan-type congruences and pro-
vides a reasonable resolution to Question 1.

Recently, we have learned a lot about Question 2. Using the theory of
modular Galois representations and the commutativity of Hecke algebras
across Shimura’s correspondence, the author was able to prove the following
theorem [29].
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Theorem 2.6 (Ono) Let M > 5 be prime and let k be any positive integer.
A positive proportion of the primes ¢ have the property that

mke3n +1
p 24

)EO (mod M)

for every non-negative integer n coprime to £.

It is easy to see that this theorem immediately implies that if M > 5

is prime, then there are infinitely many distinct arithmetic progressions b
(mod a) for which

plan+b) =0 (mod M)

for every non-negative integer n. Weaver [35] has computed over 70,000
explicit examples of such congruences. For instance, she has found that

p(48037937 - N + 1122838) =0 (mod 17), (13)
p(1977147619 - N + 815655) =0 (mod 19), (14)
p(14375 - N +3474) =0 (mod 23), (15)
p(348104768909 - N + 43819835) =0 (mod 29), (16)
p(4063467631 - N + 30064597) =0 (mod 31). (17)

Furthermore, Theorem 2.6 implies the truth of Erdos’ Conjecture (Conjec-
ture 4). Unfortunately, the following problem remains open.

Question 5 Show that there are infinitely many integers n for which

p(n) =0 (mod 3).

The methods which proved Theorem 2.6 are also useful in attacking
Newman’s Conjecture 3. In particular, the author [29] proved Conjecture 3
for every prime modulus M < 1000 with the possible exception of M = 3.

Recently, Ahlgren [3] has extended Theorem 2.6 to include composite
moduli using an elegant p-adic completion of the forms employed by the
author in [29]. The most elegant consequence of Ahlgren’s theorem is the
following result.

Theorem 2.7 (Ahlgren) If M is a positive integer coprime to 6, then there
are infinitely many distinct arithmetic progressions b (mod a) for which

plan+0b) =0 (mod M)

for every non-negative integer n.
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Therefore, by Theorems 2.6 and 2.7, it is now apparent that Ramanujan-
type congruences are plentiful. However, it is typical that such congruences
are monstrous like those appearing in (13-17). We conclude this section by
noting that there are some new congruences which are elegant and system-
atic. In a recent preprint [22], the author and Lovejoy have extended (10)
in infinitely many ways. The following result is one special case of these
general results.

Theorem 2.8 (Lovejoy and Ono) If j is a positive integer and
B(j) = (3887 - 5% 4 1)/24,
then for every non-negative integer N we have
p(257 - 13°N +257 - 132 + 3(j)) =0 (mod 5711,

Although many questions such as Conjecture 1 remain open, it is re-
freshing to see that progress is being made on some of the questions de-
scribed in Section 1.

3. Modular L-functions and p(n)

In this last section we address Question 4 regarding the role that p(n) plays
in other areas of mathematics. To the author’s surprise, it turns out that
the residues of p(n) (mod M) play a fundamental role in the arithmetic
of certain modular motives [17]. Here we briefly describe the results proved
in [17]. If 13 < ¢ < 31 is prime, then let Gy(2) = 3°0°, as(n)q"™ (q := e*™%%)
be the unique newform in Sy_3(I'g(6)) whose Fourier expansion begins with
the terms

Gi(z) = q+ (%) U=8)/202 4 (%) 35203 4 L (18)

Here (%) denotes the Legendre symbol modulo . If D is a fundamental
discriminant of a quadratic field, then let xp denote the usual Kronecker
character for the quadratic field Q(v/D) and let L(G; ® xp,s) denote the
L-function of the twisted form given by

L(Gy® XD, s) = i W (19)
n=1

Define integers 1 <y <f—1and 1 <71y < 23 by

246y =1 (mod ?), (20)
re=—{ (mod 24). (21)
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For every non-negative integer n let D(¢,n) be the integer given by
D(l,n) := (—1)“3/2 . (24n + ry). (22)

Using Shimura’s correspondence and a deep theorem of Waldspurger, the
author and Guo proved the following theorem which relates the values of
the partition function to these L-functions.

Theorem 3.1 If 13 < ¢ < 31 is prime and n > 0 s an integer for which
D(¢,n) is square-free, then

(Gé @ XDb(e, n)7 5 ) (24n 4 )=/ _ p(fn+ 50)?
(Gz & XD(e, 0)7 =" ) éé v p(8e)?

(mod ?).

This theorem has deep implications regarding the arithmetic of cer-
tain motives. If 13 < £ < 31 is prime, then let M® be the (¢ — 3)/2-th
Tate twist of the motive associated to Gy(z) by the work of Scholl. Sim-
ilarly, let M (™) denote the twisted motive obtained by twisting M© by
XD(t,n)- For each D(¢,n), let TII(M (t1)) denote the Tate-Shafarevich group

of M®n) The celebrated conjectures of Bloch and Kato asserts that if
(G€®XD(£n o ) # 0, then

0—3
Gﬁ®mwmv )ZUﬂx#mUﬂ“U, (23)

where Iy, is an explicit non-zero number depending on n and /.

By a careful analysis of the factor I'y,, in (23), the author and Guo
have been able to prove [17] the following theorem which gives further
importance to the partition function.

Theorem 3.2 (Guo and Ono) Suppose that 13 < ¢ < 31 is prime and
n > 0 is an integer for which

(i) n#—[((+1)/12] (mod ¥),
(it) D(¢,n) is square—free
(iii) L (Ge ® XD(tn)s 52 ) # 0.

Assuming the truth of the Bloch-Kato Conjecture, we have that

(£n)
ord, (#LH(W )

W) < p(ln+d) =0 (mod¥).
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Theorem 3.2 is a new role for the partition function in mathematics.
The divisibility of p(n) now dictates, subject to the truth of the Bloch-Kato
Conjecture, the presence of elements of order £ in certain Galois cohomology
groups which are central in arithmetic geometry.
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