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Abstract. The main object of the paper is to present a criterion for the minimal semigroup associated
with the Kolmogorov differential equations to be stochasti@'in Our criterion uses a weighted-

space. As an abstract preparation we present a perturbation theorem for substochastic semigroups which
generalizes known results to the case of ordered Banach spaces which neediieseces We also
consider extensions of Kolmogorov’s equations to spaces of measures. In an appendix we present a
version of the Miyadera perturbation theorem for positive semigroups on ordered Banach spaces.
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1 Introduction

Let X be an ordered real Banach space with a generating (reproducingXcong = X, —
X, and a norm which is additive o, ||z + y|| = ||| + ||ly|| forall z,y € X .

A Cy-semigroup(S(t));t > 0) (of bounded linear operators) o is calledsubstochastic
(stochastigif S(t) is positive and|.S(t)z|| < ||z] (||S(t)x| = ||z]]) forallz € X, t > 0.

The norm onX, can be uniquely extended to a positive bounded linear functipraalX *
satisfyingpx = ||z|| for all z € X, . The generator! of a stochastic semigroup necessarily
satisfiespAx = 0 forallz € D(A) N X .

It is the aim of this note to indicate conditions for’g-semigroup defined by a limiting
procedure to be stochastic. Differently from [17], [24; Sec. 2], [3] we work with an auxiliary
Banach spacg(; that is continuously and densely embedded iKktoThis space may be of its
own interest: in case of the Kolmogorov differential equations (Section 4), it can be chosen as
the first moment spacg’! = {z = (2;)72y; llzlls := >-52,(1 + j)|=;| < oo}. By perturbation
(Section 2) we will construct substochastig-semigroups orX which leave the auxiliary Ba-
nach space invariant and induCg-semigroups thereon. These semigroups can also obtained by
an approximation procedure (Section 3). As a second application we present a measure-valued
generalization of Kolmogorov’s differential equations (Section 5) whose solutions are associ-
ated with Markov transition functions. In an appendix we present a version of the Miyadera
perturbation theorem for positive semigroups on ordered Banach spaces. This result is needed
in Section 2.
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2 Perturbation

A generating coné&, is always non-flat; cf. Remark A.1(a). The additivity of the normXn
implies that the the norm is monotone, and helges normal; cf. [10; Proposition A.2.2]. The
additivity of the norm onX, also implies that any bounded monotone sequence is convergent.

2.1 REMARKS. (a) LetS be a positiveC;-semigroup onX, with generatotd. We recall that
thenD(A), (= D(A) N X, ) is dense inX . Moreover,S is substochastic (stochastic) if and
only if pAx < 0 (pAz = 0) forallz € D(A).. This follow immediately from the fact that, for
x € D(A),, one has

= L o(S(1)r) = p(AS (1)),

Further, if D is a core forA, andp Az = 0 for all x € D, then it follows thatp Az = 0 for
allz € D(A), and that therefor§'is stochastic.

(b) Note that, although the norm &f is supposed to be additive on,, we do not suppose
X to be anAL-space. In fact, the order need not be associated with a Banach lattice structure.
We want to present the abstract part of the paper in this general setting, although in the appli-
cations presented in Sections 4 and 5 the spaeéll be an AL-space. Nevertheless, we think
that it is interesting to know that certain properties are valid in the general setting we present
here.
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2.2 Theorem.LetS, be a positive’y-semigroup onX, with generator4,. LetB: D(Ay) — X
be a positive linear operator satisfying

©(Ag+ B)r <0 (z € D(Ag)+).

(@) Then, for allz € D(Ap)., one has
| 1Bs(e)alds < ol

For all 0 < r < 1, the operator4, + rB is the generator of a substochastig-semigroups,.
For0 <r <1 <0onehasS,(t) < Sy (t) (t = 0).
(b) S(t) := s-lim,_; S,.(t) exists, uniformly fort in bounded subsets &, co). S thus
defined is a substochasti¢-semigroup onX. The generator of is an extension ofl; + B.
(c) S is the smallest positive semigroup (also calledriiaimal semigroupwhose genera-
tor is an extension ofl;, + B.

Proof. (a) SinceB: D(4,) — X is positive we obtain thaB(\ — A4,)~! is positive, hence
bounded (cf. [10; Proposition A.2.11)), i.€3,is Ayp-bounded. Moreover, fab < ¢t < oo, we
obtain

/Ot 1BSo(s)z|| ds /Ot¢(350(5>x) .

< —/0 ©(AopSo(s)x))ds = —gp/o ApSo(s)z ds
= @z = So(t)x) = [lz]| = [[So(@)z || < ||z



and hence
Z:HB%@MW%<HML

forall z € D(Ap)+ (cf. [24; Lemma 1.2(a)]).
Using Theorem A.2, one proves the remaining assertions in the same way as in [24; Lemma
1.2 and Proposition 1.4]. ]

2.3 REMARK. The first version of a result as in Theorem 2.2 is due to Kato [17]. The applica-
tion of the Miyadera perturbation theorem in this context goes back to [24]. Further develop-
ments can be found in [3], [15], [7], [6].

Next, we show a result on invariant subspaces of the dual semigroup. This result will be
used in Section 5.

2.4 Proposition. Let the assumptions of Theorem 2.3 be satisfied, and let be a Wweallyen-
tially closed subspace df* which is invariant undef (A — Ay)~')* and(B(A— Ag)~1)*. Then
Y is invariant under the semigrougs and .S*, with S, and .S from Theorem 2.3.

Proof. It follows from the proof of Theorem A.2 that the spectral radiug'ok) = B(A—Ay) !
does not exceed one. S&t = Ay + rB. Then

A=4)7 = (=47 Y (rF(N).
j=0

J

SinceY is weakly sequentially closed and invariant undgih — Ay)~!)* and F(\)*, it is
invariant under (A — A,)~1)*. SinceS,(t) = s-lim,,_.(I — (¢/n)A,)~", Y is invariant under
S*(t), and also undes*(¢) becauses(t) is the strong limit ofS,.(¢). O

If, in Theorem 2.2, one assume$A, + B)x = 0 for all z € D(A,) N X, one cannot
conclude thatS is stochastic, in general; cf. [13;4, Example 3]. Discussing conditions for
this to hold has been a major objective in most of the pertinent work; cf. [17], [20], [24], [3],
[8], [5], [4], [2], [6], [15]. Besides the development of the theory in the more general context, it
was the main motivation of the present paper to indicate a new type of sufficient condition; cf.
Theorem 2.7.

2.5 ASSUMPTION Let X; be a subspace of such that the following hold:
e There exists a norr - ||; on X; which makes it a Banach space.
e (X1,|- 1) is continuously embedded intd, || - ||) andX; N X is dense inX .
e X, :=X;N X, isagenerating cone fox; and|| - ||; is additive onX, .

It follows from these assumptions that there exists a unique positive functignal X;
which coincides with| - ||; on X .

2.6 Proposition. Let the assumptions of Theorem 2.2 be satisfied. Assum&tlsa subspace
X which satisfies Assumption 2.5.



Assume thab) induces a (necessarily positivé))-semig[oupé*o on (X1, - |l1). LetAg
denote its generator. (Note tha, is the restriction ofd, to D(Ay) = {z € D(A)NXy; Aoz €
Xi}.) Assume thaB(D(Ap)) C X7, and assume that there is a constant 0 such that

¢1(Ag+ Bz < cllz|li  (z € D(Ag)4).

Then the semigroup’ from Theorem 2.2 leaveX; invariant and induces a positive€-
semigroupS on X;. S is the smallest positiv€’;-semigroup onX; whose generator is an
extension ofd, + B. Forz € X, ., t > 0, we have||S(t)z|| < ez, i.e., the rescaled
semigroup(e='S(t)),o is substochastic oi;.

Proof. Note first that the hypothesis can be reformulated as
p1((Ag —¢) + B)x <0, (z € D(Ag)y),

where B denotes the restriction a8 to D(A,). Therefore Theorem 2.2 can be appliedo
and the restricted operators.

Let0 < r < 1. Then Theorem 2.2(b) implies thaﬂo — ¢) + rB is the generator of a
substochastic semigroup 6f, or equivalently, thatl, + ¢ B is the generator of a positivé,-
semigroupS, on X satisfying|| S, (t)z| < e“||z| forall z € X, , ¢ > 0. Itis easy to see that
S, andsS, (from Theorem 2.2) coincide oi;. Takingr — 1 one obtains the assertion. [

2.7 Theorem. Let the assumptions of Proposition 2.6 be satisfied. Assume additionally that
— Ay is positive and that there exists> 0 such that (with: > 0 from Proposition 2.6)

p1(Ao + Bl < cllzfl — el Aozl (z € D(Ap)y),

i.e., forallx € D(Ap): N Xy with Agz € X;.

Then the generatad of S is a restriction ofA, + B, and the generaton of S is the closure
of Aand of4, + Bin X.

If o(Ag + B)z = 0forall z € D(Ap), thenS is stochastic.

2.8 REMARK. The assumption that A, is a positive operator can be replaced by the following:
If (x,) is sequence iD(Ay)+, z, T z € X; andsup,,cy || Aoz, || < oo, thenz € D(Ay).

Proof of Theorem 2.7Let (r,,) be a sequence i, 1), 7, T 1. We shall use the notatia#,, :=
Ag +1,B (n € N).

We know thatd, + B € A andA C A. In order to show the first assertion we thus have to
showD(A) C D(Ay).

Letz € X; 1, A > max{0, c}. Thenz, := (A\—A,)"'z € D(4;), (n € N). By hypothesis,

1(=7 + Azn) = prAnzn < 01(Ao + B)zn < cf|xalls — el Aozl
ellAozall < (A = c)llzall + el Aoznl| < @12 = |21

The sequencer,,) is increasing and convergesih to (A — A)~'x. SinceA, preserves mono-
tone sequencesdyx,,) is a bounded monotone sequence&irand thus has a limit itk’. Since
Ay is a closed operatofA — A)~'z € D(A,). This impliesD(A) = (A — A)~'X; C D(A)
sinceX; . is a generating cone fox;.

The domainD(A) of A is a subset oD(A), invariant underS (= S on X;) and dense irX,
and therefore a core fot (cf. [19; Theorem X.49]). Froml C A, + B (C A) we also obtain
A=Ay+ B.

Now the last statement is a consequence of Remark 2.1(a). O



3 Approximation

3.1 Proposition. Let Sy, Ag, B, S be as in Theorem 2.2, in particular recall
©(Ag+ B)x <0 (z € D(Ag)+).

Forn € Nlet B,: D(Ay) — X be a positive linear operatoi3,x < Bz (r € X, n € N),
B,z — Bz (n — o) forall z € D(Ay). Forn € N let S, be the smallest positive (sub-
stochastic),-semigroup whose generator is an extensiodgf- B,, (see Theorem 2.2(a)).

(@) ThenS,,(t) < S(t) (n € Np) and S(t) = s-lim,, o Sy (t) (¢ = 0).

(b) Assume additionally thaX; is a subspace ok satisfying Assumption 2.5. As in Propo-
sition 2.6, assume thaf, induces aC,-semigroupS, on X, and letA, denote its generator.
Assume thaB,,(D(Ay)) € X, (n € N), B(D(4,)) C X;, that B,z — Bz in X; (n — oc) for
all 2 € D(Ay), and that there is a constant> 0 such that

¢1(Ag+ B)z < cllz|li  (z € D(Ag)4).

ThensS, (n € N) and S induce positiveC-semigroupss,, (n € N) and S on X1, respectively,
and S(t) = s-lim,_.. Sn(t) in X (t > 0).
Proof. (a) (cf. [24; proof of Proposition 1.6]) For< » < 1 we obtain from Theorem 2.2(a) that
the operatorsl, +B, (n € N) andA,+rB are generators of substochasticsemigoupss,, ,
(n € N) andS,, respectively. The inequalities required in the hypothesis imfply(t) < S, ()
(t > 0,n € N). Takingr — 1 we obtainS,,(t) < S(¢) (t > 0, n € N). A minor adaptation of
[23; Theorem 1.4] to our context shows tif&t, (¢) — S,.(¢) strongly @z — o).

Letz € X,. The inequalities

0< S(t)x — Sp(t)r = (S(t)x — S, (t)x) + (S, (t)x — Spp(t)x) + (Snr(t)x — Sp(t)x)

< (S(t)x — Sp(t)x) + (Sr(t)r — Sp,(t)x)
imply ||S(t)z — S,(t)z]| < ||S(t)x — S.(t)z|| + ||S:(t)x — S,.(t)z||. Choosing first- close
enough tal and them large enough we can make the right hand side as small as we want. This
implies thatS,,(t) — S(t) strongly. )

(b) Proposition 2.6 implies that the semigrouf)s(n € N) andS induceCy-semigroupss,,

(n € N) andS on X, and that these semigroups are the smallest positive semigroufis on
whose generators are extensionsigft- B,, (n € N) andA4, + B, respectively. Part (a), applied
to these semigroups, yield§t) = s-lim,,_.., S,,(t) (¢ = 0). O
3.2 REMARK. Assuming monotonicity, i.eB,x < B,z (x € D(A)., n € N), in Proposi-
tion 3.1, one could simplify the hypothesis in part (b). In this case the converdgences Bx
in X; would follow from the remaining hypotheses.

4 Example: Kolmogorov’s differential equations
The infinite system of differential equations
¥p=Y apr, (=012, (4.1)
k=0

is known as Kolmogorov’s differential equations provided the coefficienisform a Kol-
mogorov matrix [16; Sec. 23.12], i.e.,



e forall j,k € No, aj, > 0if j # k, aj; <0,
o > “oa; =0forallk € No.

z; can be interpreted as the probability that the number of individuals in a populatjon is
As we allow the population to go extinct and be possibly resurrected by immigration, we choose
the non-negative integek as state space.

Forj # k, aj; is the rate at which the population size changes fiota j, while —a;; is
the rate at which a population of size&hanges to a size different from

Typically Kolmogorov’'s differential equations are considered on the standard sequence
spacel’ = {z = (7;)72p; 2| < oo} with [[z| = > [x;|. See [17], [13; XVII.9],

[14; XIV.7], [16; Chap. 23], [24], and the literature cited there. Es’;;’ljxj is the expected
population size, the first moment spaceé = {z = (z;)2y; [|lz]i < oo} with [|z], =
Z;’io(l + j)|z;| < oo is also a meaningful state space. Interestingly enough, this will help
us find a condition for the semigroup associated with (4.1) to be stochastic on

4.1 ASSUMPTION There exist constantse > 0 such that

Z]aﬂf c(1+k)—elogr]  forall k e N.

Notice thatzjo.‘;0 Jjoy can be interpreted as expected population growth rate at population
sizek. Let

Do ={z = (z;) € '; Y |ogjllz;| < oo}

J=0

4.2 Theorem. Let (o) be a Kolmogorov matrix which satisfies Assumption 4.1. Then the
closure of the operatod.: Dy — (1,

Za]kxk (x = (z1) € Dy),

is the generator of a stochastic semigragipn ¢*.
The semigrous leaves/!! invariant and induces a strongly continuous semigralipn
¢'1. The generator of is the restriction ofd to

D(A) = {x € "' N Dy; Asx € 1M},
Moreover||S(t)z||; < e||x|, forall z € *, ¢ > 0.

This theorem is a consequence of Theorem 2.2, Proposition 2.6 and Theorem 2.7. It is
useful, however, also to apply Proposition 3.1 because this provides an approximation result
which allows to find conditions under which the semigroup is boundeti'oand has a strictly
negative essential growth bound [18]. Let

Q4 if ] = k’,
g'f’lc]_ Ak If]>k<na]7£k7 (j7k7n€N0)'
0  otherwise

DefineA,,: D, — ¢! analogously tod., with a["] replacinga;x, for n € Ny. Note that in this
case the operato3, := A, — A, are bounded (posmve) operators.



4.3 Theorem. The operatorsi,, generate substochasti¢,-semigroupss, on/!, and||S,, (t)z—
S(t)z|| — 0 asn — oo for eachz € ¢*. These semigroups lea¥€ invariant and induce’-
semigroups or'!, and||S,,(t)z — S(t)z||; — 0 asn — oo for eachz € ¢'*. The convergence
iS monotone increasing, if is positive.

In order to illustrate Assumption 4.1, we consider a birth and death process with catastrophes
and immigration.
We assume thdty;;;) is a Kolmogorov matrix satisfying

a;, =0 forall j,k € Ny with j > k+ 1. (4.2)

This means that birth rates are such that populations can only increase by one. On the other
hand the model allows drastic decreases, including catastrophes wiping out the whole popula-
tion. This model was also treated in [1§4, Example 4]. We indicate a condition implying
Assumption 4.1.

4.4 Lemma. If (4.2)is satisfied then Assumption 4.1 holds if there exists1 such that

k-1
1

S 1=su ao — k— 7o) < 0o 4.3

@ngJrl( k1K ;]( 7)) (4.3)

Proof. The matrix(ca;;) being a Kolmogorov matrix satisfying (4.2) implies

e}

k—1
> doge = akek+ Y (G~ kag (k€ Ny).

J=0 J=0

Because of this equation Assumption 4.1 can be reformulated as

En
—

(I+e)ouprp <c(l+k)+ > (k—j—e)au) (keNy).

<.
Il
o

It is not difficult to see that (4.3) implies these inequalitiqgd ifc)a < (1—¢),i.e.0 < e <

a=1
a+1"’
andc > %S. O

5 A measure-valued generalization of Kolmogorov’s differ-
ential equation

Let (€2, A) be a measurable space. We consider a measure-valued generalization of Kolmo-
gorov’s differential equations,

d
Cun)(r) = / K (T, 2)u(t)(dx) — / K(Q,2)u(t)(dr) (T € A).

K is a transition measure kernel: For eack (2, K (-, z) is a non-negative finite measure
on (©2,.A) and for eacll’ € A, K(I',-) is .A-measurable of. The solutionu(t) takes its
values in the Banach space of signed measures df, .4) which have bounded variation. If



the values are probability measures, they are associated with the transition probabilities of a
Markov jump process [12; 4.2] [14; X.3].
Leth := K(€,-). Then the operatad, given by

D(A) : ,uEX / x)|pl(dz) <oo}

(Agyr)(T) = — / h(e)u(dr),

generates thé-semigroupS,

(So(t)y)(T) = / &) ().

The denseness di(A,) can be seen as follows: S8, = {z € Q; h(x) < n}. Letp € X.
Definep,(I') = (I’ N Q,). Thenu,, € D(Ay) andu,, — pasn — oo becausé is the union
of the increasing sequence of séts

We define a positive linear operatdr. D(Ag) — X,

(Bup)(T /KPx (dz).

Letn: 2 — [0,00) be. A-measurable. If we choosg; to be the space of signed measures
pwith ||ully = [o(1+ n(x))|pl(dx) < oo, we obtain the following result from Theorem 2.2,
Proposition 2.6 and Theorem 2.7. Notice that the densiti{0oin X follows in the same way
as the density oD(Ay).

5.1 Proposition. (a) There exists a smallest positi¢g-semigroupS on X whose generator
extends4, + B. S is substochastic.
(b) Assume that there exist positive constantssuch that

/Q(n(y) — (@) K(dy,z) < c(1+n(z)) —eK(Q,z)  forall z € Q.

ThenS is a stochastic”y-semigroup which is generated by the closuredgt+ B, leavesX;
invariant and induces &,-semigroup or{ X, || - ||1)-

We now show that the semigroufis associated with a Markov transition function. We first
note thaty” = BM(2), the space of bounded-measurable functions dnwith the supremum
norm, can be identified with a subspaceXsf. The dominated convergence theorem implies
thatBM(Q2) is weakly sequentially closed3M(€?) is invariant undet(A— Ay)~!)* and(B(\—
Ap)~1)*, because

(A= A9) )" f(z) =
(BOX = A9) 1) f(2) =



forall z € Q, f € BM(Q2). By Proposition 2.4BM () is invariant unde5*. Set
P,(T,x) :== (S(t)s.)(T) (T € A), (5.1)

whered, is the Dirac measure concentratedratThen P,(-, x) is a non-negative measure on
A with values in[0, 1]. Since alsoP;(I",-) = S*(¢)xr and BM(2) is invariant underS*(t),
P,(T,-) € BM(©2) and

(S(t))(T) = / (T, 2)u(dz).

Q
The semigroup property df implies thatP satisfies the Chapman-Kolmogorov equations

Pt—&-s(FVT) = /QRE(F,EAPS(dy’x)’

i.e., P is aMarkov transition functiorf21; Sec. 3.2]. Sincé& is aCy-semigroup, the definition
(5.1) shows that for fixed € (2, the functiont — P,(T", z) is continuous or0, co), uniformly
for I' € A. If the assumption in Proposition 5.1(b) is satisfied, tli&f, =) is a probability
measure, and thereforeis anormalMarkov transition function.

Appendix: A version of the Miyadera perturbation theorem

In this appendix we assume thétis an ordered Banach space with a generating (closed) cone
X .. We start with an observation that will be needed in the proof of the main result of this
section.

A.1 REMARKS. (a) Under the above hypothesis the positive coheis non-flat i.e., there
existsM > 1 such that for all: € X, |lz|| < 1, there existz. € X, with ||z.| < M,
x = x, — x_; cf. [9; Proposition 19.1(d)], [10; p. 265].

This immediately implies that any linear operatr X — X satisfyingc := sup{||Cz||;
z € Xy, ||z|| €1} < cois bounded||C|| < 2Me.

(b) Let A be the generator of a positive)-semigroupS on X. Then (a) can be strengthened
as follows.

LetC: D(A) — X be linear,A-bounded¢ := sup{||Cz|; x € D(A), ||z| < 1} < oo.
ThenC uniquely extends to an operator € L(X) satisfying||C|| < 2Me¢, sup{||Cz||; = €
Xy, el <1} =

In fact, letx € D(A), ||z|| < 1. There existey € X, ||z4|| < M,z =z, —z_. For\
larger than the type of one has

AMA=AD Mz = A=Aty — AN —A) o,
AMA—A) 2y € D(A),.

Also, \(A — A)"tzy — 21 (A — o0), andA\(A — A)~tz — x in the A-graph norm § — o).
Taking A — ooin

ICAA = A)7 2l < (AN = A) || + [IA = A) " ]

we obtain||Cz| < c(||lzs| + [|z—|) < 2Me.
Now D(A) being dense implies thét extends as asserted. SinbéA), is dense inX
one also obtaines the last equality.




A.2 Theorem. Let Sy be a positiveCy-semigroup onX, with generatorA,. Let B: D(Agy) —
X be positive. Assume that there are const@ntsa < oo, v € [0, 1) such that

Aﬂw&wMWﬁ<ﬂmu<xemeg. (A1)

ThenA, + B is the generator of a positive€,-semigroups.

A.3 REMARKS. (@) If X, Y are ordered Banach spaces such fliatis generating (i.e.X =
X, —X,)andY, is proper (i.e.Y, N (=Y, ) = {0}), then any positive linear operatdr X —
Y is bounded; cf. [1; Appendix].

This implies that, in Theorem A.2, the operaidis Ay-bounded.

(b) Note that (A.1) only implies

AﬂW&whﬂﬁ<zMﬂwn<xeDmm>

(with a proof as in Remark A.1(b)), so the assertion of Theorem A.2 is not a direct consequence
of the Miyadera perturbation theorem; cf. [22; Theorem 1], [11; chap. 3, Theorem 3.14]. (For
the application of the Miyadera perturbation theorem the con3tent would have to be< 1.)

(c) The proof will show that

sup {|S(t)z|; 0<t <, z € Xy, [|z]| <1}

1
< . sup{HSo(t)xH; 0<t<a,zeXy, |z < 1}.
fy

Proof of Theorem A.2As mentioned above in Remark A.3(a), the operdtas A,-bounded.
By induction we define strongly continuous mappitgs [0, «) — L(X) satisfying

t
Sp(t)x = / Sn—1(t —$)BSp(s)xds (z € D(Ap), 0 <t < ), (A.2)
0
[Sn(t)z]] < A"[lz]l (v € Xp, 0< T <),
for all n € N. Indeed, the linear mappings, (¢) defined by (A.2) belong té.(D4,, X ), where

D,4, denotesD(A,) provided with the graph norm. The induction hypothesis implies

t
[Sn ()] < 7"‘1/ [1BSo(s)x[l ds <~"|[z]| (= € D(Ao)+).
0

Then use Remark A.1(b).

The seriesS(t) := > 7, S.(t) is norm convergent, uniformly fob < ¢ < «, and as a
consequences is strongly continuous. The proof thatsatisfies the semigroup property on
[0, ) and thatS can be extended to@,-semigroup is the same as in [22; proof of Theorem 1].

It is easy to see that the generatbof S is an extension ofly, + B (cf. [22; Lemma 3]).
Therefore

A=A ' =(A=A)IT—-BA-A)™")

for large \. In order to showD(A) = D(A,) (thenA = Ay + B) it therefore is sufficient to
showspr(B(A — Ag)~!) < 1 (spr denoting the spectral radius). Lgte (v,1). The estimate



as on [22; p. 168] shows that there exiats> 0 such that| B(A — Ay) 'z|| < +/||z| for all
x € D(Ap),. SinceB(\ — Ap)~! is bounded we obtaifiB(A — Ay)~'z|| < +/||z| for all
r € X .. Therefore||(B(A — Ag)~')"z| < 7™||z|| forall x € X,, n € N (it is at this point
where the positivity ofB is used), and finallyj(B(A — Ay) 1| < 2M~™ (n € N). These
inequalities showpr(B(\ — Ap)™1) < 7. O

Acknowledgement.The authors thank Wolfgang Arendt for useful comments.

References

[1] W. ARENDT, Resolvent positive operators and integrated semigraBesiesterbericht
Funktionalanalysis, Sommersemester 1984bingen, pp. 73-101.

[2] L. ArRLOTTIandJ. BANASIAK, Strictly substochastic semigroups with application to con-
servative and shattering solutions to fragmentation egations with mas3.|bd&sth. Anal.
Appl.293 No. 2 (2004), 693-720.

[3] J. BANASIAK, On an extension of the Kato-Voigt perturbation theorem for substochastic
semigroups and its applicatiofaiwanese J. Mattb, No. 1 (2001), 169-191.

[4] J. BANASIAK, A complete description of dynamics generated by birth-and-death problem:
a semigroup approacMathematical Modelling of Population Dynamjd3anach Center
Publications, vol. 63, Inst. of Math., Polish Academy of Sciences, Warszawa, 2004.

[5] J. BANASIAK, Conservative and shattering solutions for some classes of fragmentation
models,Math. Models Methods Appl. Sdi4, No. 4 (2004), 1-19.

[6] J. BANASIAK andL. ARLOTTI, Perturbations of Positive Semigroups with Applications
Springer, London 2006

[7] J. BANASIAK andM. LAcHowIcz, Around the Kato generation theorem for semigroups,
preprint.

[8] J. BANASIAK andW. LAMB, On the application of substochastic semigroup theory to
fragmentation models with mass logsMath. Anal. Appl284(2003), 9-30.

[9] K. DEIMLING, Nonlinear Functional AnalysjsSpringer, Berlin Heidelberg 1985.

[10] B. DE PAGTER, Ordered Banach space®ne-Parameter Semigroupg®h. CEment,
H.J.A.M. Heijmans, S. Angenent, C.J. van Duijn, B. de Pagter, eds.), 265-279, North-
Holland, Amsterdam 1987.

[11] K.-J. ENGELandR. NAGEL, One-Parameter Semigroups for Linear Evolution Equatjons
Springer, New York 2000.

[12] S.N. ETHIER, T.G. KuRTZz, Markov Processes. Characterization and Convergekide
ley, New York 1986



[13] W. FELLER, An Introduction to Probability Theory and Its Applications, VoBid edition,
John Wiley & Sons, New York 1968.

[14] W. FELLER, An Introduction to Probability Theory and Its Applications, Vol. John
Wiley & Sons, New York 1965.

[15] G. FROSALI, C. V. M. VAN DER MEE, andF. MUGELLI, A characterization theorem for
the evolution semigroup generated by the sum of two unbounded opeh#tis Methods
Appl. Sci.27, No. 6 (2004), 669-685.

[16] E. HILLE andR. S. RHILLIPS, Functional Analysis and Semi-GroypsMS, Providence
1957.

[17] T. KATO, On the semi-groups generated by Kolmogoroff’'s differential equatibigath.
Soc. Japarb (1954), 1-15.

[18] M. MARTCHEVA, H. R. THIEME, andT. DHIRASAKDANON, Positive semigroups on se-
guence spaces and continuous-time Markov chains, preprint.

[19] M. REED andB. SIMON, Methods of modern mathematical physics Il: Fourier analysis,
self-adjointnessAcademic Press, New York, 1975.

[20] G.E.H. REUTER, Denumerable Markov processes and the associated contraction semi-
groups or. Acta Math.97 (1957), 1-46.

[21] K. TAIRA, Semigroups, Boundary Value Problems and Markov ProcesSesnger,
Berlin Heidelberg, 2004

[22] J. VOIGT, On the perturbation theory for strongly continuous semigroMgagh. Ann.229
(1977), 163-171.

[23] J. VoIGT, Absorption semigroups, their generators, and &dimger semigroupsJ.
Funct. Anal.67 (1986), 167—205.

[24] J. VOIGT, On substochasti€-semigroups and their generatoiigansp. Theory Stat.
Phys.16 (1987), 453-466.

H.R. Thieme

Department of Mathematics and Statistics
Arizona State University

Tempe, AZ 85287-1804, USA
thieme@math.asu.edu

J. Voigt

Technische Universit Dresden

Fachrichtung Mathematik, Institufif Analysis,
01062 Dresden, Germany
voigt@math.tu-dresden.de



