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1 Introduction

Let X be an ordered real Banach space with a generating (reproducing) coneX+, X = X+ −
X+, and a norm which is additive onX+, ‖x + y‖ = ‖x‖+ ‖y‖ for all x, y ∈ X+.

A C0-semigroup(S(t)); t > 0) (of bounded linear operators) onX is calledsubstochastic
(stochastic) if S(t) is positive and‖S(t)x‖ 6 ‖x‖ (‖S(t)x‖ = ‖x‖) for all x ∈ X+, t > 0.

The norm onX+ can be uniquely extended to a positive bounded linear functionalϕ ∈ X∗

satisfyingϕx = ‖x‖ for all x ∈ X+. The generatorA of a stochastic semigroup necessarily
satisfiesϕAx = 0 for all x ∈ D(A) ∩X+.

It is the aim of this note to indicate conditions for aC0-semigroup defined by a limiting
procedure to be stochastic. Differently from [17], [24; Sec. 2], [3] we work with an auxiliary
Banach spaceX1 that is continuously and densely embedded intoX. This space may be of its
own interest: in case of the Kolmogorov differential equations (Section 4), it can be chosen as
the first moment spacè11 = {x = (xj)

∞
j=0 ; ‖x‖1 :=

∑∞
j=0(1 + j)|xj| < ∞}. By perturbation

(Section 2) we will construct substochasticC0-semigroups onX which leave the auxiliary Ba-
nach space invariant and induceC0-semigroups thereon. These semigroups can also obtained by
an approximation procedure (Section 3). As a second application we present a measure-valued
generalization of Kolmogorov’s differential equations (Section 5) whose solutions are associ-
ated with Markov transition functions. In an appendix we present a version of the Miyadera
perturbation theorem for positive semigroups on ordered Banach spaces. This result is needed
in Section 2.
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2 Perturbation

A generating coneX+ is always non-flat; cf. Remark A.1(a). The additivity of the norm onX+

implies that the the norm is monotone, and henceX+ is normal; cf. [10; Proposition A.2.2]. The
additivity of the norm onX+ also implies that any bounded monotone sequence is convergent.

2.1 REMARKS. (a) LetS be a positiveC0-semigroup onX, with generatorA. We recall that
thenD(A)+ (= D(A) ∩ X+) is dense inX+. Moreover,S is substochastic (stochastic) if and
only if ϕAx 6 0 (ϕAx = 0) for all x ∈ D(A)+. This follow immediately from the fact that, for
x ∈ D(A)+, one has

d

dt
‖S(t)x‖ =

d

dt
ϕ(S(t)x) = ϕ(AS(t)x).

Further, ifD is a core forA, andϕAx = 0 for all x ∈ D, then it follows thatϕAx = 0 for
all x ∈ D(A), and that thereforeS is stochastic.

(b) Note that, although the norm ofX is supposed to be additive onX+, we do not suppose
X to be anAL-space. In fact, the order need not be associated with a Banach lattice structure.
We want to present the abstract part of the paper in this general setting, although in the appli-
cations presented in Sections 4 and 5 the spaceX will be anAL-space. Nevertheless, we think
that it is interesting to know that certain properties are valid in the general setting we present
here.

2.2 Theorem.LetS0 be a positiveC0-semigroup onX, with generatorA0. LetB : D(A0) → X
be a positive linear operator satisfying

ϕ(A0 + B)x 6 0 (x ∈ D(A0)+).

(a)Then, for allx ∈ D(A0)+, one has
∫ ∞

0

‖BS0(s)x‖ ds 6 ‖x‖.

For all 0 6 r < 1, the operatorA0 + rB is the generator of a substochasticC0-semigroupSr.
For 0 6 r 6 r′ < 0 one hasSr(t) 6 Sr′(t) (t > 0).

(b) S(t) := s -limr→1 Sr(t) exists, uniformly fort in bounded subsets of[0,∞). S thus
defined is a substochasticC0-semigroup onX. The generator ofS is an extension ofA0 + B.

(c) S is the smallest positive semigroup (also called theminimal semigroup) whose genera-
tor is an extension ofA0 + B.

Proof. (a) SinceB : D(A0) → X is positive we obtain thatB(λ − A0)
−1 is positive, hence

bounded (cf. [10; Proposition A.2.11]), i.e.,B is A0-bounded. Moreover, for0 6 t < ∞, we
obtain

∫ t

0

‖BS0(s)x‖ ds =

∫ t

0

ϕ(BS0(s)x) ds

6 −
∫ t

0

ϕ(A0S0(s)x)) ds = −ϕ

∫ t

0

A0S0(s)x ds

= ϕ(x− S0(t)x) = ‖x‖ − ‖S0(t)x‖ 6 ‖x‖



and hence
∫ ∞

0

‖BS0(s)x‖ ds 6 ‖x‖,

for all x ∈ D(A0)+ (cf. [24; Lemma 1.2(a)]).
Using Theorem A.2, one proves the remaining assertions in the same way as in [24; Lemma

1.2 and Proposition 1.4].

2.3 REMARK . The first version of a result as in Theorem 2.2 is due to Kato [17]. The applica-
tion of the Miyadera perturbation theorem in this context goes back to [24]. Further develop-
ments can be found in [3], [15], [7], [6].

Next, we show a result on invariant subspaces of the dual semigroup. This result will be
used in Section 5.

2.4 Proposition. Let the assumptions of Theorem 2.3 be satisfied, and let be a weakly∗ sequen-
tially closed subspace ofX∗ which is invariant under((λ− A0)

−1)∗ and(B(λ−A0)
−1)∗. Then

Y is invariant under the semigroupsS∗r andS∗, with Sr andS from Theorem 2.3.

Proof. It follows from the proof of Theorem A.2 that the spectral radius ofF (λ) = B(λ−A0)
−1

does not exceed one. SetAr = A0 + rB. Then

(λ− Ar)
−1 = (λ− A0)

−1

∞∑
j=0

(rF (λ))j.

SinceY is weakly∗ sequentially closed and invariant under((λ − A0)
−1)∗ and F (λ)∗, it is

invariant under((λ− Ar)
−1)∗. SinceSr(t) = s -limn→∞(I − (t/n)Ar)

−n, Y is invariant under
S∗r (t), and also underS∗(t) becauseS(t) is the strong limit ofSr(t).

If, in Theorem 2.2, one assumesϕ(A0 + B)x = 0 for all x ∈ D(A0) ∩ X+, one cannot
conclude thatS is stochastic, in general; cf. [17;§ 4, Example 3]. Discussing conditions for
this to hold has been a major objective in most of the pertinent work; cf. [17], [20], [24], [3],
[8], [5], [4], [2], [6], [15]. Besides the development of the theory in the more general context, it
was the main motivation of the present paper to indicate a new type of sufficient condition; cf.
Theorem 2.7.

2.5 ASSUMPTION. Let X1 be a subspace ofX such that the following hold:
• There exists a norm‖ · ‖1 onX1 which makes it a Banach space.

• (X1, ‖ · ‖1) is continuously embedded into(X, ‖ · ‖) andX1 ∩X+ is dense inX+.

• X1,+ := X1 ∩X+ is a generating cone forX1 and‖ · ‖1 is additive onX1,+.

It follows from these assumptions that there exists a unique positive functionalϕ1 ∈ X∗
1

which coincides with‖ · ‖1 onX1,+.

2.6 Proposition.Let the assumptions of Theorem 2.2 be satisfied. Assume thatX1 is a subspace
X which satisfies Assumption 2.5.



Assume thatS0 induces a (necessarily positive)C0-semigroupŠ0 on (X1, ‖ · ‖1). Let Ǎ0

denote its generator. (Note thaťA0 is the restriction ofA0 toD(Ǎ0) = {x ∈ D(A0)∩X1 ; A0x ∈
X1}.) Assume thatB(D(Ǎ0)) ⊆ X1, and assume that there is a constantc > 0 such that

ϕ1(A0 + B)x 6 c‖x‖1 (x ∈ D(Ǎ0)+).

Then the semigroupS from Theorem 2.2 leavesX1 invariant and induces a positiveC0-
semigroupŠ on X1. Š is the smallest positiveC0-semigroup onX1 whose generator is an
extension ofǍ0 + B̌. For x ∈ X1,+, t > 0, we have‖S(t)x‖ 6 ect‖x‖, i.e., the rescaled
semigroup(e−ctŠ(t))t>0 is substochastic onX1.

Proof. Note first that the hypothesis can be reformulated as

ϕ1((Ǎ0 − c) + B̌)x 6 0, (x ∈ D(Ǎ0)+),

whereB̌ denotes the restriction ofB to D(Ǎ0). Therefore Theorem 2.2 can be applied toX1

and the restricted operators.
Let 0 6 r < 1. Then Theorem 2.2(b) implies that(Ǎ0 − c) + rB̌ is the generator of a

substochastic semigroup onX1, or equivalently, thaťA0 + tB̌ is the generator of a positiveC0-
semigroupŠr onX1 satisfying‖Šr(t)x‖ 6 ect‖x‖ for all x ∈ X1,+, t > 0. It is easy to see that
Šr andSr (from Theorem 2.2) coincide onX1. Takingr → 1 one obtains the assertion.

2.7 Theorem. Let the assumptions of Proposition 2.6 be satisfied. Assume additionally that
−A0 is positive and that there existsε > 0 such that (withc > 0 from Proposition 2.6)

ϕ1(A0 + B)x 6 c‖x‖1 − ε‖A0x‖ (x ∈ D(Ǎ0)+),

i.e., for all x ∈ D(A0)+ ∩X1 with A0x ∈ X1.
Then the generatořA of Š is a restriction ofA0 +B, and the generatorA of S is the closure

of Ǎ and ofA0 + B in X.
If ϕ(A0 + B)x = 0 for all x ∈ D(A0)+ thenS is stochastic.

2.8 REMARK . The assumption that−A0 is a positive operator can be replaced by the following:
If (xn) is sequence inD(Ǎ0)+, xn ↑ x ∈ X1 andsupn∈N ‖A0xn‖ < ∞, thenx ∈ D(A0).

Proof of Theorem 2.7.Let (rn) be a sequence in[0, 1), rn ↑ 1. We shall use the notationAn :=
A0 + rnB (n ∈ N).

We know thatA0 + B ⊆ A andǍ ⊆ A. In order to show the first assertion we thus have to
showD(Ǎ) ⊆ D(A0).

Letx ∈ X1,+, λ > max{0, c}. Thenxn := (λ−An)−1x ∈ D(Ǎ0)+ (n ∈ N). By hypothesis,

ϕ1(−x + λxn) = ϕ1Anxn 6 ϕ1(A0 + B)xn 6 c‖xn‖1 − ε‖A0xn‖,
ε‖A0xn‖ 6 (λ− c)‖xn‖1 + ε‖A0xn‖ 6 ϕ1x = ‖x‖1.

The sequence(xn) is increasing and converges inX1 to (λ−A)−1x. SinceA0 preserves mono-
tone sequences,(A0xn) is a bounded monotone sequence inX and thus has a limit inX. Since
A0 is a closed operator,(λ − A)−1x ∈ D(A0). This impliesD(Ǎ) = (λ − A)−1X1 ⊆ D(A0)
sinceX1,+ is a generating cone forX1.

The domainD(Ǎ) of Ǎ is a subset ofD(A), invariant underS (= Š onX1) and dense inX,
and therefore a core forA (cf. [19; Theorem X.49]). From̌A ⊆ A0 + B (⊆ A) we also obtain
A = A0 + B.

Now the last statement is a consequence of Remark 2.1(a).



3 Approximation

3.1 Proposition. LetS0, A0, B, S be as in Theorem 2.2, in particular recall

ϕ(A0 + B)x 6 0 (x ∈ D(A0)+).

For n ∈ N let Bn : D(A0) → X be a positive linear operator,Bnx 6 Bx (x ∈ X+, n ∈ N),
Bnx → Bx (n → ∞) for all x ∈ D(A0). For n ∈ N let Sn be the smallest positive (sub-
stochastic)C0-semigroup whose generator is an extension ofA0 + Bn (see Theorem 2.2(a)).

(a)ThenSn(t) 6 S(t) (n ∈ N0) andS(t) = s -limn→∞ Sn(t) (t > 0).
(b) Assume additionally thatX1 is a subspace ofX satisfying Assumption 2.5. As in Propo-

sition 2.6, assume thatS0 induces aC0-semigroupŠ0 on X1, and letǍ0 denote its generator.
Assume thatBn(D(Ǎ0)) ⊆ X1 (n ∈ N), B(D(Ǎ0)) ⊆ X1, thatBnx → Bx in X1 (n →∞) for
all x ∈ D(Ǎ0), and that there is a constantc > 0 such that

ϕ1(A0 + B)x 6 c‖x‖1 (x ∈ D(Ǎ0)+).

ThenSn (n ∈ N) andS induce positiveC0-semigroupšSn (n ∈ N) and Š on X1, respectively,
andŠ(t) = s -limn→∞ Šn(t) in X1 (t > 0).

Proof. (a) (cf. [24; proof of Proposition 1.6]) For0 6 r < 1 we obtain from Theorem 2.2(a) that
the operatorsA0+rBn (n ∈ N) andA0+rB are generators of substochasticC0-semigoupsSn,r

(n ∈ N) andSr, respectively. The inequalities required in the hypothesis implySn,r(t) 6 Sr(t)
(t > 0, n ∈ N). Takingr → 1 we obtainSn(t) 6 S(t) (t > 0, n ∈ N). A minor adaptation of
[23; Theorem 1.4] to our context shows thatSn,r(t) → Sr(t) strongly (n →∞).

Let x ∈ X+. The inequalities

0 6 S(t)x− Sn(t)x = (S(t)x− Sr(t)x) + (Sr(t)x− Sn,r(t)x) + (Sn,r(t)x− Sn(t)x)

6 (S(t)x− Sr(t)x) + (Sr(t)x− Sn,r(t)x)

imply ‖S(t)x − Sn(t)x‖ 6 ‖S(t)x − Sr(t)x‖ + ‖Sr(t)x − Sn,r(t)x‖. Choosing firstr close
enough to1 and thenn large enough we can make the right hand side as small as we want. This
implies thatSn(t) → S(t) strongly.

(b) Proposition 2.6 implies that the semigroupsSn (n ∈ N) andS induceC0-semigroupšSn

(n ∈ N) andŠ on X1, and that these semigroups are the smallest positive semigroups onX1

whose generators are extensions ofǍ0 + B̌n (n ∈ N) andǍ0 + B̌, respectively. Part (a), applied
to these semigroups, yieldšS(t) = s -limn→∞ Šn(t) (t > 0).

3.2 REMARK . Assuming monotonicity, i.e.,Bnx 6 Bn+1x (x ∈ D(A)+, n ∈ N), in Proposi-
tion 3.1, one could simplify the hypothesis in part (b). In this case the convergenceBnx → Bx
in X1 would follow from the remaining hypotheses.

4 Example: Kolmogorov’s differential equations

The infinite system of differential equations

x′j =
∞∑

k=0

αjkxk (j = 0, 1, 2, . . .) (4.1)

is known as Kolmogorov’s differential equations provided the coefficientsαjk form a Kol-
mogorov matrix [16; Sec. 23.12], i.e.,



• for all j, k ∈ N0, αjk > 0 if j 6= k, αjj 6 0,

• ∑∞
j=0 αjk = 0 for all k ∈ N0.

xj can be interpreted as the probability that the number of individuals in a population isj.
As we allow the population to go extinct and be possibly resurrected by immigration, we choose
the non-negative integersN0 as state space.

For j 6= k, αjk is the rate at which the population size changes fromk to j, while−αjj is
the rate at which a population of sizej changes to a size different fromj.

Typically Kolmogorov’s differential equations are considered on the standard sequence
space`1 = {x = (xj)

∞
j=0 ; ‖x‖ < ∞} with ‖x‖ =

∑∞
j=0 |xj|. See [17], [13; XVII.9],

[14; XIV.7], [16; Chap. 23], [24], and the literature cited there. As
∑∞

j=1 jxj is the expected
population size, the first moment space`11 = {x = (xj)

∞
j=0 ; ‖x‖1 < ∞} with ‖x‖1 =∑∞

j=0(1 + j)|xj| < ∞ is also a meaningful state space. Interestingly enough, this will help
us find a condition for the semigroup associated with (4.1) to be stochastic on`1.

4.1 ASSUMPTION. There exist constantsc, ε > 0 such that
∞∑

j=0

jαjk 6 c(1 + k)− ε|αkk| for all k ∈ N0.

Notice that
∑∞

j=0 jαjk can be interpreted as expected population growth rate at population
sizek. Let

D0 = {x = (xj) ∈ `1 ;
∞∑

j=0

|αjj||xj| < ∞}.

4.2 Theorem. Let (αjk) be a Kolmogorov matrix which satisfies Assumption 4.1. Then the
closure of the operatorA∞ : D0 → `1,

(A∞x)j =
∞∑

k=0

αjkxk (x = (xk) ∈ D0),

is the generator of a stochastic semigroupS on `1.
The semigroupS leaves`11 invariant and induces a strongly continuous semigroupŠ on

`11. The generator of̌S is the restriction ofA∞ to

D(Ǎ) = {x ∈ `11 ∩D0 ; A∞x ∈ `11}.
Moreover‖S(t)x‖1 6 ect‖x‖1 for all x ∈ `11, t > 0.

This theorem is a consequence of Theorem 2.2, Proposition 2.6 and Theorem 2.7. It is
useful, however, also to apply Proposition 3.1 because this provides an approximation result
which allows to find conditions under which the semigroup is bounded on`11 and has a strictly
negative essential growth bound [18]. Let

α
[n]
jk =





αjj if j = k,
αjk if j, k < n, j 6= k,
0 otherwise

(j, k, n ∈ N0).

DefineAn : D0 → `1 analogously toA∞ with α
[n]
jk replacingαjk, for n ∈ N0. Note that in this

case the operatorsBn := An − A0 are bounded (positive) operators.



4.3 Theorem.The operatorsAn generate substochasticC0-semigroupsSn on`1, and‖Sn(t)x−
S(t)x‖ → 0 asn → ∞ for eachx ∈ `1. These semigroups leave`11 invariant and induceC0-
semigroups oǹ11, and‖Sn(t)x− S(t)x‖1 → 0 asn →∞ for eachx ∈ `11. The convergence
is monotone increasing, ifx is positive.

In order to illustrate Assumption 4.1, we consider a birth and death process with catastrophes
and immigration.

We assume that(αjk) is a Kolmogorov matrix satisfying

αjk = 0 for all j, k ∈ N0 with j > k + 1. (4.2)

This means that birth rates are such that populations can only increase by one. On the other
hand the model allows drastic decreases, including catastrophes wiping out the whole popula-
tion. This model was also treated in [17;§4, Example 4]. We indicate a condition implying
Assumption 4.1.

4.4 Lemma. If (4.2) is satisfied then Assumption 4.1 holds if there existsa > 1 such that

s := sup
k>0

1

k + 1
(aαk+1,k −

k−1∑
j=0

(k − j)αjk) < ∞ (4.3)

Proof. The matrix(αjk) being a Kolmogorov matrix satisfying (4.2) implies

∞∑
j=0

jαjk = αk+1,k +
k−1∑
j=0

(j − k)αjk (k ∈ N0).

Because of this equation Assumption 4.1 can be reformulated as

(1 + ε)αk+1,k 6 c(1 + k) +
k−1∑
j=0

(k − j − ε)αjk) (k ∈ N0).

It is not difficult to see that (4.3) implies these inequalities if(1+ε)a 6 (1−ε), i.e. 0 < ε 6 a−1
a+1

,
andc > 1−ε

a
s.

5 A measure-valued generalization of Kolmogorov’s differ-
ential equation

Let (Ω,A) be a measurable space. We consider a measure-valued generalization of Kolmo-
gorov’s differential equations,

d

dt
µ(t)(Γ) =

∫

Ω

K(Γ, x)µ(t)(dx)−
∫

Γ

K(Ω, x)µ(t)(dx) (Γ ∈ A).

K is a transition measure kernel: For eachx ∈ Ω, K(·, x) is a non-negative finite measure
on (Ω,A) and for eachΓ ∈ A, K(Γ, ·) is A-measurable onΩ. The solutionµ(t) takes its
values in the Banach spaceX of signed measures on(Ω,A) which have bounded variation. If



the values are probability measures, they are associated with the transition probabilities of a
Markov jump process [12; 4.2] [14; X.3].

Let h := K(Ω, ·). Then the operatorA0 given by

D(A0) :=
{

µ ∈ X ;

∫

Ω

h(x)|µ|(dx) < ∞
}

,

(A0µ)(Γ) := −
∫

Γ

h(x)µ(dx),

generates theC0-semigroupS0,

(S0(t)µ)(Γ) =

∫

Γ

e−th(x)µ(dx).

The denseness ofD(A0) can be seen as follows: SetΩn = {x ∈ Ω; h(x) 6 n}. Let µ ∈ X.
Defineµn(Γ) = µ(Γ ∩ Ωn). Thenµn ∈ D(A0) andµn → µ asn →∞ becauseΩ is the union
of the increasing sequence of setsΩn.

We define a positive linear operatorB : D(A0) → X,

(Bµ)(Γ) =

∫

Ω

K(Γ, x)µ(dx).

Let η : Ω → [0,∞) beA-measurable. If we chooseX1 to be the space of signed measures
µ with ‖µ‖1 =

∫
Ω
(1 + η(x))|µ|(dx) < ∞, we obtain the following result from Theorem 2.2,

Proposition 2.6 and Theorem 2.7. Notice that the density ofX1 in X follows in the same way
as the density ofD(A0).

5.1 Proposition. (a) There exists a smallest positiveC0-semigroupS on X whose generator
extendsA0 + B. S is substochastic.

(b) Assume that there exist positive constantsc, ε such that
∫

Ω

(η(y)− η(x))K(dy, x) 6 c(1 + η(x))− εK(Ω, x) for all x ∈ Ω.

ThenS is a stochasticC0-semigroup which is generated by the closure ofA0 + B, leavesX1

invariant and induces aC0-semigroup on(X1, ‖ · ‖1).

We now show that the semigroupS is associated with a Markov transition function. We first
note thatY = BM(Ω), the space of boundedA-measurable functions onΩ with the supremum
norm, can be identified with a subspace ofX∗. The dominated convergence theorem implies
thatBM(Ω) is weakly∗ sequentially closed.BM(Ω) is invariant under((λ−A0)

−1)∗ and(B(λ−
A0)

−1)∗, because

((λ− A0)
−1)∗f(x) =

f(x)

λ + h(x)
,

(B(λ− A0)
−1)∗f(x) =

∫

Ω

f(y)

λ + h(x)
K(dy, x)



for all x ∈ Ω, f ∈ BM(Ω). By Proposition 2.4,BM(Ω) is invariant underS∗. Set

Pt(Γ, x) := (S(t)δx)(Γ) (Γ ∈ A), (5.1)

whereδx is the Dirac measure concentrated atx. ThenPt(·, x) is a non-negative measure on
A with values in[0, 1]. Since alsoPt(Γ, ·) = S∗(t)χΓ andBM(Ω) is invariant underS∗(t),
Pt(Γ, ·) ∈ BM(Ω) and

(S(t)µ)(Γ) =

∫

Ω

Pt(Γ, x)µ(dx).

The semigroup property ofS implies thatP satisfies the Chapman-Kolmogorov equations

Pt+s(Γ, x) =

∫

Ω

Pt(Γ, y)Ps(dy, x),

i.e.,P is aMarkov transition function[21; Sec. 3.2]. SinceS is aC0-semigroup, the definition
(5.1) shows that for fixedx ∈ Ω, the functiont 7→ Pt(Γ, x) is continuous on[0,∞), uniformly
for Γ ∈ A. If the assumption in Proposition 5.1(b) is satisfied, thenPt(·, x) is a probability
measure, and thereforeP is anormalMarkov transition function.

Appendix: A version of the Miyadera perturbation theorem

In this appendix we assume thatX is an ordered Banach space with a generating (closed) cone
X+. We start with an observation that will be needed in the proof of the main result of this
section.

A.1 REMARKS. (a) Under the above hypothesis the positive coneX+ is non-flat, i.e., there
existsM > 1 such that for allx ∈ X, ‖x‖ 6 1, there existx± ∈ X+ with ‖x±‖ 6 M ,
x = x+ − x−; cf. [9; Proposition 19.1(d)], [10; p. 265].

This immediately implies that any linear operatorC : X → X satisfyingc := sup{‖Cx‖ ;
x ∈ X+, ‖x‖ 6 1} < ∞ is bounded,‖C‖ 6 2Mc.

(b) LetA be the generator of a positiveC0-semigroupS onX. Then (a) can be strengthened
as follows.

Let C : D(A) → X be linear,A-bounded,c := sup{‖Cx‖ ; x ∈ D(A)+, ‖x‖ 6 1} < ∞.
ThenC uniquely extends to an operatorC ∈ L(X) satisfying‖C‖ 6 2Mc, sup{‖Cx‖ ; x ∈
X+, ‖x‖ 6 1} = c.

In fact, letx ∈ D(A), ‖x‖ 6 1. There existx± ∈ X+, ‖x±‖ 6 M , x = x+ − x−. Forλ
larger than the type ofS one has

λ(λ− A)−1x = λ(λ− A)−1x+ − λ(λ− A)−1x−,

λ(λ− A)−1x± ∈ D(A)+.

Also, λ(λ − A)−1x± → x± (λ → ∞), andλ(λ − A)−1x → x in theA-graph norm (λ → ∞).
Takingλ →∞ in

‖Cλ(λ− A)−1x‖ 6 c(‖λ(λ− A)−1x+‖+ ‖λ(λ− A)−1x−‖)
we obtain‖Cx‖ 6 c(‖x+‖+ ‖x−‖) 6 2Mc.

Now D(A) being dense implies thatC extends as asserted. SinceD(A)+ is dense inX+

one also obtaines the last equality.



A.2 Theorem. LetS0 be a positiveC0-semigroup onX, with generatorA0. LetB : D(A0) →
X be positive. Assume that there are constants0 < α 6 ∞, γ ∈ [0, 1) such that

∫ α

0

‖BS0(t)x‖ dt 6 γ‖x‖ (x ∈ D(A0)+). (A.1)

ThenA0 + B is the generator of a positiveC0-semigroupS.

A.3 REMARKS. (a) If X, Y are ordered Banach spaces such thatX+ is generating (i.e.,X =
X+−X+) andY+ is proper (i.e.,Y+∩(−Y+) = {0}), then any positive linear operatorT : X →
Y is bounded; cf. [1; Appendix].

This implies that, in Theorem A.2, the operatorB is A0-bounded.
(b) Note that (A.1) only implies

∫ α

0

‖BS0(t)x‖ dt 6 2Mγ‖x‖ (x ∈ D(A0))

(with a proof as in Remark A.1(b)), so the assertion of Theorem A.2 is not a direct consequence
of the Miyadera perturbation theorem; cf. [22; Theorem 1], [11; chap. 3, Theorem 3.14]. (For
the application of the Miyadera perturbation theorem the constant2Mγ would have to be< 1.)

(c) The proof will show that

sup
{‖S(t)x‖ ; 0 6 t < α, x ∈ X+, ‖x‖ 6 1

}

6 1

1− γ
sup

{‖S0(t)x‖ ; 0 6 t < α, x ∈ X+, ‖x‖ 6 1
}
.

Proof of Theorem A.2.As mentioned above in Remark A.3(a), the operatorB is A0-bounded.
By induction we define strongly continuous mappingsSn : [0, α) → L(X) satisfying

Sn(t)x :=

∫ t

0

Sn−1(t− s)BS0(s)x ds (x ∈ D(A0), 0 6 t < α), (A.2)

‖Sn(t)x‖ 6 γn‖x‖ (x ∈ X+, 0 6 t < α),

for all n ∈ N. Indeed, the linear mappingsSn(t) defined by (A.2) belong toL(DA0 , X), where
DA0 denotesD(A0) provided with the graph norm. The induction hypothesis implies

‖Sn(t)x‖ 6 γn−1

∫ t

0

‖BS0(s)x‖ ds 6 γn‖x‖ (x ∈ D(A0)+).

Then use Remark A.1(b).
The seriesS(t) :=

∑∞
n=0 Sn(t) is norm convergent, uniformly for0 6 t < α, and as a

consequence,S is strongly continuous. The proof thatS satisfies the semigroup property on
[0, α) and thatS can be extended to aC0-semigroup is the same as in [22; proof of Theorem 1].

It is easy to see that the generatorA of S is an extension ofA0 + B (cf. [22; Lemma 3]).
Therefore

(λ− A0)
−1 = (λ− A)−1(I −B(λ− A0)

−1)

for largeλ. In order to showD(A) = D(A0) (thenA = A0 + B) it therefore is sufficient to
showspr(B(λ − A0)

−1) < 1 (spr denoting the spectral radius). Letγ′ ∈ (γ, 1). The estimate



as on [22; p. 168] shows that there existsλ > 0 such that‖B(λ − A0)
−1x‖ 6 γ′‖x‖ for all

x ∈ D(A0)+. SinceB(λ − A0)
−1 is bounded we obtain‖B(λ − A0)

−1x‖ 6 γ′‖x‖ for all
x ∈ X+. Therefore‖(B(λ − A0)

−1)nx‖ 6 γ′n‖x‖ for all x ∈ X+, n ∈ N (it is at this point
where the positivity ofB is used), and finally‖(B(λ − A0)

−1)n‖ 6 2Mγ′n (n ∈ N). These
inequalities showspr(B(λ− A0)

−1) 6 γ′.
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