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| nhomogeneous Cauchy Problems

- .

u'(t) = Au(t) + f(t), te]0,b], u(0) = 0, (1)

where A a closed linear operator in a Banach space X,

be (0,00)and f:[0,b] — X.

A function u : [0,b] — X is called a classical solution of (1) if

# IS continuously differentiable on [0, b],
® u(t) e D(A)foralltelo,b],
# and u satisfies equation (1).
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Cy-Semigroups
-

Travis (1981) T
A 1s the generator of a Cy-semigroup 7.
(1) has a classical solution for every continuous
f:10,b] — X ifand only if
the semigroup 7' is of bounded semi-variation.
Quite restrictive (Travis). implies

# semigroup is analytic
#® Alis bounded if X is reflexive or an abstract L space.

o -

— p. 3/3



Whereto gofrom here
. o

smaller classes of inhomogeneities f:

Crandall, Pazy (1969) Holder continuous.
Webb (1977) continuous and of bounded variation.

Sell, You (2002) sufficient conditions.

Alternative: weaker notion of solution
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Integral solutions

-

If f € L1(0,b, X), a function « is an integral solution of (1):

=

# <« IS continuous on [0, b,

o /tu(s)ds € D(A) forall ¢t € [0, 5],
0

o u(t) :A/O u(s)ds+/() f(s)ds, t e (0,0

Every classical solution is an integral solution.
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Hille-Yosida Operators

fThere exist M > 1,w € R such that (w, o) is contained in T
the resolvent set of A and

(A=A <MAN=—w)™, A>w,n=12,... (2

Theorem [Da Prato, Sinestrari, 1987]. Let A be a
Hille-Yosida operator, 0 < b < oc.

For all f € L'(0,b, X), there exist a unique integral solution

u of (1).

Estimate

t
| lu()] < M /0 )| f(s)|ds,  0<t<b. B
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Characterization

-

Proposition. The following are equivalent for a closed linear
operator A in a Banach space X.

=

1. Ais Hille-Yosida operator.

2. As the generator of an integrated semigroup 7' thatis

Lipschitz continuous on some interval [0, 0], b > 0.

Arendt (1987), Kellermann&Hieber (1989)
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| ntegrated Semigroups
r

Arendt, Batty, Hieber, Neubrander (2000)

=

ocus on integrated semigroups rather than Cy-semigroups.

T Is a strongly continuous operator family 7" = {T'(¢);t > 0},

T(HT(r) = /O HTT(s)ds— /O tT(s)ds— /O T(s)ds. >0,

t
Example: T'(t) = / S(r)dr, with Cy-semigroup S.
0
Non-degenerate: T'(t)x = 0 for all £ > 0 occurs only for z = 0.
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Generator

=

fIf T 1s exponentially bounded, definition via Laplace
transform,

(A= A)1 =) /0 T Nt

for sufficiently large A\ > 0.

Otherwise (Th 1990): if z,y € X,

t
reDA),y=Ar <+ T{t)z—tx= / T(s)yds ¥t >0.
0
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| ntegrated solutions

-

Variation of constants formula, convolution

TP = [ T=s)5)is

Proposition. Let A be the generator of an integrated
semigroup 7, f € LY0,b, X).

Then v =T=xf Isthe unique solution of

v(t) = A/O v(s)ds +/O (t —s)f(s)ds, 0<t<b.

LCan we differentiate? J
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Semivariation

-

HOnig (1975). The semi-variation of 7" on an interval |a, b]

isT

)

k
Voo(T; a,b) = sup HZ T(ty) —T(tj-1)]x;
j=1

where the supremum is taken over
all partitions P = {tg,...,t;} of [a,b], a=tyg<--- <ty =0,

and all elements z1,...,2; € X, ||z;]| <1, keN

If Voo(T';a,b) < 0o, we will say that T" is of bounded
semi-variation on [a, b].
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Semi-p-variation
-

A larger net (Magal Ruan, 2007): T

The semi-p-variation V(7' a,b) Is defined by the same
formula as before ,

and the supremum is taken over all partitions P (as before)

but T1,...,0 € X with

k
Z tj—1)llz;]|” < 1.

Jj=1
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Differentiability of convolutions

-

Theorem. The following hold for a strongly continuous T

family T = {T(t);0 <t < b} of bounded linear operators
between Banach spaces X, Y

(a) T = f is continuously differentiable on [0, b] for all

feC0,b,X)ifand only if T is of bounded
semi-variation on [0, b|.

(b) If1 <p< oo, Txf iscontinuously differentiable on
0,06] forall f € LP(0,b,X) ifand only if T is of bounded
semi-p-variation on [0,b] and T(0) = 0.

In (&), C(0,b, X) can be replaced by R(0,b, X), the space of
~ regulated functions. .
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Tools
| o

—. Closed graph theorem
«<——: Stieltjes convolution.

If T"Is strongly continuous and if 7'(0) = 0 or g is continuous,
then T x g Is continuously differentiable on [0, 4|, and

(T *g)'(t) = (T x g)(t) +T(0)g(t).
where

(T 5 g)(t) = /0 T(ds)g(t — ).

Estimate
sup [[(T'x g)(t)]] < Vp(T50,0) [|g]]p-

L te[0,] J
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Back to the Cauchy problem

fTheorem. Let A be the generator of an integrated T
semigroup 7T, 0<b < oc.

(a) If T is of bounded semi-variation on [0, b], then for
every f € R(0,b, X) there exists a unique integral
solution » of (1) on [0,6], u = (T * f) =T x f.

(b) T is of bounded semi-variation on [0, b]
If for every f € C(0,b, X) there exists an integral

solution « of (1) on [0, ).

Estimate leading to semilinear theory

sup [[(T' f)(¢)[| < Voo(T750,b) sup [|f(2)]].

L t€|0,b] t€|0,b] J
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Cauchy problem in L?
-

Theorem. Let A be the generator of an integrated
semigroup 7', 1 < p < oc.

=

Then T is of bounded semi-p-variation on |0, 0]
If and only If,
for every f € LP(0,b, X), there exists an integral solution v of

(1) on [0, b].

The solution u Is uniquely determined by f,
u=(Tx*f)=Txf.

Duality characterization in Magal&Ruan (2007).
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(g-) variation

-

The variation of a function g : [a,b] — X* IS

k
v(g;a,b) =sup » |g(t;) — g(t;-1)|l.
j=1

where the supremum is taken over all partitions
P=Aty,...,.txfWitha =ty < --- <t =,

and the g-variation is

lo(t;) - g<tj1>Q> v
I

= =)

o -
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Theduality connection

-

T* is called to be of bounded strong (¢-)variation if T%(-)y* IS
of bounded (¢-)variation for each y* € Y*.

=

Operator families of bounded strong (p-) variation are
studied by Th&Volieler (2002) and Vol3eler (2000).

Proposition. T'is of bounded semi-variation if and only if
T* 1s of bounded strong variation.

1 1
fl <pg<ooand -+ - =1,

p g
T is of bounded semi-p-variation

If and only if
LT* IS of bounded strong ¢-variation. J
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More on semi-p-variation

-

Lemma. (a) If T"is of bounded semi-p-variation, then it is
Holder continuous with exponent 1/p and

IT(t) = T(s)|| < Vp(T:a,b)ft —s|"/7.

(b) T'is of bounded semi-1-variation if and only if it is
Lipschitz continuous, and

Vi(Tiab) = sup I7@) —T(s)

a<s<t<b t—s
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Characterization of Hille-Yosida Ops.
. o

Theorem. The following are equivalent for a closed linear
operator A in a Banach space X.

1. Ais a Hille-Yosida operator.

2. (1) For each z € X, there exists a unique integral
solution of

w' =Au+zonR,, u(0)=0,

which is exponentially bounded.

(i) There exists some b € (0,00) such that, for each
f e LY(0,b, X), there exists a unique integral

L solution u of (1) on [0, b)]. J
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Example

Letp>1, 0<a<Z=, X =L7),1]

(Af)(x) = —f'(2) + —f ().

D(A): absolutely continuous functions f on |0, 1]
with f(0) =0 and f’ € LP[0, 1],

Arendt (1987). A generates the integrated semigroup

T(t)f](x) = /0 % (x —s) Y f(x —s)H(x — s)ds, r € (0,1).

H 1s the Heaviside function. 7' is not a Cy-semigroup.
LSince D(A) Is dense, A is not a Hille-Yosida operator. J
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Example cont.

=

The dual family on L4[0, 1],

+-=1, Isgiven by

1
p

[

T*(1)g) () = /O (2 + 8)%a gz + ) H(1 -z — 5)ds,

T* is the Integrated semigroup generated by A*.
T* Is of locally bounded strong g-variation.
T is of locally bounded semi-p-variation.

Notice: X is an ordered Banach space,
T and 7™ are increasing,
LA and A* have positive resolvents. J
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Age-structure
O

X Banach space, additional structure (space e.g.)

INd u(t,a) € X, ttime, «a age,

ur +uqg = Bla)u+ g(t,a), t>0,a>0,
u(t,0) = h(t), t >0,
u(0,a) = wug(a), a > 0.
U(t, ) S LP(R—HX)a 1 < p < Q.

B(a) closed linear operators associated with an
evolutionary system {U(a,s);a > s}.

o -
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A larger space

- .

X=X xLP(Ry,X),  Xo={0}x LP(R, X).

B(0,6) = (—6(0), =9+ B()9).
Set  w(t) = (0,ul(t,-)), Cauchy problem

v'(t) = Bo(t) + (h(t), g(t, ).

B Is a Hille-Yosida operator if p =1 (Th 1989),

and the generator of an integrated semigroup of locally
bounded semi-p-variation if p > 1 (Magal&Ruan 2007).

o -
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Evolution semigroups

fI_et U={U(ts);0<s<t<oo} bethe forward
evolutionary system associated with B(t).

We define the associated (Howland) evolution semigroup
on Y =LP(Ry, X), 1 <p<oo, by

S(t)é)(a) { U(a’a_é?qb(a_t); giiii } bev.

Integrated semigroup T(t)(x,¢) = (0,9(t)),
“(O)(@) = Ht = U0 + [ [S)el(ap.

o -
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Perturbation Theory

. .

Generalization of a result by Da Prato and Grisvard (1975).
Theorem. Let S = {S(¢);t > 0} be a Cy-SG, generator A,
T ={T(t)} an ISG, generator B.

Assume that 7' is of locally bounded semi-variation and
that 7" and S commute, i.e. T(¢)S(r) = S(r)T(¢t) for all
t,r > 0. Then

~

T(t)xr = /0 T(dr)S(r)x

defines an ISG of locally bounded semi-variation whose
generator extends A + B (with domain D(A) N D(B)).

LT commutes with both 7"and S. J
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commuting families

=

0 <b<ooand T is of bounded semi-p-variation on [0, b|,

o

soils T and

V,(T;0,b) < mV,(T;0,b)

m = sup |[S(¢)]|.
0<t<b

Da Prato and Grisvard (1975). p=1

o -
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Bounded perturbations

fTheorem. Let A be the generator of an ISG T which is of T
locally bounded semi-(p-)variation and the linear operator

B:D(A) — X satisfy
|B|| = sup{|[Bz[|; x € D(A),[lz]] <1} < oc.

If T Is of locally bounded semi-variation, assume in

addition that || B||V«(7,0,b) <1 for some b > 0.
Then A + B generates an ISG V of locally bounded semi-

(p-)variation which solves the equations

Vit)r —T(t)r = /0 T(ds)BV (t — s)x = /0 V(ds)BT(t — s)x,

Lwhere B is the extension of B to D(A). J
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Summary

o .

(CP) u' = Au+ f(t) on|0,b], u(0) = 0.

# (CP) has integral solutions for all continuous
(regulated) f if and only if A generates an ISG of
bounded semi-variation.

#® (CP) has integral solutions for all f € LP if and only if
A generates an ISG of bounded semi-p-variation.

# the generator A of an ISG is a Hille-Yosida operator if
and only if there is some b > 0 such that (CP) has

integral solutions for all f e L.

o -
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Pertur bations
- o

# |SGs of locally bounded semi-(p-)variation are
preserved under bounded additive perturbations of

their generators.

# The commutative sum A + B of generators of a
Co-semigroup and of an ISG of locally bounded
semi-(p-)variation generates an ISG of the same type.
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Examples

- .

# |SGs of bounded semi-p-variation occur naturally in
age-structured population models (cf. Magal Ruan,
2007)

where, at any time, the age-distribution of the
population is a vector-valued function in LP(R,., X).

# Natural examples of resolvent positive operators
generate ISGs of bounded semi-(p-)variation.
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