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Abstract

A variety of problems in differential equations ((abstract) functional differential equa-
tions, age-dependent population models (with and without delay), evolution equations with
boundary conditions e.g.) can be written as semilinear Cauchy problems with a Lipschitz
perturbation of a closed linear operator which is not non-densely defined but satisfies the
estimates of the HilleésYosida theorem. A natural generalized notion of solution is pro-
vided by the integral solutions in the sense of Da PratoédSinestrari. Ideas from ‘integrated
semigroup’ theory yield a variation of constants formula which allows to transform the
integral solutions of the evolution equation to solutions of an abstract semilinear Volterra
integral equation. The latter can be used to find integral solutions to the Cauchy problem:;
moreover one finds sufficient and necessary conditions for the (forward) invariance of closed
convex sets under the solution flow. The solution flow can be shown to form a dynamical
system. Conditions for the regularity of the flow in time and initial state are derived. The
steady states of the flow are characterized and sufficient conditions for local stability and
instability are found. Finally the problems mentioned at the beginning are fitted into the
general framework.

Key Words: Hille& Yosida theorem, Cauchy problems, evolution equations, integral solu-
tions, semigroups,‘integrated semigroups’, variation of constants formula, abstract Volterra
integral equation, dynamical systems, invariance of closed convex sets, regularity in initial
value and time, (linear and nonlinear) generator, steady states, local (asymptotic) stability,
semilinear boundary conditions, (abstract) functional differential equations, age-structured
population models (with and without delays)



Introduction

Semilinear Cauchy problems

d

(1) Eu(t) = Au(t) + Fu(t), u(0) = zo

with F' being a Lipschitz perturbation of the generator A of a strongly continuous semi-
group are well understood. See, e.g., [P2], section 6.1. Quite often one faces nonlinear
Cauchy problems, however, which cannot be split up in this way because a nonlinear-
ity appears in the domain of A though the action of A itself is linear. In this case it is
sometimes possible to rewrite the problem as a semilinear problem (1) by removing the
nonlinearity from the domain of A and incorporating it into the Lipschitz perturbation
F. The prize to be paid (according to a universal principle of conservation of difficulty)
consists in ending up in a larger Banach space (which is not so bad) and with a linear

operator which is not densely defined.

In order to illustrate this phenomenon we consider the following problem in age-

structured population dynamics:
(Or + 0a)n(t,a) = om(t,a)(l —n(t,a)), t>0,0<a<]l,

(2) n(t,0) = ﬁ/l n(t,a) (1 — n(t, a))da, t>0,

n(0,a) =ngp(a), a>0

with a given function ng on [0, 1]. «, § are positive constants. This model can be considered
a simplistic description of the growth of a plant population which reproduces both by layers
(the terms in the right hand side of the first equation) and by seeds (second equation).
Here we have assumed intra age-group competition, i.e. the plants only hamper other
plants of the same age. Since the seed production term in the second equation should be

non-negative in oder to make biological sense, we look for solutions n to (2) with

(3) 0 <n(tya) <1.

The classical approach to such a problem consists in integrating the partial differen-
tial equation in (2) along characteristic curves and reducing the problem to an integral

equation. See [W1]. Alternatively we try to deal with this problem as a Cauchy problem,
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i.e. as an abstract differential equation. The natural state space of an age-structured pop-

ulation model is the space of integrable functions, because the L;-norm can be interpreted

as population size. Hence we set u(t) = n(t,.) € L1[0,1] =: Ly. Then we rewrite (2) as
Eu = Gu

with

(3) Gu = —u' + Fiu, D(G) = {u € AC|0,1],u(0) = Fyu},

and

Fox = ﬁ/ol n(t,a) (1 - n(t,a))da,
(Fiz)(a) = an(t, a) (1 ~n(t, a)).

Note that the nonlinearity Fy has entered the domain of GG, whereas the action of G itself is

()

linear in the highest order term. Actually it is well possible to deal with this formulation of
the problem by employing the CrandallésLiggett theorem (see [CT7], [C6].) . The advantage
of this approach consists in providing a dyamical system right away. But it is difficult
to relate the notion of solution one obtains this way to the Cauchy problem itself unless
one preassumes enough regularity or the underlying Banach space is reflexive (or, more
generally, satisfies the Radon-Nikodym property). See [C6], section 2.4. Further it is
hard to prove results like linearized stability in this framework. The reason for this lies
in the fact that the Crandall-Liggett theorem does not exploit the semilinear character
of the boundary condition because it is taylored for a more general situation. Semilinear
boundary conditions can be handled in several ways in an abstract framework. See the
work by Amann [A1, A2, A3], Goldstein [G1], Greiner [G2, G3], and Desch, Schappacher
and Kang Pei Zang [D3].

Our approach will remove the nonlinearity from the domain of G and incorporate
it into the Lipschitz perturbation. To this end we enlarge the state space and choose
X =R x L;. We are still looking for solutions with values in the space L; which can be
identified with Xy = {0} x L;. Actually our solutions ought to take values in Cy = {z €
L1]0.1;0 <z < 1a.e.} . Cy can be identified with Xqg N C,C =R x Cy.

We define a linear operator A in X by D(A) = ACI0,1], the space of absolutely

continuous functions,

(4) Az = (—x(0), —2'), x € D(A).



Note that D(A) = X, .

We now rewrite the Cauchy problem in the form (1) with F': Cp — X being defined
by

(6) Fx = (Fol',Fl.CL').

Note, that if x € D(A), we have Az+Fz € X, if and only if 2(0) = Fy(z),i.e. x € D(G). In
this way we have removed the nonlinearity Fjy from the domain of G and have incorporated
it in the Lipschitz perturbation F' provided that we succeed in solving (1) in X,. Note
that both A and F' map out of Xy and that A is not densely defined in X. Fortunately

the following is still true:

IfreR,ye Li,\ >0, then

(7) (A=A (ry) = (0,z)
with

z(a) = re @ ’ ATy (1 dr
(8) (a) +A y(r)d

Hence, if we endow X with the norm

1
HW$N=V$+A|ﬂ®Wm

we find that 1
A=A <<
I =) < 5
Under this condition Da Prato and Sinestrari [D1] have studied linear homogeneous prob-
lems
d
) Cult) = Ault) + (1), u(0) = zo

with 2o € Xo = D(A), f : [0,00) — X being locally Bochner integrable and have obtained

integral solutions to (9) in the following sense (for arbitrary initial data in Xo!):

u(t) — zp = /Ot u(s)ds + /Ot f(s)ds, t>0.

They have also derived a useful estimate of v in terms of xy and f. In section 1 we give

an alternative proof of their result using ideas from the theory of ‘integrated semigroups’
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developed by Arendt, Kellermann, Hieber, and Neubrander [A3, A4, A5, K2, K3, N1] and
the theory of weakly™ continuous semigroups on dual Banach spaces developed by Clément,
Diekmann, Gyllenberg, Heijmans, and Thieme [C1, C2, C3, C4, C5|. In particular we
derive a variation of constants formula for the integral solutions of (9) which is of own
interest. Among other things this formula makes it possible to find sufficient and necessary
conditions for the invariance of closed convex subsets of Xy under the solution flow of (1).
See section 2. The properties of the dynamical system generated by the solutions are
studied in section 3. There we also derive regularity results. In section 4 we study steady
states and their local (asymptotic) stability. In section 3 and 4 we follow the lines of
[C3] where the special case that A generates a dual semigroup has been considered. In
part IT [T2] the unifying power of the theory of Lipschitz perturbations of non-densely
defined operators is illustrated. We show in section 5 how functional differential equations
fit into this framework. More generally we demonstrate in section 6 that the theory is
invariant under the introduction of delays, i.e. an abstract functional differential equation
with a non-densely defined linear operator can be rewritten as a Lipschitz perturbation
of another non-densely defined linear operator (on a larger space) without memory terms.
After studying a more general version of (2) in section 7 we use this idea to study (2) with

delay terms in section 8:
(9, + 8a)n(t,a) = an(t — o, a)(l - n(t,a)), t>0,0<a<l,
(10) n(t,0) = 5/1 n(t — p, a)(l ~n(t - p, a))da, t>0,
n(t,a) = qb(t;)(a), L <t<0,a>0

with a given function ¢ : [—7,0] — L1[0,1]. «, 3, 0, p are positive constants, 7 = max(a, p).
The notion of integral solution allows to solve this problem in the following generalized
sense (for arbitray initial data ¢ € C'([—7,0], L1[0, 1]):

Corollary 1. Let ¢ € C([—T, 0], L1 [0, 1]), 0<¢(t) <1a.e onl0,1] for —7 <t < 0. Let
B < 4. Then there exists a uniquely determined continuous function n(t) with values in
L1]0,1], 0 < n(t,a) <1 for a.a. a € [0, 1], which satisfies (10) in the following sense: For

any t >0, fg n(s,a)ds is absolutely continuous in a and

n(t,a) —no(a) + 8a/0 n(s,a)ds = a/o n(s —o,a)(1 —n(s,a))ds,

/ot n(s, 0)ds = ﬁ/ot /01 n(s — p,a)(1 —n(s — p,a))dsda.
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Moreover (¢,t) — n; defines a continuous dynamical system on C; = {¢ : [-7,0] —
L1]0,1]; ¢ continuous, 0 < ¢(t) < 1 a.e. on [0,1], —7 <t < 0}. Here ny(r) =n(t+r,-) for
t>0,—7<r<0.

Strong solutions to (10) can be found from theorem 3.7.

Corollary 2. Let the assumptions of corollary 1 be satisfied. Let ¢ be differentiable as a

function with values in L1[0, 1] and ¢(0) be absolutely continuous on [0, 1],

6(0,0) = / b(—p,a)(1 — ¢(—p, a))da.

Then the solution n to (10) provided by corollary 1 is differentiable as a mapping from
[—7,00) to L1[0,1] and, for any t > 0, n(t,a) is absolutely continuous in [0,1] and (10)
holds with the differential equation holding a.e. in 0 < a <1 for any t > 0.

In section 9 we show how abstract boundary value problems (see Greiner [G2, G3|)

fit into the framework.

More examples of linear operators which are not densely defined but satisfy the esti-
mates of the Hilleés Yosida theorem can be found in [D1].

The examples and the theory presented in this paper accumulate enough evidence
that semilinear Cauchy problems with a Lipschitz perturbation of a linear operator which
is not densely defined but satisfies the estimates of the HilleéYosida theorem give rise to
a class of nonlinear dynamical systems which is large enough to cover important special
cases, but specific enough to have useful additional structure. In future work we plan to
study conditions under which the flow generated by (1) has compactifying properties in
order to push the door to dynamcial systems theory more open and, e.g., apply the results
in section 4 more readily. We also plan to study conditions under which the dynamical
system becomes monotone and to use the additional structure to obtain more information
than can be obtained by the theory of Hirsch [H3] and Matano [M3]. See also [S1]. As
a further application we intend to study abstract age-structured evolution equations, e.g.

age-dependent diffusion problems.

Acknowledgement: The work presented in this paper was mainly done when I enjoyed
the hospitality of Harvey Mudd College in Claremont (California) and took part in the

Infinite Dimensional Dynamical Systems Seminar in spring 1988. I thank my coorganizers
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Odo Diekmann, Mats Gyllenberg, Henk Heiyymans, Mimmo Iannelli, Hermann Kellermann
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1. Integral solutions to nonhomogeneous Cauchy problems

(Da Prato’s and Sinestrari’s result revisited. ‘Integrated semigroups’)

We consider the nonhomeogeneous Cauchy problem

(1.1) %u(t) = Au(t) + f(t), t > to; u(to) = wo,

in the following situation:

Assumptions 1.1.

a) A is a linear closed operator on a Banach space X such that A — A has a bounded

inverse for A > w and
M

0= A7 < 5o

for all n € N, A > w. M,w are appropriate constants.
b) z¢ € Xo := D(A).

c) f:]0,00) — X is continuous.

The main results of this section also hold if f is locally Bochner integrable.

If A is a bounded linear operator on X, (1.1) is solved by

(1.2) u(t) =Tt —to)xo + / T(t—s)f(s)ds

to

with T'(t) = e4* being the uniformly continuous semigroup generated by A.

If A is a densely defined linear operator in X satisying the assumptions 1.1 a) — i.e.
A satisfies the conditions of the Hilleéd Yosida-theorem — then we still try formula (1.2).
But we cannot solve (1.1) as such because, in general, neither u(t) is differentiable nor an
element in D(A). A very convenient way to fix this problem consists in integrating (1.1)

in time and interchanging A with the integral.
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Definition 1.2. A continuous function u : [0,00) — X is called an integral solution to
(1.1) iff

t ¢
(1.3) u(t) = zo + A/ u(s)ds —l—/ f(s)ds
to to
for t > tg.
Note that (1.3) implicitly contains that fti) u(s)ds € D(A).

Da Prato and Sinistrari [D1] show that there still exist solutions to (1.3) if A is not
densely defined, but the assumptions 1.1 hold.

Theorem 1.3. There is a unique continuous solution u to (1.3) with values in Xo = D(A).

u satisfies the estimate

t
lu()]| < Me“ ) |l + [ M| f(s)llds, ¢ > to.

to

Da Prato’s und Sinestrari’s [D1] following result concerning classical solutions of (1.1)

is an easy consequence. See [K2], theorem 2.5, too.

Corollary 1.4. Let f be absolutely continuous, i.e.

£() = £(0) + / g(s)ds

for some locally Bochner integrable function g. Let o € D(A) and Ax + f(ty) € Xo.
Then there exist a unique classical solution u to (1.1), i.e., for t > to, u(t) is continuously
differentiable, takes values in D(A), and satisfies (1.1).

Actually, by theorem 1.3, there exists a continuous solution v of
t t
v(t) = Axg + f(to) + A/ v(s)ds +/ g(s)ds.
to to

Obviously

u(t) = xo + /t v(s)ds

to

is a continuously differentiable solution of (1.1).
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The estimate in theorem 1.3 suggests that u can be represented by a variation of

constants formula similar to (1.2).

Let us introduce the part Ay of A in Xg = D(A):

(14) Ag=A on D(A(]) = {l‘ c D(A),Am S X()}

Proposition 1.5. The part Ag of A in X, generates a strongly continuous semigroup
T()(t),t > 0, on Xo.

This well-known result is the linear special case of the Crandall&Liggett theorem. It is
easy to check that Ag is densely defined in Xy. As Aq inherits the estimates in assumption
1.1 a), Proposition 1.5 follows from the Hille& Yosida theorem. See, e.g. [P2], theorem
1.5.3.

So formula (1.2) — with Tj replacing T — still works if f takes values in X(. But this
is too restrictive in many applications as we have seen in the introduction and is further

illustrated in part II.

Let us assume for a moment that f does take values in X(. Then (1.2) can be written

u(t) = To(t — to)xo + / To(t — s) )\li_)rr;o AN —A) " f(s)ds,
(1.5) u(t) = To(t — to)xo + ,\liigo To(t — s)A(A — A) L f(s)ds.

to

If f takes values in X, but not in X, the limit in the right hand side of the first
equations does not longer exist, while, as one of the magics of integration, the limit in the
right hand side of (1.5) still exists (as we will prove). We first show that a solution of (1.3)
with values in Xy is actually represented by (1.5):

Let
ur(t) = A\ — A)7tu(t), ) =X =A)7THf(t), xx=A\—A)  x.

Then, by applying A(A — A)~! to (1.3) and using the smoothening properties of the resol-

vent,

d

(16) EUA(t) = Aou,\(t) + f,\(t), U)\(to) =T,
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with 4w, (t), Agua(t) being continuous. Hence, by standard semigroup theory — e.g. [P2],
corollary 4.2.2 —

un(t) = To(t —to)z + / T(t — s)fx(s)ds.

to

As u(t), zo € Xo, we have
ux(t) — u(t), To(t —to)xx — To(t —to)zo

and (1.5) follows. So we have proved the following variation of constants formula for

solutions to (1.3).

Corollary 1.6. The unique continuous solutions to (1.3) with values in X, are given by

(1.5).

Since all the theory of this paper is based on theorem 1.3 and corollary 1.6 we will
give an alternative proof of theorem 1.3 by proving corollary 1.6 directly. The proof will be
built on proposition 1.5 (i.e. the Hille& Yosida theorem essentially) and on ideas from the
theory of ‘integrated semigroups’ — see [A3, A4, A5, K1, K2, T1] — in particular from
[K1], II, theorem 4.3, and [K2|, theorem 2.5, and from the theory of weakly* continuous
semigroups on dual Banach spaces — see [C1, C2, C3, C4, C5] — without going into these

theories more deeply than necessary.

The main idea consists in looking at a special case of the problem, namely zq = 0 and
f(t) =z, € X.

We define

(1.7) S(t)xr = lim To(s) AN — A) " tads

A—00 0

forx € X,t > 0.

This definition needs justification.

Lemma 1.7. For z € X,t > 0, the limit in (1.7) exists and defines a bounded linear
operator S(t).

Proof: Let
t

(18) So(t)l'oz/ TQ(S).CEQdS
0
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for t > 0,29 € Xy. Then the definition
(1.9) S(t) = (A= A)So(t)(A — 4)~!

for A > w extends Sy(t) from Xy to X. The definition is independent of A due to the
resolvent identity. As S(¢) maps X into X, we have

S(t)r = lim AA—A)"'SH)z = lim So(t)A(\ — A) 'z,

A—00 A—00

One can show that S(t),t > 0, is the ‘integrated semigroup’ generated by A. See the

remarks at the end of this section. In the sequel we only need the following relations.

Lemma 1.8. a) Forxz € X,t > 0, fg S(r)xdr € D(A) and
t

A/ S(r)xdr = S(t)x — tx.
0

b) For x € D(A), Ty(t)x = = + S(t)Ax.

Proof: a) follows easily from lemma 1.7, the closedness of A and the fact that

t
A/ T0(8>1'0d8 = T()(t).ilfo — X
0

for xg € Xo.

b) By lemma 1.7,
t

S(t)Az = lim To(s)A(\ — A) ! Axds

A—00 0

t

= lim [ To(s)AgA(A—A)'zds = lim To(t)AA—A)"tz— lim AA—A) "'z = Ty(t)z—=.

A—00 0 A—o00 A—00

We are now prepared for the

Proof of theorem 1.3: Actually it is sufficient to proof the theorem for xg = 0 because the

theorem is easily proved for the special case f = 0.

Stepl: Assume that f is continuously differentiable. Then

ux(t) ::/ To(t — s)AA — A) 1 f(s)ds

to
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_ /Ot_to To(s)dsA(A — A) " F(to) + /tt (/OH To(s)ds) A= A (r)dr.

By lemma 1.7 the limit
u(t) = lim wuy(t)

A—00
exists and, by using lemma 1.7 and 1.8 several times and the closedness of A, we obtain
that

u(t) = St~ t0)f () + [ St =) (r)ir

to

— A /0 T S f(to) + (¢ — to) f(to) + /tt (A ( /O . S(s)ds) £+ (=) f’(r)) dr

—4 ( / T S)drf(to) ++ / K / s<s>ds>f’<r>dr) = toflto) + [ (=) (r))dr

to JO to

A (/t:u(r)dr) + /t:f(r)dr.

Step 2: Approximation by continuously differentiable functions

We approximate f by continuously differentiable functions f,, such that

/t 1£() = fulr)ldr — 0

for n — oco,t > to. Let w, be given by (1.5) with f, replacing f . It follows from (1.5)
that the u, form a Cauchy sequence in the topology of locally uniform convergence. We
have seen in step 1 that they satisfy (1.3). As A is a closed operator, the limit u satisfies
(1.3), too. As we have shown in corollary 1.4, u is given by (1.5).

The estimate in theorem 1.3 follows from (1.5). If done directly, the estimate follows
with M? instead of M. This can be avoided by taking an equivalent norm in which the
estimates in assumption 1.1 a) and proposition 1.5. hold with M = 1. See [P2], lemma

1.5.1. Going back to the original norm gives the factor M.

We add a regularity result which is in between theorem 1.3 and corollary 1.4.

Theorem 1.9. Let the assumptions 1.1 be satisfied and u be the continuous solution to
(1.3). Then
d+

1
S ulto) i=lim fulty + h) — ulto)]
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exists iff
To € D(A), Axg + f(t()) € Xp.

Moreover, if one (and then both) of these conditions are satisfied, we have

d+
Eu(to) = Axo + f(to).

Proof: Only if follows from (1.3) and the closedness of A.

If: u is given by formula (1.5) which can be rewritten in the form

t

u(t) = To(t — to)zo + lim To(t — s)AA— A) 7 [f(s) — f(to)]ds + S(t — to) f(to).

A—00 to

See lemma 1.7. It follows from the continuity of f that

1 to+h
— lim To(to +h — s)A\ — A) 7 f(s) — f(to)]ds — 0 for h — 0.

h A\ to

Hence

%[U(to +h) — To(h)z — S(W) f(te)] — 0 for h— 0.

If zp € D(A) we have
To(h)zo — o + S(h) f(to) = S(h)(Azo + f(to))

by lemma 1.8 b). Hence, if Az + f(0) € X, it follows that

h
/ Ty (s)ds(Azo + f(to)) — Amo + f(to)
0

(ulte + h) — z0] = %

1

h
for h — 0.
Remarks 1.10. a) Using S(t) defined in (1.7), (1.8), and (1.9), one can derive the following

alternative variation of constants formula for solutions to (1.3):

t

u(t) = To(t — to)xo + % \ S(t—s)f(s)ds.

This can easily been seen by integrating the last term in (1.5) and using lemma 1.7.

Formula (1.5) will be more useful for our purposes, however.
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b) Though we prefer formula (1.5), some knowledge about S(¢) can be useful in studying
the invariance of closed convex sets. See theorem 2.11. One readily derives from (1.7) and
(1.8) that

S(t)S(r) = /o (S(tr+7r)—S(r))dr, t,r>0,

S(0) = 0.

Moreover, from (1.7),
1S(t) — S(r)|| < Me“*(t —7r), t>r>0.

See the preceeding remarks as for why one obtains the estimate with M instead of M?.
Hence S is a locally Lipschitz norm-continous ‘integrated semigroup’. See [A3, A4,
K1, K2]. Further one easily realizes from (1.7), (1.8) that, for A > w, A — A is invertible

and
ST o ‘
(1.10) (AN—A) )\/O S(t)dt

Finally one can show the following converse of lemma 1.8 b):

If x € Xg,y € X and Typ(t)x = x + S(t)y for all t > 0, then x € D(A) and y = Ax.
This justifies to call A the generator of A. See [T1], definition 3.1 and proposition 3.10.
Note that A uniquely determines S by (1.10) as well by being its generator. The first
follows from the uniqueness of the Laplace transform, the second from [T1], theorem 3.6.
(1.10) can often be used in order to determine S explicitly.

c) It is worth mentioning that one can also take the opposite route, i.e. start from an
‘integrated semigroup’ instead of starting from an operator. The generator is then defined
by

d
r € D(A),y=Ar < ES(t)x =x+ S(t)y,t > 0.

If the ‘integrated semigroup’ is exponentially bounded, one can also use (1.10) in order to
define A. It turns out that S is locally Lipschitz norm-continuous if and only if A satisfies
the estimates in assumption 1.1 a. See [K2], theorem 2.4.

d) Finally we remark that the solutions u to (1.3) can be expressed by a variation of
constants formula of form (1.2) but not with a strongly continuous semigroup 7" acting
on X, but on a larger space X, with a weaker norm. See [C5], section 5, and [T1],
section 5. Actually X is the completion of X under one of the equivalent norms ||z||y =

|(A—=A)" x|, A > w. T is the continuous extension of Ty from X to X. The infinitesimal
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generator Ay of T is the closure of A in X, and A is the part of Ay in X. Eventually
D(A)) = Xy and

Eu(t) = Ayu(t) + f(t), t >0
holds in X . This follows from (1.6): First one realizes that u is differentiable in X . Using
that Ag(A — A)71 = (A — A))"tA, on X yields the differential equation. Compare [A1],

remark 6.8.

2.1 Solutions to abstract Cauchy problems which leave invariant a closed con-

vex set

We consider the abstract semilinear Cauchy problem

(&) %u(t) = Au(t) + F(t)u(t), t > to > 0; u(ty) = xo,

in the following situation:

Assumptions 2.1. a) A is a closed linear operator on a Banach space X. (A — A) has a

bounded linear inverse on X and

M

0= A7 < 5o

for alln € N, X\ > w with appropriate real constants M, w.
b) A is not necessarily densely defined, however. Let Xog = D(A). We assume that the

initial value xo in () is an element in Xo, and we look for solutions u of () with values

in Xo. Actually we are interested in finding a solution u with values in
CO = C N XO

with C' being a closed conver subset of the Banach space X. Note that Cy is a closed convex

subset,too. So we assume that

(2.1) xo € Cp.

c) We assume the following properties of the operators
F(t): Cy — X.

16



(i) For any x € Cy, F(t)zx is a continuous function of t > 0.
(ii) For anyt > 0,z € Cy there exist 6, A > 0 such that

(2.2) [1F(s)y — F(s)z]| < Ally — =],

ift<s<t+94, y,z€Co ly—z|, |z — x| <94.

(iii) For any T > 0 there exists some ¢ > 0 such that
[E@)z]] < (1 + [=]])
if0<t<r,xe X

Remarks: This problem has the special feature that A is not densely defined in X, but
that the nonlinearities F'(t) may be only defined on a subset of Xy = D(A) and map into
X, but out of Xj.

The assumptions above are not yet sufficient to guarantee that the solution is going
to stay in Cp. To this end we assume that C is invariant under A(A — A)~! and that F
satisfies a subtangential condition. Compare [M1], VIII, and [M2].

Assumptions 2.2. a) A(A — A)~! maps C into itself for sufficiently large X\ > w .
b) Fort >0,y € Cy

1

Edist(y +hF(t)y;C) —0 as h]O.

Here
dist(z;C) = inf ||z —
ist(z; C) ;IelC”Z ||

gives the distance of a point z € X from the set C.

In general we cannot solve () in this strong formulation, if z € Cy \ D(A). So, for

arbitrary x € Cj, we solve it in the integrated form

Q) u(t) = xo + A/ u(s)ds +/ F(s)u(s)ds, t > to.

to to

A solution to (©) is called an integral solution to ().
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Theorem 2.3. Let the assumptions 2.1 and 2.2 be satisfied. Then there exists a unique

continuous solution to (V) with values in Cy.

The rest of this section is devoted to the proof of theorem 2.3. A more general version

of theorem 2.3 is presented in theorem 2.11.

We use the variation of constants formula (1.5). See theorem 1.3 and corollary 1.5.
Recall that the part Ag of A in X generates a strongly continuous linear semigroup T on
Xo. Now (Q) can be equivalently written in the form

t

(M) u(t) = To(t — to)zo + lim To(t — )M\ — A) L E(s)u(s)ds, t > to.

A—00 to

It is convenient to renormalize X in an equivalent way such that

1
A—w

(2.3) A=A~ <
for A > w. See [P2], lemma 1.1.5. This renormalization has also the consequence that
(2.4) ITo(0)] < e
for t > 0.

We collect some properties of dist.

Lemma 2.4. Let D, Dg be closed subsets of X and x,y € X. Then the following holds:

a)
|dist(x; D) — dist(y; D)| < |lz — y.

b) z € D iff dist(x; D) = 0.
c) If B is a linear bounded operator on X which maps D into Dy, then

dist(Bx; Do) < || B||dist(x; D).

These properties follow easily from the definition of dist.

Lemma 2.5. For z € Xy, dist(z; C) = dist(z;Cp).
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Proof: Obviously dist(xz;C) < dist(x; Cy), because Cy C C' .
As x € Cy, dist(z;Co) = limy o dist(A(XA — A)~1)z; Cy) < dist(x; C). Here we have used
lemma 2.4 a), c¢), and (2.3).

Lemma 2.6. a) dist(z;Cy) is a convex function of v € X.

b) %(dist(aj + hy; Co) — dist(x; Co)) is a monotone non-increasing function of h > 0 .

Proof: a) follows from the convexity of Cy. b) follows from a).

Lemma 2.7. (Jensen’s inequality) Let u, ¢ be continuous functions on [t1,ts] with values
in X, [0,00) , respectively. Let fttf ¢(s)ds = 1. Let ¢ be a convex real-valued function on

X. Then
t2 t2

V([ B(s)u(s)ds) < (s))(u(x))ds.

t1 ty

Lemma 2.8. Ty(t) maps Cy into Cy.

Proof: Recall that, for x € X,

n—oo

t
To(t)r = lim (I — —A) "z
n
and apply assumption 2.2 a).

Remark: Actually the invariance of C under A\(A — A)~1! for large A\ — i.e. assumption
2.2 a) — is equivalent to the invariance of C' under }S(t) for all ¢ > 0. Here S is the
‘integrated semigroup’ generated by A.

This can be seen from (1.7), (1.10) and lemma 2.7, 2.8.

The following lemma will provide us with the tool to construct the solution of (#).
The proof of this lemma follows the lines of [M2], corollary 1, but requires some extra
effort due to the fact that T only operates on X and F'(t) maps out of Xj.

Lemma 2.9. For any x € Cy,t > 0,

1 h
Edist (To(h)x + lim To(s)AA — A) " F(t)ads; Co> —0

A—o0 0

for h | 0.
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Proof: The above expression can be estimated by

1

dist (/1 To(sh)To([1 — slh)xds + )\li_)m To(hs)A\(A — A) " hF (t)xds; C’o)

0

< “dist < lim /01 To(hs)A(A — A)~L (TO([l — slh)z + hF(t)x) ds; 00> .

A—00

By lemma 2.4 a) we can continue by

< % lim dist (/0 To(hs)AA — A)~H(To([1 — slh)z + hF(t)z)ds; Co>.

A—00

By lemma 2.4 ¢), Jensen’s inequality (lemma 2.7), and (2.3), (2.4) we can continue by

1
< 7 / e“"sdist(To([1 — sh)z + hF (t)x; C)ds.
0

By the continuity of F' we can continue by
1 1
< / e dist (To([1 — sh)a + hP(T([1 — slh)a: O)ds + n(h).
0

with n(h) — 0 for h | 0.

By lemma 2.6 b) and Dini’s lemma we obtain from assumption 2.2 b) that

%dz’st(To(T)JT +hF(t)To(r)z; C) — 0

for h | 0 uniformly in r € [0, 1], because {Ty(r)z;0 < r < 1} forms a compact subset of

Co.

This implies the assertion.

The idea in proving the existence of solutions to (©) consists in first proving the

unique existence of local solutions to ().

Proposition 2.10. Let the assumptions 2.1 and 2.2 be satisfied. Then there exists a

unique continuous solution u to (V) on an interval [to,to + 7| with values in Cy. T may

depend on xg.

The proof of proposition 2.10 only relies on lemma 2.9 and not on the assumptions

2.2. Tt is essentially the same as in [M2], section 5, (see also [M1], chapter 8) and is given
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in the appendix for completeness. Note that [M2] replaces the convexity of C' by a more

general condition.
Now we can give the proof of theorem 2.3 by a maximum extension argument.

Proof of theorem 2.3: Let 7 be the greatest positive number such that we can find
unique continuous solutions to (V) on [tg, ty + o] for any o < 7. By uniqueness we have a
solution u on [tg,to + 7). We have to show that 7 = 0o. So let us suppose that 7 is finite.

By assumption 2.1 (iii) we find some ¢ > 0 such that

t
lu(®)]] < e flzoll + C/ L+ Jlu(s)|l]ds
to
if to <t <tp+ 7. A Gronwall type argument implies that u is bounded on [tg,tg + T].
Thus u can be continuously extended to a solution of (V) on [to,to + 7] by

to+T
u(to +7) = To(1)z0 + lim To(to + 7 — s)AA — A) "L F(s)u(s)ds

A—00 to

T

= To(T)xo + lim To(s)AA — A) " F(to + 7 — s)u(to + 7 — s)ds.

A—00 0

By proposition 2.12 we find a unique continuous solution

t t
u(t) =u(tg+7) + A/ u(s)ds + / F(s)u(s)ds
to+T7 to+T
for tg + 7 <t <ty+ 7+ 6 with some sufficiently small § > 0. Using the fact that u solves
(V) on [tg,to + 7] and manipulating the integrals we easily realize that we have obtained

a unique solution of (V) on [tg,ty + 7 + 6]. This contradicts the maximality of 7.

Assumption 2.2 has been used in the proof of theorem 2.3 only to obtain lemma 2.9.
Note from lemma 1.7 that the statement of lemma 2.9 can be rewritten in a condensed
form by using the ‘integrated semigroup’ S generated by A. The statement of lemma 2.9

is even necessary to obtain a solution of () with values in Cj.

Theorem 2.11. Let the assumptions 2.1 be satisfied. Then there exists a continuous

solution to (V) with values in Cy for any initial condition o € Cy at time tog > 0 iff

%dz’st (To(h)z + S F(t)ar: Cy) — 0
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forh |0 ,t>tyg,x € Cy. Here S denotes the ‘integrated semigroup’ generated by A. The
solution (if it exists) is unique.
Proof: We still have to show that the above subtangential condition is necessary.

Let t > tg,x € Cp . Then there exists a solution u of (©) with initial condition = at

time t. u has values in Cj and is given by

u(t+ h) =To(h)x + /\ILII;O o To(t +h —s)AA — A) " F(s)u(s)ds, h>0.
Hence
%dist (To(h)e + S(h)F(t); Co)
< TITo(h)a + SR —ult + b
1 t+h
<zl lim [ Tot+h =)A= A7 (Ftult) - F(s)u(s) )ds|

t

t+h
<q [ etIIR@u® - Plu(s)ds

The assertion now follows from the continuity of F'(s)u(s).

3. The semiflow and its properties

The unique solutions u of

(Q) u(t) = xo + A/ u(s)ds +/ F(s)u(s)ds, t > tg

to to

which we found in the previous section induce a semiflow (nonlinear evolutionary system)

U on the closed convex set Cjy by setting

U(t, t0)$0 = u(t)
Actually, by manipulating the integrals in (O) we easily see that
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(3.1) U(t,s)U(s,r)=Ul(t,r), t>s>r>0.

U(s,s)x =z, s>0,z¢€C.

We study the properties of the semiflow U. In order to avoid technicalities we

strengthen the Lipschitz condition for F. So we assume the following from now on.

Assumptions 3.1. a) A is a closed linear operator on a Banach space X. A satisfies the

Hilleé$Yosida estimates, i.e. (A — A) has a bounded linear inverse on X and

M

0= 47 < =

for alln € N, \ > w with appropriate real constants M, w.

b) We assume the the following properties of the operators
F(t) : CO — X.

(i) For any x € Cy, F(t)x is a continuous function of t > 0.
(ii) There exists A > 0 such that

[1F(s)y — F(s)z]| < Ally — =],

for all s >0, y,z € Cy.
c) A\ — A)~! maps C into itself for sufficiently large A > w .
d) Fort >0,y € Cy

%dist(y +hF(t)y;C) —0 as h]O.

We recall that assumption ¢) and d) can be replaced by the more general subtangential
condition

%dist <T0(h)a: + S(h)F(t)x; C’O) — 0

for h | 0,t >0,z € Cy. Here S denotes the ‘integrated semigroup’ generated by A. See
theorem 2.11. The global Lipschitz condition b) (ii) can be replaced by a linear growth
condition and a Lipschitz condition on bounded subsets of Cy . The estimates in the

following theorems then hold on bounded subsets of Cjy only.
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First we investigate the continuity properties of U.

Theorem 3.2. a)U(t, s) is a Lipschitz continuous operator. More precisely
|U(t,8)z — Ult, s)y|| < M|z — y||le@TMN (=)

fort>s>0, z,y € Cy.

b) U(t,s)x is a continuous function of (t,s,z).

Proof: a) Let u(t) = U(t,s)z, v(t) = U(t,s)y, w =u — v. Then

w(t)=x—y+ A/ w(r)dr + / (F(ryu(r) — F(r)v(r))dr.

By theorem 1.3
t
lw(®)]]| < Me*t==) 4 MA / =) (Y | dr-

Gronwall’s inequality now provides the assertion.
b) Step 1: We already know that U (¢, s)x is continuous as a function of t.
Step 2: U(t,r)x — x, t,r—s, t>r.

Indeed, from (#) in section 2,

t
[U(t,r) = al| < [[To(t — 7)o — xf| + M/ = F(o)u(o)||do.

Step 3: U(t,s)x is continuous in s locally uniformly in ¢.
Let s > r. Then

WUt s)x—Ut,r)z|| < ||U(t, s)x—U(t,s)U(s,r)x|.

The statement now follows from the Lipschitz continuity of U(¢, s). See part a).

Taking these steps together yields b).

Similarly as for linear evolutionary systems we can define the infinitesimal generators
of U:

!
Go(t)z = lim E(U(t + h,t)x — )

with the domain of G(t) consisting of those elements x € Cj for which the limit exists.

Theorem 1.9 provides the following characterisation of Gy.
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Theorem 3.3. G(t) is the part of A+ F(t) in Xy, i.e.

Go(t) = A+ F(t) on D(Go(t)) = {x € Con D(A); Az + F(t)z € Xo.

For studying the stability of steady states and other states of the semiflow, differen-

tiability of U(t, s)x in z is paramount.

Theorem 3.4. Let F(t) : Cy — X be continuously differentiable. More precisely assume
that, for any © € Co,t > 0, there exists a bounded linear operator O, F(t,x) = 02 F (t, x)
from Xy to X such that

1 (F(t)(x +2) = F(t)e — 0. F(t, x)z) 0

2]l

for 0 # 2z — 0,z + 2z € Cy. Further let 0,F(t,z)z be a continuous function of (t,x) for
any z € Xo and 0, F(t,z) be a continuous function of x from Cy into the bounded linear

operators with the uniform operator topology.

Then U(t,r)x is differentiable in x € Cy and 0,U(t,r)x is the linear evolutionary
system generated by the solutions w(t) = (0,U(t,r)x)z of the problem

w(t) =z+ A/ w(s)ds +/ O F(s,U(s,r)x)w(s)ds, t > r.

Further, for any z € Xo, (0,U(t,r)x)z is continuous in (t,r,x).

Proof: Let u(t) = U(t,r)z,v(t) = U(t,r)y, and w as in the statement of the theorem
with z = x — y. Unique existence of w and the continuous dependence on (¢,r) of the
associated linear evolutionary system follow from theorem 3.2. Continuous dependence on
x needs another application of theorem 1.3 and Gronwall’s inequality which is left to the
reader. Note that ||0,F(t,x)|| < A by the Lipschitz condition in assumption 3.1 b) (ii).
For proving the differentiability of U(t,r)x in = we set ¢ = v — u — w. Then

g(t) = A / Cg(s)ds + / t (F(s)v(s) — F(s)uls) — QuF (s, u(s))w(s))ds

_ /th(s)der /:axms,u(s))q(s)ds

+/rt /01 (&F(s,u(s) + &(v(s) — u(S))) - axF(s,u(s)))dg (v(s) — u(s))ds.
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Hence, by theorem 1.3,

t
la(®)ll < MA / “9g(s)lds + (¢, 7, 2, y)

with
¢(t7 T? x? y)
|z —yl|

if y — x. Recall that ||v(s)—u(s)|| < const|ly—x|| on every bounded interval by proposition

— 0

3.2. Differentiability of U(t,r)z in = now follows from Gronwall’s inequality.

Corollary 3.5. Let F' satisfy the assumptions of theorem 3.4 and x € D(Gy(s)), i.e.
x € D(A), Az + F(s)x € Xo . Then U(t, s)x is continuously differentiable in s and

OsU(t,s)x = —(0,U(t, s)x)(Ax + F(s)z).

Proof: We prove differentiability from the right. This is sufficient because the right deriva-

tive turns out to be continuous. Now

U(t,s)x —U(t,s+h)z=U(t,s + h)U(s+h)x —U(t,s + h)x

:/0 O:U(t, s+ h)(z+&U (s + h, s)x — x))dE (U(s + h, s)z — ).

The assertion follows from theorem 3.3 and 3.4.
Before we study the differentiability of U (¢, )z in ¢t we deal with the following question.

Proposition 3.6. Let F' satisfy the assumptions of theorem 3.4 and F(t)x be differentiable
int for any x € Cy with O, F (t)x = 01F (t,x) being a continuous function of (t,x). Then
the directional derivative 0,U(t + 0,7 + o)z exists and is given by the solutions w of the

equation
t ¢ t
w(t) :A/ w(s)ds—l—/ (92F(8+0,U(s+U,T)x)w(s)d8+/ OhF(s+o0,U(s+o,r)x)ds.

In particular O,U(t + 0,7 4+ o)z is a continuous function of (t,o,x).

Proof: Let wy(t) =U(t+ o0+ h,r+0+h)x —U(t + 0,7+ 0)x. Then
¢ ¢
wp(t) = A/ wh(s)ds—i—/ (F(s+o*—l—h)(U(s+a,T+U)x+wh(s))—F(s+0)U(s+a, r)x)ds.
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The assertion now follows in a similar way as in the proof of proposition 3.4.

We conclude this section by showing that (<)) can be solved in the strong sense if we

assume enough regularity.

Theorem 3.7. Let F(t,x) be continuously differentiable both in t and x in the sense of
theorem 3.4 and proposition 3.6. Let xo € D(Go(to)), i.e. © € D(A),Ax + F(to)r € Xo.
Then u(t) = U(t,to)zo has values in D(A), is differentiable in t > to, and

%u(t) = (A+ F(t)u(t) = Go(t)u(t), t > to; ulty) = xo.

Proof: 1t is sufficient to show that wu(t) is differentiable Then f(t) = F(t)u(t) is differen-
tiable and the assertion follows from corollary 1.4. It will be sufficient to show differen-
tiability from the right because the right derivative will turn out to be continuous. Let
x € D(A), Az + F(tg)xr € Xo,h > 0. Then, by theorem 3.4 and proposition 3.6,

U(t + h, tQ)IE - U(lf, tQ)IE
=U(t+ h,to+h)U(to + h,to)x — U(t, to)U(to + h,to)x + U(t, to)U(to + h,to)x — U(t, to)x

h
= / &aU(t +r,to + T’)U(to + h, to)%‘d?“
0
1
+/ 0,U (1, 0) (1= ) + EU(to + by to)w ) d& (U to + hy to)w — ).
0

Hence, by theorem 3.3 and 3.4 and by proposition 3.6,

1

7 (U(t + h,to)fl? - U<t7t0)x> - 8TU<t +7r,to + 7j) ’7’20 T+ (a'EU(tvtO)x)(Ax + F(tO)'T)

h

4. Steady states and their stability

We consider the time-homogeneous special case of (©), i.e. the Lipschitz perturbations
F(t) are independent of t:

(©) u(t) = xo + A/t u(s)ds + /t Fu(s)ds, t > tg.

to to
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We again assume the assumptions 3.1. Assumption b) (i) is now redundant. The semiflow

U generated by the unique solution u of () becomes time-homogeneous, i.e.
Ul(t,tg) =U(t —tg,0) =T(t — to)

with T" being the nonlinear semigroup provided by the solutions

t t
u(t) = o + A/ u(s)ds + / Fu(s)ds, t > 0.
0 0

Important candidates for the asymptotic behaviour of solutions to (©) are steady states

(or equilibria), i.e. time-independent solutions, of (©).
The following relations are trivial, but important.

Theorem 4.1. The following statements are equivalent for xg € Cy:
(i) u(t) = xo is a time-independent solution to (V).
(ii) T'(t)xg = z¢ fort > 0.
(11i) zo € D(A) and
Azxg+ Fxg = 0.

An important property of steady states is locally asymptotic stability: Trajectories
which start sufficiently close to the steady state remain close and return to the steady

state when time tends to infinity.

If F'is continuously Frechet-differentiable in Cy, the nonlinear semigroup 7' is Frechet-
differentiable and 0, T'(t)z( is the strongly continuous linear semigroup generated by the
part of A+ F'(xg) in Xy. See theorem 3.4 and theorem 3.3. Let

1 o1
wo (A + F’(x0)> = inf = In 9, T(t)ao | = lim - In 0,7 (D)o

be the type or growth bound of 0, T(t)xo. Then, along the lines of [D2] (see also [C3]), we

can prove the following stability result.

Theorem 4.2. Let the assumptions 3.1 be satisfied and F be continuously Frechet-
differentiable in Cy. Let xg be a steady state. Let wy (A + F’(x0)> < 0. Then, for

any w > wo <A + F’(:Uo)>, there exist ¢,0 > 0 such that
IT(t)z — ol < ce |z — |
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for all x € Cy with ||z — zo|| < 4.
In particular zq is locally asymptotically stable because we may choose w < 0.

Proof: Without restricting the generality we may assume that g = 0 and w < 0. We
choose some a with
w0<A—|-F'(x0)> <a<w<O0.

Then we find M, > 0 such that
10T (t)xo]| < Mye™
for ¢ > 0. We choose tg > 0 such that

e 9|0, T (to)xo|| < Myeld)t <

N | =

There exists € > 0 such that
1 wto
IT(t0)2 — (0T (to)zo)z|| < 52|
if |||l < €. Hence
e | T(to)z|| < e” || T(to)x — (02T (to)xo)|| + e~ [|(02T (to)zo)|| < |||
if ||z|| < e. In particular, ||T(¢o)z|| < e. By induction we find
e T (kto) || < l|=fl, k € N,
if ||z|| < e. By theorem 3.2 we find M, 3 > 0 such that
IT(s)all < Me™ |zl s > 0.

Choosing § = eM ~le=Pt we have
[T (s)z|| <€

if 0 <s <tp,|z| <4.

Let t = ktg + s with £ € N,0 < s < ty. Then
e T ()a|| < em“e M| T(kto)T(s)x| < e MeP|x],

if ||z|| < §. This implies the assertion.
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In order to obtain a result which may be more easily applied and which also give a

condition for instability of a steady state, we introduce the essential type
vos (At F'(20)) = inf 10 0, T (1) o ess = lim  1n |8, T(t)0]|oss.
v t>0 ¢ t—0 ¢
Here || - ||ess denotes an appropriate measure of noncompactness of an operator.

Corollary 4.3. Let the assumptions 3.1 be satisfied and F be continuously Frechet-
differentiable in Cy. Let x¢ be a steady state. Let wegs (A + F'(x0)> < 0.

a) If all eigenvalues of A+ F'(xg) have strictly negative real part, then there exist w < 0 <
d,c such that

IT(t)2 — ol| < ce®' [l — |

for all x € Cy with ||z — x| < d,t > 0.
b) If at least one eigenvalue of A + F'(xg) has stricly positive real part, then xo is an
unstable steady state in the following sense:

There exist a constant € > 0 and sequences x,, — 0 in Cy, t, — 0o (n — o0) such that
T (ty)xn — x0l| > € for alln € N .

Proof: Part a) follows from theorem 4.2. For wy <A+F’(x0)> = max{Wess <A+F’(x0)> , S <A+I

F’(asg))} with s(A + F’(mo)) denoting the spectral bound, i.e. the supremum of the real
parts of the spectral values, of A + F’(xg). See [C6], proposition 8.6.

Part b) follows from theorem 2.2 in [D2]. Let ¥ denote the set of spectral values with
positive real part. As these are normal eigenvalues, Y is finite and bounded away from
the imaginary axis and can so be separated from rest of the spectrum by rectifiable simple
closed curve. According to [K1], chapter I1I, theorem 6.17 there exists a decomposition of
X into invariant subspaces X; and X5 such that the restriction of A + F'(z() to X; has
the spectrum ¥ and its restriction to X5 has a spectral bound < 0 < inf{ ReX; A\ € 3} and
thus a non-positive type. See [C6] theorem 8.6. But this is the situation of theorem 2.2 in
[D2] which implies the result.

[D2] also contains results about the stability of periodic solutions.

Appendix

For completeness we translate the proof in [M2] to our situation and give the
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Proof of proposition 2.10:

The solution u to (#) is constructed by a polygonal approximation. First we choose knots
(tj,zj), to < t; <to+ 7, x; € Cy in an appropriate manner (step 1,2). We find an
approximate solution of (#) by connecting the knots by a polygon (step 3). Finally we
show by a Gronwall argument that the polygonal approximate solutions converge towards
a solution of (#) (step 4). The uniqueness of solutions follows from the Lipschitz condition

for F' and a Gronwall argument.
Step 1: Construction of the knots of the appromimate polygon solution

By assumption 2.1 ¢) we choose p > 0 such that

[E@)z = F@)yll < Az =yl

if to <t <to+p, z,y € B,(xo).
It follows that F'(¢)x is uniformly continuous and bounded in (¢, z) on [tg, to + p] X B,(xo).

Here B,(z¢) denotes the ball with radius p and center z.

We now construct the knots. Let
0<e<1
be arbitrary. By lemma 2.9 we can successively choose

tj >tj_1>..>ty, xj,....,7T1E Co

such that
(A.1)
tj
Hil?j — T()(tj — tj—l)xj—l — lim To(tj — 8))\()\ — A>_1F(tj_1).f17j_1d8‘| S G(tj — tj_1>.

A—o00 tiq

Further we choose them such that

(A.2) 1To(s)zj—1 —zj1]| <€
if0<s<t;—t;j_q1,and

(A.3) ti—t; 1 <et;<to+T.

Choose the t; as large as possible under the constraints of (A.1),..., (A.3).
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We need to guarantee that this construction provides elements z; € B,(z¢), as long
as t; < to+ 7. Here 7 > 0 still has to be chosen. We may choose it as small as we need,

but the choice has to be independent of e.

Let us assume that the elements xi,...,2z;_1 lie in B,(z9). As F' is bounded on
[to, to + p] X By(zo), we obtain from (A.1), (A.2), (A.3) that

(A.4) 5 = To(ty = tj—1)xjal < M(t; —tj-1)
with some constant M > 0. Using this inequlity twice we obtain
;= To(t; — tj—2)z; 2]
<|lzj = Tolty — tj—1)xjall + | To(t; — tj—1)(zj—1 — To(tj—1 —tj—2)zj2)|
< M(t; —tj1) + MeG=t=0 (1 —t; o)
< MeG=ti=0(t; —t;_,).

Here we have assumed w > 0 without restriction of generality. Continuing like this we

obtain

(A.5) lzj — To(t; — ta)ax]| < Me =) (t; — ty)

for k < j. So choosing the number 7 € (0, p) small enough we find that
(A.6) xj € By(xg) if tj—to <.

Note that the choice of 7 is independent of € as long as € < 1.

So, by induction, we can conclude that (A.1),...,(A.6) hold for all j as long as t; < to+7.

Step 2: We claim that, after finitely many steps, t; = to + 7 for some j.

If this is not the case, we find a convergent sequence
tj —=t<to+7,J—00, t; <t

and a sequence of elements z; € Cy such that (A.1),...,(A.6) hold for all j. We claim that
the elements x; form a Cauchy sequence and thus converge towards some z € Cy. In order

to realize this let k be arbitrary and j,7 > k. Then

|25 — 2]

32



<oy — To(ty — te)xw| + | To(t; — te)zr — To(ti — t) el + [|2i — To(t; — tr) ]|

< MewT[tj — 1t +t; — tk] + HTQ(tj — tk)mk — To(tz' — tk)zkH

Here we have used (A.5). Keeping k fixed we obtain

limsup ||z; — a;|| < 2Me*"[t — ti].
1,J—00
Here we have used the strong continuity of the semigroup. As k was arbitrary, we can now

take the limit for k¥ — oo and obtain

limsup ||z; — x;|| =0
1,]—00

Let

r = lim z;.
Jj—o00

As the times t; were maximally chosen and t > ¢; we have from (A.1), (A.2), (A.3) that

t
dist <T0(t - tj)l‘j — lim Tg(t - S))\()\ - A)ilF(tj)I‘de; Co) 2

A—00 t;

(t —15)

N

or that there exist s; € [0,¢ — ¢;] such that
[ To(s5)a; — x| > e

The first inequality contradicts the subtangential condition in lemma 2.9, the second the

strong continuity of the semigroup 7j.

Step 3: Construction of the polygonal approximate solution

It follows from (A.2),..., (A.4) that
(A.7) [ — i1l < (M +1)e.

We define

t—1t;— t;j —1t
a(t) = —2= ;

— €T, Ti_1
tj —tj_1 ! tj —tj—1 !

for t;_1 <t <t;. z(t) € Cy because elements of a convex set have been combined in a

convex manner. Further
(A.8) |z(t) —zj-all < llzj —2ja| < (M + e
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It now follows from the Lipschitz condition and the continuity of F' that

tj
(A9> ||£L’j—T0(tj—tj_1)fBj_1— lim T()(tj—S)A(A—A)ilF(s)fE(S)dSH S ce(tj—tj_l)

A—00 i1

with an appropriate constant ¢ > 0. Applying this inequality twice we obtain

tj
||:Ej — T()(tj — tj_g)ilfj_g — )\lim To(tj — S))\()\ — A)_IF(S)QZ(S)CZS”
— 00 tj—2
tj
< HI'] — T()(tj — t]’_l)a?j_l — )\hm To(tj — S)/\()\ — A)_IF(S).f(S)dSH

—00 tj 1

tj_l
HTo(t;—tj—)ll lzj—1—To(tj—1—tj—2)zj—2— lim TO(tj—l—S)A(A—A)_IF(S)$(S)CZS||I

—00 tj—z

S C€€w(tj_tj72)(tj — tj_g).

Proceeding in this way we find
t

|lz; — To(t; —to)xo — lim ' To(t; — )M\ — A) " F(s)x(s)ds||

A—00 to

< cee i) (1, — 1),
In a similar way, by using (A.1), (A.2), (A.3), and (A.8), we find, if t; <t <t;41 <to+T,
t

|x(t) — To(t — to)xg — lim To(t — s)A\ — A)"LF(s)z(s)ds||

A—o0 to

< fim | /t Tyt — MO — A) L F(s)z(s)ds|

A—00

tj
+To(t — )| llo; — To(t; — to)wo — lim To(t; — s)AA — A) " F(s)a(s)ds||

A—00 to

() — xj|| + | To(t — tj)x; — |



with a possibly larger constant ¢ than before. 7 and ¢ are independent of e.

Step 4: Approximation of the solution

The polygonal approximate solution x we have just found is called an e-solution. Let
x be an e-solution and y be a § solution. Then, by the last inequality and the Lipschitz

condition for F,

lz(t) =y < /O e A|z(s) — y(s)|lds + (e + O)c

for tg < t < tg + 7 with an appropriate constant ¢. A Gronwall argument implies that
the e-solutions form a Cauchy-system in the supremum norm for e — 0. So they have a

uniform limit v which is a solution of (#) on [tg,tg + 7]

The uniqueness of u follows from the Lipschitz condition and a Gronwall argument in

a similar way.
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