Chapter 2 Solutions (Total = 34
points)

§2.1 # 2.1.6 (2 pts), 2.1.13 (2 pts), 2.1.17 (2pts)

# 2.1.6: Define z € 62(Z512) by

z(n) = 3sin(27 - Tn/512) — 4 cos(27 - 8n/512).

Find 2.
Solution: The expansion z(n) = i3 ngio 2(m)e?™mn/512 (the Fourier inversion formula in equation
(2.10) with N = 512) is the expansion of z with respect to a basis (the Fourier basis), and hence the

coefficients are unique. On the other hand, by Euler’s formulae (equation (1.13)),

e2miTn /512 _ ,—2miTn/512 e2mi8n /512 | —2mi8n/512

z(n) = 3sin(277n/512) — 4 cos(278n/512) = 3 5; —4 5

;?’ie%nn/sm 4 %6271'%‘(77+512)n/512 _ 9p2mi8n/512 _ 9, —2mi(—8+512)n/512
2
_ L
512
Hence 2(7) = —768i,2(8) = —1024, 2(504) = —1024, 2(505) = 768, and 2(m) = 0 for all other m
between 0 and 511.

(_3 . 2562'627Ti7n/512 _ 1024627”-8”/512 _ 1024€2ﬂi504n/512 _|_ 3 . 2567:627”.505”/512) .

# 2.1.13: Suppose z € (*>(Zy). Define z € (?(Zy) by Z(n) = z(N —n), for n = 0,1,..., N — 1. Prove

that
(2)"(n) = 2(n),

for all n.

Solution: By definition,

N-1 No1
(2)°(n) = Z Z(m)e=2mimn/N Z 2(N —m)e—2mimn/N
m=0 m=0

Change summation index by letting k = N —m. Then as m runs from 0 up to N — 1, k runs from N
down to 1. Therefore

N

N
(Q)A(n) _ Z Z(k)ef%ri(ka)n/N _ Z Z(k)ﬁiZﬂ'i(ik)n/N

k=1 k=1
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— Z Z(k)672ﬂikn/N
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—2mi(N—k)n/N _ 6727riNn/N6727ri(7k)n/N 1. 6727ri(7k)n/N

since e , and we have used Exercise 2.1.8 at

the next to last step to shift the sum to 0 < k< N — 1.

# 2.1.17: i. (Two Dimensional Fourier Basis) For my € Zy, and mg € Zy,, define Eyy, m, € (*(Zn, X
Zn,) (see Exercise 2.1.15 for the definition) by

Ejan1 o (nl’ TLQ) — e27'r17n1n1/N1 eQﬂ"LmQ’I’LQ/NQ ]
N1Ny
Prove that
{Eml,mz }0§7n1§N1—1,0§m2§N2—1
is an orthonormal basis for ¢2(Zy, x Zy,). As in the one-dimensional case, we usually renormalize by

setting
1

NN

le mg(n17n2) — eQTrimlnl/NleQ‘n'imznz/Ng.

We call F' = {F,, m, to<mi<Ny—1,0<ms<N,—1 the Fourier basis for ¢?(Zy, x Zn,).

Solution: For 0 < m < N; — 1, define Eg) € (?(Zn,) by E%)(n) = ]\fl_l/ze%”‘m"ﬂv1 for0<n<N;-—1.
Then by Lemma 2.2, {Ef(%)}ogmgNl—l is an orthonormal basis for 2(Zy, ). Similarly, for 0 < m < Ny —
define Er(r%) € (?(Zy,) by Ef,%)(n) = N;l/ze%“”"/N"’ for 0 < n < Ny — 1. Then by Lemma 2.2,
{Eﬁf)}osmgm_l is an orthonormal basis for £2(Zy;,). Note that

1 627rim1n1/N1 1 e27rim2n2/N2

Eﬁif (nl)E(Q) (n2) = \/T N,
1 2

L
NN,

It follows by Exercise 2.1.16 that {Ey., ms Jo<m, <Ny—1,0<ms<Na.—1 i an orthonormal basis for ¢2(Zy, x
Zn,).

ii. (Two-Dimensional DFT) For z € (?(Zy, X Zn,), define 2 € (*(Zy, x Zn,) by

2miminy /N1 27imana /N
e 1 /Nig 2n2/N2 = Epy my(n1,02).

Ni—1Ny—1
mh m2 § E nh n2 27mm1n1/N16—27mm2n2/N2 )

n1=0 no=0

Also, for w € (2(Zy, X Zy,), define w € (?(Zy, x Zn,) by

N;—1 No—1
§ § mhmg)eQﬂ'zmlnl/Nl Qﬂlmzng/NQ

mi1= Omg 0

1
N1 Ny

wY (ny,ng) =

Prove that

z = (2)\/7
for all z € *(Zy, x Zn,). Deduce that " : 2(Zy, x Zn,) — (*(Zn, X Zn,) is 1-1, hence invertible, with
inverse V. Hint: Use Exercise 2.1.16, and follow the reasoning in the text for the one-dimensional case.

Solution: Observe that for z € £2(Zy, % Zn,),

Ni—1Nz—1 1

< TIL1,7’VL2 Z Z n17 n2 \/7]\7

ny =0 no =0 1 2

627rim1n1 /N1 eQﬂimQRQ /Ng

N1—1Nz—1 1

N1 Ny

27Tim1n1/N16727rim2n2/N2 —

z(ny,n2)e 2(m1, ma),
n1—0 no=0

or

Z(mi,ma) = (2, Emi,m, )V N1NVa.
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Since { By ms Jo<mi <Ni—1,0<ms<N,—1 is an orthonormal basis for £2(Zx, xZy, ), we have z = 5

or
Ni—1 No—1

Z(nl,TLQ) - Z Z <ZaEm1,mQ>Em1,m2(n1an2)

m1:0 m2:0

1 1
Z(my, ma) ———=e

VN1 Ny NNy

for any (ny1,ns) € Zn, X Zn,. Hence z = (2)V for any z € (*(Zn, X Zn,)-

This shows that "is 1-1 (if 2 =0 then z = (£)¥ = 0¥ = 0). Since " is a linear transformation from a
finite dimensional vector space to itself, it is also onto (by Exercise 1.4.7 (v)). Hence "is invertible, and
the identity z = (2)V shows that its inverse is V.

Zmimany [Ny g2mimanz /N2 (2)\/(”1 n2)
5 )

m1:O m2:0

§2.2 # 2.2.1 (3pts = 142), 2.2.3 (3pts), 2.2.4 (3 pts), 2.2.7
(2pts), 2.2.9 (2pts), 2.2.10 (2pts), 2.2.11 (iv) (2pts), 2.2.17 (2pts)

# 2.2.1: For z € (*(Zy), define T(z) € (Zy) by

(T'(2)) (n) = z(n = 1),

for all n.
i. Prove that T is translation invariant.

Solution: For k € Zy,
(T(Rgz))(n) = (Rgz)(n—1) = z(n—1—k),

while
(ReT'(2))(n) = (T(2))(n — k) = z2(n — k = 1).

Thus T(Ryz) = R, T(z) for all z € £2(Zy) and for all k € Z. Hence T is translation invariant.
ii. Let w(n) = cos(2an/N), for n € Zy. For each N > 3, show that w is not an eigenvector of T'.

Remark: This shows that the orthonormal basis of sines and cosines in Exercise 2.1.7 i does not
diagonalize T.

Solution: Note that

(T(w))(n) = w(n — 1) = cos(2n(n — 1)/N) = cos (2]7;” - 33)

= cos(2mn/N) cos(2m/N) + sin(2wn/N) sin(27/N) = cos(2r/N)w(n) + sin(27/N) sin(27n/N),

using the formula cos(f — p) = cosfcos ¢ + sinfsinp. If w is an eigenvector of T, say Tw = Aw, we
would have
Aw(n) = cos(2m/N)w(n) + sin(27/N) sin(27n/N) (1)

for all n. Letting n = 0 in (1), and noting that w(0) = cos0 = 1, we get A = cos(27/N). Substituting
this in (1) and cancelling the terms cos(27/N)w(n) gives sin(27/N) sin(27n/N) = 0 for all n. Applying
this with n = 1 yields sin®(27/N) = 0, which is false for N > 3. Therefore w is not an eigenvector of T'.

# 2.2.3: Define T : ¢*(Zy) — (*(Z4) by
T(z) = (22(0) — 2(1),i2(1) 4+ 22(2), 2(1),0).

i. Let z = (1,0,—2,4). Compute T(R;z) and RyT(z). Observe that they are not equal. Hence T is
not translation invariant.

lel Ng*l
m1=0 meo=0

<Za Em,y m
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Solution: Since Ryz = (i,1,0,—2), we have
T(Riz) = (2i —1,i-1+2-0,1,0) = (2i — 1,4,1,0).
Also T(z) = (2—-0,i-0+2(-2),0,0) = (2,—4,0,0), so
R (T(2)) = (0,2,—4,0).
Obviously T(R;z) # RiT(2).

ii. Find the matrix which represents T" with respect to the standard (Euclidean) basis. Observe that
it is not circulant, as we expect from i.

Solution: We have

2 -1 0 077 20 2 -1 0 0
lo oio2 0] )| o i 20
TE=109 1 00 J) | =4 Tt A=1g  g
0 0 0 0]] =203 0 00

Since the second row of A is not the translate by 1 of the first, A is not circulant.

iii. Show that (1,4, —1,—¢) is not an eigenvector of T. (Recall by Example 2.4 that (1,7,—1, —1) is
a multiple of the Fourier basis element F}).

Solution: By definition of T',

T((1717 _la _Z)) = (2 11— Z7Z i+ 2(_1)3 ia O) = (2 - i7 _33 iv O)a
which is clearly not a multiple of (1,7, —1, —1).
# 2.24: Let z = (2,4,1,0) and w = (1,0, 2¢,3).

i. Compute Z and .

Solution: We have

1 1 1 1 2 24i+1 3+
A 1= =1 9 v | 24+1-1 | _ 2
E=Waz=1 1 | 1|7 | 2—i+1 |~ | 3—i
1 i -1 —i 0 2-1-1 0
and
11 1 1 1 142 +3 4+2i
W | 1o -1 0| | 1—2i+3i | | 1+i
w=wWaw=1y 101 1 2% | T | 142i—3 | T | —2+2
1 i -1 —i 3 1—2 —3i 1—5i

ii. Compute z * w directly.

Solution: We get

3
zxw(l) = Z z2(1 = n)w(n) = z(1)w(0) + 2(0)w(l) + z(—1)w(2) + 2(—2)w(3)

= z(Dw(0) + z(0)w(1l) + 2(3)w(2) + z(2)wB) =4-1+2-0+0-2i +1-3 =3+,
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zxw(3) = Z 2(3 = n)w(n) = z(3)w(0) + 2(2)w(1) + 2(1)w(2) + z(0)w(3)
=0-14+1-04¢-2¢04+2-3=4.
So zxw = (24 5i,3 +14,1 + 4i,4).
iii. Compute (z * w)"directly and check that it agrees with 2.

Solution: First,

11 1 1 2 + bi
. A 3+
(Frwy=Wilzrw)=1 1 1 1 1+ 4i
1 i -1 —i 4
2454+34+i+1+404+4 10 + 102
2450 —-3i+1—-1—-4i+4¢ | 24+ 2
24+5i—3—i+14+4i—4 | | —4+8i
24+5i43i—1—1—4i—4i 0
Second,
2(0)w(0)=(3+14)(4+2i)=12+4i+6i —2=10+ 10z
ZDw)=(2)(1+4) =242
2(2)i(2) = (3 —i)(— 2+22) —6+ 2+ 6i +2 = —4+8i
2(3)w(3) = (0)(1 = 5i) =
so that Z@% = (10 + 104, 2 + 2i,—4 + 8i,0) = (z x w)"

# 2.2.7: Define T : (?(Zy) — (*(Z4) by
(T(2))(n) =32z(n— 1) + z(n).

i. Write the matrix Ay g representing T' with respect to the standard basis. Observe that it is
circulant.

Solution: By definition,
(T(2))(0) = 3z(—1) + 2(0) = 32(3) + 2(0), (T(2))(1) =32(0) + 2(1)
(T(2)(2) =32(1) + 2(2), and (T(2))(3) = 32(2) + 2(3).

So
100 377 =0 100 3
310 0] 2 3100
TE =14 31 0 A2) [0 % ATE= | 3 1 g
0031 (3) 00 3 1

ii. Find b € £%(Z4) such that T'(z) = b * z.
Solution: By Lemma 2.26, b = [1 3 0 0], the first column in Ay g.
iii. Find m € ¢?(Zy4) such that T = T{,,), that is, such that (T'(z))"(n) = m(n)Z(n) for each n.

Solution: By Lemma 2.33, m = b. So
1 1 1 1 1 4
1 =i =1 i 3] | 1-3
1 -1 1 -1 0| -2
1 4 =1 —i 0 1+ 3i
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iv. Find the matrix Ap p representing 1" in the Fourier basis F'.

Solution: By Lemma 2.34, Ar r is the diagonal matrix whose diagonal entries are the components of
m:

4 0 0 0

0 1-3 0 0
D= 0 0 -2 0

0 0 0 1+3¢

v. By direct computation, check that A7 g = W471AT, Wy, where Wy is the matrix in equation
(2.21).

Solution:
11 1 1 7[4 o0 0 0 1 1 1 1
11 ¢« -1 —3 0 1-3: 0 0 1 —i -1 1
—1 _
Wy AT’FW‘**LL 1 -1 1 -1 0O 0 -2 0 1 -1 1 -1
_1 —7 -1 i _O 0 0 1+3: 1 4 -1 —2
11 1 1 [ 4 4 4 4
Sl -1 i 1—-3i —3—i —1+3i 3+
401 -1 1 -1 -2 2 ) 2
1 =i -1 d || 1+3 —-3+i —-1-3i 3—i
4 0 0 12 1 0 0 3
12 4 0 0| _|3100]_,
4010 12 4 o | |0 31 0| °0F
0 0 12 4 0 0 3 1

# 2.2.9: Define T : (*(Zy) — ¢*(Zn) by

(T'(2))(n) = z(n +1) = 2(n).
Find all eigenvalues of T.
Solution: We first note that T is translation invariant:
T(Rpz)(n) = (Rgz)(n+1) — (Rkz)(n) = z(n+1—-k) — z(n — k),

which agrees with
(ReT(2))(n) = (T(2))(n—k)=z(n—k+1) —z(n—k).

Therefore by Lemmas 2.26 and 2.33, the eigenvalues of T" are the components of m = l;, where b is the
first column of Ap g. In particular, using equation (2.43),

b(m) = am,0 = (Ar,ge0)(m) = (T'(eo))(m) = eo(m + 1) — eo(m).
Since eg = (1, 0, 0, ..., 0), we get b(m) =0 for m =1,2,..., N — 2. We also get
b(0) = eg(1) —eg(0) =0—1=—1 and b(N —1) =b(N) —b(N —1) =5b(0) — 0 = 1.

Therefore b = (-1, 0, 0, ... 0, 0, 1). Hence

N-1
m(k) = b(k) = Z b(n)e 2mkn/N — b(0) - 1+ b(N — 1)e 27 R(N-1/N
n=0

- _1-1 4 1- 672771;]6(71)/]\/ -1 4 eQﬂ'ik/N.

Therefore the eigenvalues of T' are {—1 4 e2™k/N V-1,

# 2.2.10: Let () : £3(Zs) — (*(Z4) be the Fourier multiplier operator defined by T(,,)(z) = (m2)"
where m = (1,0,4, —2).
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i. Find b € £?(Zy4) such that T}, is the convolution operator T}, (defined by Ty(z) = b* z).

Solution: By Lemma 2.33, b=m ", or

1 1 1 1 1 14
- 11 i -1 —i 0 1] 144

_ 1 _ = — _
b=Wym=717 41 1 i 1| 344
1 —i -1 i —9 1-3i

ii. Find the matrix that represents T{,,) with respect to the standard basis.

Solution: By Lemma 2.26, the matrix Ar g that represents 1" with respect to the Euclidean basis must
be the circulant matrix with b in its first column:

14 1-3 3+i 143
o L] L4i -4 130 34
TE=7 1| 3+i 1+4i —1+i 1-—3i
1-3i 3440 140 —1+3

# 2.2.11(iv): Suppose mi,my € ¢*(Zy). Prove that the composition T(ms) © T(m,) of the Fourier
multiplier operators T(,,,) and T(,,,) is the Fourier multiplier operator T,y where m(n) = ma(n)m;(n)
for all n.

Solution: For any z € (?(Zy),

Tiimz) © Tima) (2) = Tma) (Tiams) (2)) = Tmg) ((m12)¥)
= (m2((m12) ")) ¥ = (mami2) ¥ = (m2) " = T (2),
using Fourier inversion to conclude that ((m12) V)" = m;2.

# 2.2.17: Show that there exist z,w € ¢?(Z,) such that z # 0 and w # 0, but z * w = 0, where 0 is the
zero vector (0,0,0,0).

Solution: Let g = (1,0,0,0) and e; = (0,1,0,0) as usual and take z = ej and w = ey (in fact by
Exercise 2.3.3 below, z = Fjy and w = F7y, the first two Fourier basis vectors). Then 2 = ¢p and w = e;.
Therefore

(zxw)(n) = 2(n)w(n) =eg(n)er(n) =0

for all n, since for any n, either eg(n) = 0 or e;(n) = 0 (or both). Hence (z *w)"= (0,0,0,0). Since the
DFT is one-to-one, this implies that z x w = (0,0,0,0).

§2.3 # 2.3.3 (2pts), 2.3.5 (2pts), 2.3.6 (2pts)

# 2.3.1: Trivial.

# 2.3.3: Let {eg,e1,...,en—_1} be the Euclidean basis for ¢?(Zy), and let {Fy, F1, ..., Fx_1} be the
Fourier basis.

i. Show that é,,(k) = e=2™™k/N for all k. Notice that é,, is very nearly (up to a reflection and a
normalization) an element of the Fourier basis.

Solution: By definition,

>
3
—
&y
~
|
[

m(n)ef%rznk:/N _ 6727rzmk/N,

since e, (n) = 0 for n # m whereas e,,(m) = 1.

ii. Show that Fm = €.
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Solution: By part i, ,
em(k) = e2TNN = NF, (k).
1

Replacing k with —k, and recalling that z Y (m) = «2(—m) for any z and m, we obtain
1

Fon(k) = ~-ém(=k) = (m) ¥ (k), or Fon = (em) V-

Therefore by Fourier inversion,

# 235 Let u=(1,4,—1,—i),v=(1,-1,1,-1), and z = (1,1,4, 1, —1,1, —i, —1).
i. Compute @ and 9. (Suggestion: use Exercise 2.3.3.)
Solution: Note that for N = 4, Fy(n) = Le?min/4 =1 (e ”/2) 19", Hence
AR = (i°,4',4%,i%) = (1, —i) =
By Exercise 2.3.3, @ = 4Fy = 4e; = (0,4,0,0). Slmllarly, FQ( ) = % midn/4 = 1(em)" = L(—1)n.
Hence

4F = ((-1)° (D' (=12, (-1)%) = (1,-1,1,-1) = v.
By Exercise 2.3.3, © = 4F, = 4ey = (0,0,4,0).

ii. Compute 2.

Solution: By equation (2.48),
2(0) = a(0) + 9(0) =0+0=0,
2(1) = a(1) + e 2™ 1/85(1) = 4 4 e7271/80 = 4,
2(2) = a(2) + e 2™ 2/85(2) = 0+ e ™1/24 = —4i, and
2(3) = (3) + e 2m3/35(3) = 0 4 e~ 273/80 = 0.
By equation (2.49),

2(4) = 2(0+4) = a(0) — 0(0) =0 — 0 =0,

2(5) = 2(1 +4) = a(1) — e 2™ 1/85(1) = 4 — e 271/80 = 4,
2(6) = 2(2+4) = 4(2) — e 2™2/85(2) = 0 — e ™1/24 = 4i, and
A7) = 2(3+4) = 0(3) — e 2™3/8(3) = 0 — e~ 2703/80 = (.
Hence 2 = (0,4, —4i,0,0,4,4i,0).

# 2.3.6: Suppose u = (a,b,¢,d), v=(«, 3,7,9), and z = (a,a, b, 5, ¢,7,d, d). If
@ =(2,i,~1,0) and © = (3, 2,0, 4),
find 2.
Solution: By equation (2.48),
2(0) = a(0) + 0(0) =243 =5,
S0 = 1)+ So(1) = i e HU(-2) = i (g i) (-2) =
(1 + \[)’L since e —2mi-1/8 _ 77rz-/4 -1 1.

2(2) = 4(2) + e~ 2™ 2/8p(2) = =1 + e~ ™1/20 = —1, and
2(3) = a(3) + e~ 2™3/8p(3) = 0 + e~ 2™3/844 = (—ﬂ ;52)(41) = 2¢/2 — 2/2i, since e~273/8 =

e3mi/4 1 1.
2 V2
By equation (2.49),
2(4) = 2(0 +4) = 4(0) = 6(0) =2 — 3 = —1,
2(5) = 2(1+4) = a(1) — e 2™ V8p(1) = i — e 2™ 1/8(—2) = i — (75— 0(=2) = V24 (1-V2)i
2(6) = 2(2+4) = a(2) — e 2m2/3)(2) = =1 — e~ ™1/20 = —1, and
A7) =2(3+4) =a(3) — e 2m3/85(3) = 0 — e 273/844 = — (75 — 0 = —2v2 + 2v/2i.

2= (5,—V2+ (1+V2)i,—1,2v2 — 2v/2i, =1, V2 + (1 — V2)i), -1, —=2v/2 + 2v/2i).



