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Chapter 1

Chapter 1 Solutions

# 1.1.6: Prove Lemma 1.8. Suggestion: Do not write it out in terms of the real and imaginary
parts. Instead, prove that

|z +w|? = (2 + w)(z F w) = |2|? + 2Re (Zw) + |w|?,
and use Lemma 1.7.

Solution: First note that
Re(zw) = i(Ew +zZw) = %(Ew +zw) = %(Ew + 2w) = 5(2@4— wz),
using Lemma 1.7. Then using Re(zZw) < |zw| = |Z||w| = |z||w]|, we obtain
lz+w]® = (z+w)(z+w) = (2 +w)(Z+T) = 22 + 20 + Wz + WO

= [2” + 2Re(Zw) + |w]* < [2]* + 2l2]jw| + [w]* = (J2] + Jw])?.
That is, |z + w|® < (|2 + |w])2. Taking the square root of both sides gives |z + w| < |2| + |w|.

§1.2 # 1.2.11 i, iii, v, vi, 1.2.12 i, ii, iii, 1.2.13, 1.2.15

# 1.2.11 i, iii, v, vi: Write each of the following complex numbers in the form a 4+ ib, with a,b € R,
where your answer is stated without using the trigonometric functions:

i. e3im/2 iii. e2m/3 v. be bim/6 vi. 2e327mi/3
Solution: i. €7/ = cos(37/2) 4+ isin(37/2) =0 +i(—1) = —i

iii. e2m/3 = cos(2m/3) + isin(2m/3) = — 1 4+ L

V. 5e~5m/6 = 5(cos(—5m/6) + isin(—57/6)) = 53 —5li= 5L 3

vi. 2e7320m/3 = 2e=30im/3edim/3 — ge=12imedin/3 — 9edi™/3 = D(cos(4m/3) +isin(4m/3)) = 2(—3 —
% =—1-/3i
# 1.2.12 i, ii, iii: Express the following complex numbers in polar form re*®, with » > 0 and 0 <
0 <2m:

i4+4i il 2v/3—2i iii. —3 4+ 3v/3i
Solution: i. Since |4 + 4i| = v/16 + 16 = 4v/2, we write

4+ 4i =42 <4\f 4f>—4\f<f \f)—4\f(cos(7r/4)+lsm(7r/4))—4\[6”/4



ii. Since |2v/3 — 2i| = /12 + 4 = 4, we write

2V3—2i=4 <2‘4/§ - iz) =4 (? - ;) = 4(cos(117/6) + isin(117/6)) = 4e'117/6.

iii. Since | — 3 4+ 3v/3i| = V9 + 27 = 6, we write

~3+3V3i=6 <_63 + 3\6@@) =6 (—; + ?z) = 6(cos(2m/3) + isin(27/3)) = 6e'27/3.

# 1.2.13: Find (v/3 + i)', Write your answer in the form a + ib, with a,b € R, without using the
trigonometric functions.

Solution: Since [v/3 +i| = v/3+1 = 2, we get

V3+i=2 (‘f + ;) = 2(cos(/6) + isinm/6) = 2¢'7/6.

Therefore

-\ 101 101 i1t /6 101 101 21017 /6 101 (16 5m/6 101 <16 157 /6 101 57 /6
(\/§+Z) -9 (e’Lﬂ'/> — 9l01i T/ -9 ez( T+ 71'/):2 £t16m i 7/ — 9l0L i w/

V3 1
= 2'%1 (cos(57/6) + isin(57/6)) = 2'°! (;[ + 22’) = —2'00\/3 4 21005,

# 1.2.15: Using a calculator, find all 4" roots of 3 4 44 to several decimal places accuracy.

Solution: Since [3+4i| = /9 + 16 = 5, we have 3+4i = 5 (£ + i2) = 5’ 2retan(4/3) since cosf = 3/5
and sin # = 4/5 implies that tan 6 = 4/3. Let 0 = arctan(4/3). Then

3 + 4'L — 5ei9 — 5ei(0+2ﬂ’) — 5ei(9+47'r) — 561(0—0—677)
Hence the fourth roots of 3 + 4¢ are z1, 2o, 23 and z4, where
21 = 51/4619/47 29 = 51/46i(9+27'r)/4 _ 51/4ei9/46iﬂ/2 — 51/4€i0/4i —_ 7:217
g = BU/AGHOHAT) /4 _ 51/44i0/4im _ _51/4,i0/4 _ _,

and
24 = BL/AEHO+6m)/4 _ 51/4,00/4,i37/2 _ _51/40i0/4; — i,

(From a calculator we get 6 ~ 9272952, hence 6/4 ~ .2318238. Therefore
/% ~ cos(.2318238) + i sin .2318238 ~ .9732489 + 2297529 .

Since 51/4 & 1.4953488, we get 51/4¢1/4 ~ 1.4953488(.9732489+.2297529 i) ~ 1.4553466+.3435607 i.
Hence ‘
21 = 5Y4e/% ~ 1.4553466 + 34356074, 2o = iz1 ~ —.3435607 + 1.4553466 4,

z3 = —2z1 ~ —1.4553466 — .3435607 7, z4 = —iz; ~ .3435607 — 1.4553466 7.
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§1.3 # 1.3.9

# 1.3.9: Suppose u, vy, va, ..., v, are vectors in some vector space.
i. If w € span {vy,vq,...,v,}, prove that u, vy, vs, ..., v, are linearly dependent.

Solution: Since u € span {vy,vs, ..., v, }, there exist scalars ay, ag, ...y, such that u = aqvy +-- - +
0y Vp. Therefore
—1l-u4+aqv1 + -+ apv, =0.

This is a non-trivial linear combination (since the first coefficient is nonzero) of u, v1, ...v,, which is
0, hence u, vy, ...v, are linearly dependent.

ii. Suppose vy, va, ..., v, are linearly independent. If u, vy, vs, ..., v, are linearly dependent, prove
that u € span {v1,va,..., 05}

Solution: Since u, v, va, ..., v, are linearly dependent, there exist scalars a, aq, ..., o, which are not
all 0 such that
au+ aqvg + - - - + ayv, = 0.

If @ =0, then at least one of aq, ..., are nonzero and ajvy + - - - + a,v,, = 0. This contradicts the
linear independence of vy, v, ..., v,. Hence a # 0. Therefore we can divide by a and solve for u to
obtain
a1 Qa9 Qo
—Up.
@ @ @

Hence u € span {v1,va, ..., 0, }.

§1.4 # 1.4.5, 1.4.7, 1.4.13

# 1.4.5: Define a basis R for R? by

1 2 3
R= 1, o], |21},
0 1 0

and a basis S for R? by

Define T : R? — R? by

8

_ r+y—=z
T y _[Qx—y+3z]'

i. Find the matrix A which represents T with respect to R and S.

Solution: By Lemma 1.49, we need to solve

1
2 1 2 . 1 2 ann | | 2
T (1) _[1]—a11[2}+a21[5],or,equlvalently[2 5}{@1]_{1},
2] 1 1 2 1 2 a 1
_ _ : 12 _
T (1) —[7]—5112{2}4-@22[5],0r7equlvalent1y[2 5}{%2]—{7},
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and

3 5 1 2
T 2 = [ 4 ] = a3 { 9 } + a93 [ 5 ] , or, equivalently [

o =
(G200 \)
| I
L —
SIS
=
W w
—_
Il
L—
= Ot
—_

where we used the definition of T" at the first step each time. Now

B

hence FEEHREER IR R
ZI:S )=l E ]

A:{an aiz a13}:[ 8 -9 17}

ii. Suppose u € R3 and

1
[ulp=| 0
-1
Find [T'(u)]s.
Solution:
1
8 -9 17 -9
iii. For w as in part ii, find the Euclidean coordinates of .
Solution:
1 2 3 -2
u=1 1 (4+0-]0]|-1 2 | =1 -1
0 1 0 0

iv. Find the Euclidean coordinates of T'(u) two ways: using part iii and the definition of T'; and
using part ii and the definition of S.

Solution: Method 1: by part iii,

Tlu) = [ 2(~2) — (~1) + 3(0) } N [ _33 } '

Method 2: by part ii,

# 1.4.7: Let U and V be vector spaces and T : U — V a linear transformation. Prove that T is
1 —1 if and only if ker T" = {0}.

Solution: Suppose T'is 1 —1 and u € ker T'. Since T'(0) = 0 = T'(u), we obtain v = 0 by the definition
of 1 — 1. Hence ker T' = {0}.
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Now suppose ker T' = {0}. Suppose T'(u) = T'(v). Since T is linear, we have T'(u —v) = 0, or
u—v € ker T = {0}. Therefore u — v =0, or v = v. This shows that T"is 1 — 1.

# 1.4.13: Define bases R and S for R? by

and

i. Find the R to S change of basis matrix A.

Solution: By Lemma 1.58, we need to solve

1 _ 1 2 . 1 2 ai1 o
[1]—6011{3}—1—@21[5],0r7equ1valent1y [3 5}{@1}—[

and
3 . 1 + 2 ivalentl 1 2 ai2 o 3
7 = aio 3 a2 5 , or, equivalently 3 5 am | = | 7|
Now .
1 21 | -5 2
3 5 - 3 -1’
hence
ail . -5 2 1 o -3 a12 . -5 2 3 o -1
a921 o 3 -1 1 o 2 ’ a9292 - 3 -1 7 o 2
Thus

ii. Suppose x € R? and

Find [z]s.

Solution:
as=aide=| 3 3] 5] 7|

ili. Find the Euclidean coordinates of = two ways: using [z]g and the definition of R, and using
[*]s and the definition of S.
1 3 7
[ 7)- 5]

1 2 7
=[] []-15]
iv. Find the S to R change of basis matrix directly, that is, by the method of Lemma 1.58. Then
check that it is the inverse of the matrix found in part i.

Solution: First way:

Second way:
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Solution: For A found in part i, we get

A1:_14[_22 —13]:{_11/22 _31/{14}

To find the S to R change of basis matrix B, we need to solve

1| 1 3 . 1 3 bin |
[3]bll{l}ergl[?],or,equlvalently [1 7}{1721}[

and
2| _ 1 3 : 1 3][bia] [2
[5}—&2[1]—&-1722[7],or,equlvalently [1 7][1722}_[5]
Now )
1 3 771 7 -3
1 7 T4 -1 1 ’
hence

i)

=l I el P

B=| o =08 A=



