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Section 7.5

2. Setting x = £ €™, and substituting into the ODE, we obtain the algebraic equations

1—7r -2 &\ (0
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For a nonzero solution, we must have det(A — rI) = 72 + 3r + 2 = 0. The roots of the
characteristic equation are r, = — 1 and r, = — 2. For r = — 1, the two equations
reduce to &, = £,. The corresponding eigenvector is €0 = (1,1)”. Substitution of

r = — 2 results in the single equation 3&; = 2§, . A corresponding eigenvector is
£® = (2,3)". Since the eigenvalues are distinct, the general solution is
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3. Setting x = £ €™ results in the algebraic equations
g g q

(37 5)(E) =)

For a nonzero solution, we must have det(A — rI) = r> — 1 = 0. The roots of the

characteristic equation are r;, =1 and r, = — 1. For r = 1, the system of equations
reduces to & = &,. The corresponding eigenvector is €U = (1,1)”. Substitution of
r = — 1 results in the single equation 3¢, = &, . A corresponding eigenvector is

£® = (1,3)". Since the eigenvalues are distinct, the general solution is

chl(i)et—{—@(;)e"t.
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The system has an unstable eigendirection along £€% = (1,1)". Unless ¢, = 0, all
solutions will diverge.

4. Solution of the ODE requires analysis of the algebraic equations

(7 a)(@)=6)

For a nonzero solution, we must have det(A — rI) = 72 +r — 6 = 0. The roots of the

characteristic equation are r, = 2 and 7, = — 3. For r = 2, the system of equations
reduces to & = &. The corresponding eigenvector is €0 = (1,1)". Substitution of
r = — 3 results in the single equation 4¢&; + & = 0. A corresponding eigenvector is

£® = (1, —4)". Since the eigenvalues are distinct, the general solution is

The system has an unstable eigendirection along €@ = (1,1)". Unless ¢, = 0, all
solutions will diverge.
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8. Setting x = & €™ results in the algebraic equations

Cor 2 )(0)-06)

For a nonzero solution, we must have det(A — rI) = r? — r = 0. The roots of the
characteristic equation are r; = 1 and 7, = 0. With r = 1, the system of equations
reduces to & + 3¢, = 0. The corresponding eigenvector is £V = (3, — 1)". For the
case r = 0, the system is equivalent to the equation & + 2&, = 0. An eigenvector is
£€® = (2, —1)". Since the eigenvalues are distinct, the general solution is
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The entire line along the eigendirection £ = (2, — 1) consists of equilibrium points.
All other solutions diverge. The direction field changes across the line z; + 2z, = 0.
Eliminating the exponential terms in the solution, the trajectories are given by

371+3372: — Cy.

10. The characteristic equation is given by

2—r 241 2 . -
1 o l—i—plTT -—1-9r—i=0.
The equation has complex roots r; = 1 and r, = — 4. For r = 1, the components of the
solution vector must satisfy &, + (2 + )&, = 0. Thus the corresponding eigenvector is
£0 = (244, —1)". Substitution of 7 = — i results in the single equation & + &, = 0.

A corresponding eigenvector is £® = (1, —1)”. Since the eigenvalues are distinct, the

general solution is
241 1 .
X = cl( jf)et + Cg< __ 1)6—“.
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11. Setting x = £ e results in the algebraic equations

1—7r 1 2 & 0
1 2—17r 1 L1 =10
2 1 1—7r £ 0
For a nonzero solution, we must have det(A — rI) = r® — 4r? — r + 4 = 0. The roots
of the characteristic equation are 7, = 4,7, =1 and r; = — 1. Setting r =4, we
have
-3 1 2 & 0
1 -2 1 |{&al=1o0
2 1 -3 & 0

This system is reduces to the equations
& —&=0
&—&=0.

A corresponding solution vector is given by £® = (1,1,1)7. Setting A =1,
the reduced system of equations is

§-&6=0
&+26=0.
A corresponding solution vector is given by £ = (1, — 2,1)". Finally, setting
A =" — 1, the reduced system of equations is
§i+&=0
& =0.

A corresponding solution vector is given by £® = (1,0, — 1)”. Since the eigenvalues
are distinct, the general solution is

1 1 1
x=c|1]let+c| —2|e+e| 0 Je.
1 1 -1

12. The eigensystem is obtained from analysis of the equation

3—r 2 4 & 0
2 - T 2 52 = 0
42 3-r)\g 0

The characteristic equation of the coefficient matrix is 7 — 6r2 — 15r — 8 = 0, with
roots r; =8,r,= — 1 and r; = — 1. Setting r = r, = 8, we have
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This system is reduced to the equations

fl —& =0
26, —&=0.
A corresponding solution vector is given by €0 = (2,1,2)". Setting r = — 1, the

system of equations is reduced to the single equation
26+ 6 +26=0.
Two independent solutions are obtained as
9 = (1, —2,0)" and £¥ = (0, —2,1)".

Hence the general solution is

2 1 0
x=c, | 1]e¥+e| —2 |et+e| —2 e
2 0 1

13. Setting x = £ e™ results in the algebraic equations

1-r 1 1 £, 0
2 1—r - 1 52 = 0
-8 -5 =3-r & 0
For a nonzero solution, we must have det(A — 1) = r3 +r? — 4r — 4 = 0. The roots
of the characteristic equation are 7, = 2,7, = — 2 and r; = — 1. Setting 7 = 2, we
have
-1 1 1 & 0
2 -1 -1 L1 =10

This system is reduces to the equations

£&=0
L+ &=0.
A corresponding solution vector is given by £V = (0,1, — 1)". Setting A= — 1,
the reduced system of equations is
26436 =0
£&—265=0.
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A corresponding solution vector is given by £ = (3, — 4, — 2)”. Finally, setting

A = — 2, the reduced system of equations is
76, +4&=0
7&2 - 553 =0.

A corresponding solution vector is given by £€® = (4, — 5, — 7). Since the
eigenvalues are distinct, the general solution is

0 3 4
x=¢| 1 |e®+e|l —4]et+e| =5 e
-1 —2 -7

—2t

15. Setting x = £ e™ results in the algebraic equations

5—r =1 &Y (0
3 1—-rJ\&) \0)°
For a nonzero solution, we must have det(A — rI) = r? — 6r + 8 = 0. The roots of
the characteristic equation are r; = 4 and r, = 2. With r = 4, the system of equations
reduces to &, — & = 0. The corresponding eigenvector is €V = (1,1)”. For the

case r = 2, the system is equivalent to the equation 3&; — & = 0. An eigenvector is
£ = (1,3)". Since the eigenvalues are distinct, the general solution is

1 1
X = c1(1>e4t+cz(3>e?‘t.

Invoking the initial conditions, we obtain the system of equations

C1+02:2
¢ +3c=—1.

Hence ¢, = 7/2 and ¢, = — 3/2, and the solution of the IVP is
7Y 4 31N o
x—-2(1>e 2(3)6.

17. Setting x = £ e™ results in the algebraic equations

1—7r -1 2 61 0
0 2-r 2 &1=10
—1 1 3—1r 53 0

For a nonzero solution, we must have det(A — r1) = r® — 672 + 11r — 6 = 0. The
roots of the characteristic equation are r;, = 1,7, =2 and 3 = 3. Setting r = 1,
we have
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0 1 2 & 0
0 1 2 &L1=10
-1 1 2/ \& 0
This system is reduces to the equations
61 =0
£ +26=0.

A corresponding solution vector is given by £V = (0, — 2,1)". Setting A = 2, the
reduced system of equations is
&i—&=0
53 = O .

A corresponding solution vector is given by £€® = (1,1,0)”. Finally, upon setting
A = 3, the reduced system of equations is

£ —2 £ =0

£ —2&=0.

A corresponding solution vector is given by £® = (2,2,1)". Since the eigenvalues
are distinct, the general solution is

0 1 2
x=c| -2 |ete|l]e¥+e| 2|t
1 0 1

Invoking the initial conditions, the coefficients must satisfy the equations

C2+2C3:2
—‘261“*’62’{“263:0
Cl+C3=1.

It follows that ¢; = 1, ¢, = 2 and ¢; = 0. Hence the solution of the IVP is

0 1
x=| -2 ]e+2] 1%
1 0

18. The eigensystem is obtained from analysis of the equation

il 0 -1 61 0
2 - T 0 62 = 0
—1 2 4-r)\& 0

The characteristic equation of the coefficient matrix is r® — 472 —r 4+ 4 = 0, with
roots 1y = — 1,7, =1 and r; = 4. Setting r =r; = — 1, we have
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-1 0 -1 & 0
2 -1 0 L1=10
-1 2 3 & 0

This system is reduced to the equations

&i—&=0
£ +2&=0.

A corresponding solution vector is given by € = (1, —2,1)”. Setting r = 1, the
system reduces to the equations

§1+§3=O
£+26=0.

The corresponding eigenvector is £® = (1,2, — 1)”. Finally, upon setting r = 4,
the system is equivalent to the equations

46 +&6=0

86 +&=0.

The corresponding eigenvector is £€® = (2,1, — 8)”. Hence the general solution is

1 1 2
x=¢| —2]et+el|l 2 le+e| 1 |e*
1 -1 -8
Invoking the initial conditions,
et te+2c="T
“201+2C2+C3:5
C—C—8c3 =25,
It follows that ¢; = 3, ¢; = 6 and ¢; = — 1. Hence the solution of the IVP is
1 1 2
x=3| —2 e ?+6 2 et - 1 e*,
1 -1 -8

19. Set x = £t". Substitution into the system of differential equations results in
t-rt’ e =A€Y,

which upon simplification yields is, A £ — 7€ = 0. Hence the vector £ and constant r
must satisfy (A —rI)é = 0.

21. Setting x = £¢" results in the algebraic equations
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5—r -1 61 _ 0
3 ]. - T 62 - O )
For a nonzero solution, we must have det(A — rI) = r? — 6r + 8 = 0. The roots of
the characteristic equation are 7; = 4 and r, = 2. With r = 4, the system of equations
reduces to &, — & = 0. The corresponding eigenvector is €0 = (1,1)”. For the

case r = 2, the system is equivalent to the equation 3& — & = 0. An eigenvector is
£® = (1,3)". It follows that

1 {1
xV = (1>t4 and x? = <3>t2.

The Wronskian of this solution set is W [x®, x®] = 2t5. Thus the solutions are linearly
independent for t > 0. Hence the general solution is

1
x=cl(i>t4+cz(3>t2.

22. As shown in Prob. 19, solution of the ODE requires analysis of the equations

(57 =2)(@) =)

For a nonzero solution, we must have det(A — rI) = 72 + 2r = 0. The roots of the

characteristic equation are r; = 0 and 7, = — 2. For r = 0, the system of equations
reduces to 4&, = 3&,. The corresponding eigenvector is €V = (3,4)". Setting
r = — 2 results in the single equation 2&; — &, = 0. A corresponding eigenvector is

£@ = (1,2)". It follows that

1
xD = (2) and x® = <2>t"2.

The Wronskian of this solution set is W [x®, x®] = 2¢2. These solutions are
linearly independent for £ > 0. Hence the general solution is

3 1
X:Cl<4> +C2<2)tw2.

23. Setting x = £t" results in the algebraic equations

3—r —2 &Y (0
2 —2-rJ\&) \0)
For a nonzero solution, we must have det(A — rI) = r®> —r — 2 = 0. The roots of
the characteristic equation are r, = 2 and r, = — 1. Setting r = 2, the system of

equations reduces to £, — 2&, = 0. The corresponding eigenvectoris £V = (2,1)".
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