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Section 7.5

2. Setting x = £ €™, and substituting into the ODE, we obtain the algebraic equations

1—7r -2 &\ (0
3 —-4-r)\&/)  \o/)
For a nonzero solution, we must have det(A — rI) = 72 + 3r + 2 = 0. The roots of the
characteristic equation are r, = — 1 and r, = — 2. For r = — 1, the two equations
reduce to &, = £,. The corresponding eigenvector is €0 = (1,1)”. Substitution of

r = — 2 results in the single equation 3&; = 2§, . A corresponding eigenvector is
£® = (2,3)". Since the eigenvalues are distinct, the general solution is
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3. Setting x = £ €™ results in the algebraic equations
g g q

(37 5)(E) =)

For a nonzero solution, we must have det(A — rI) = r> — 1 = 0. The roots of the

characteristic equation are r;, =1 and r, = — 1. For r = 1, the system of equations
reduces to & = &,. The corresponding eigenvector is €U = (1,1)”. Substitution of
r = — 1 results in the single equation 3¢, = &, . A corresponding eigenvector is

£® = (1,3)". Since the eigenvalues are distinct, the general solution is

chl(i)et—{—@(;)e"t.

page 375




CHAPTER 7, ———

/7

4

/7

v

v v

v 7

s 7

s

77 7

s 7

77 7

// 5:

v 7

s 7

7 i
7
7
/
7

The system has an unstable eigendirection along £€% = (1,1)". Unless ¢, = 0, all
solutions will diverge.

4. Solution of the ODE requires analysis of the algebraic equations

(7 a)(@)=6)

For a nonzero solution, we must have det(A — rI) = 72 +r — 6 = 0. The roots of the

characteristic equation are r, = 2 and 7, = — 3. For r = 2, the system of equations
reduces to & = &. The corresponding eigenvector is €0 = (1,1)". Substitution of
r = — 3 results in the single equation 4¢&; + & = 0. A corresponding eigenvector is

£® = (1, —4)". Since the eigenvalues are distinct, the general solution is

The system has an unstable eigendirection along €@ = (1,1)". Unless ¢, = 0, all
solutions will diverge.
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8. Setting x = & €™ results in the algebraic equations

Cor 2 )(0)-06)

For a nonzero solution, we must have det(A — rI) = r? — r = 0. The roots of the
characteristic equation are r; = 1 and 7, = 0. With r = 1, the system of equations
reduces to & + 3¢, = 0. The corresponding eigenvector is £V = (3, — 1)". For the
case r = 0, the system is equivalent to the equation & + 2&, = 0. An eigenvector is
£€® = (2, —1)". Since the eigenvalues are distinct, the general solution is
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The entire line along the eigendirection £ = (2, — 1) consists of equilibrium points.
All other solutions diverge. The direction field changes across the line z; + 2z, = 0.
Eliminating the exponential terms in the solution, the trajectories are given by

371+3372: — Cy.

10. The characteristic equation is given by

2—r 241 2 . -
1 o l—i—plTT -—1-9r—i=0.
The equation has complex roots r; = 1 and r, = — 4. For r = 1, the components of the
solution vector must satisfy &, + (2 + )&, = 0. Thus the corresponding eigenvector is
£0 = (244, —1)". Substitution of 7 = — i results in the single equation & + &, = 0.

A corresponding eigenvector is £® = (1, —1)”. Since the eigenvalues are distinct, the

general solution is
241 1 .
X = cl( jf)et + Cg< __ 1)6—“.
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11. Setting x = £ e results in the algebraic equations

1—7r 1 2 & 0
1 2—17r 1 L1 =10
2 1 1—7r £ 0
For a nonzero solution, we must have det(A — rI) = r® — 4r? — r + 4 = 0. The roots
of the characteristic equation are 7, = 4,7, =1 and r; = — 1. Setting r =4, we
have
-3 1 2 & 0
1 -2 1 |{&al=1o0
2 1 -3 & 0

This system is reduces to the equations
& —&=0
&—&=0.

A corresponding solution vector is given by £® = (1,1,1)7. Setting A =1,
the reduced system of equations is

§-&6=0
&+26=0.
A corresponding solution vector is given by £ = (1, — 2,1)". Finally, setting
A =" — 1, the reduced system of equations is
§i+&=0
& =0.

A corresponding solution vector is given by £® = (1,0, — 1)”. Since the eigenvalues
are distinct, the general solution is

1 1 1
x=c|1]let+c| —2|e+e| 0 Je.
1 1 -1

12. The eigensystem is obtained from analysis of the equation

3—r 2 4 & 0
2 - T 2 52 = 0
42 3-r)\g 0

The characteristic equation of the coefficient matrix is 7 — 6r2 — 15r — 8 = 0, with
roots r; =8,r,= — 1 and r; = — 1. Setting r = r, = 8, we have
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This system is reduced to the equations

fl —& =0
26, —&=0.
A corresponding solution vector is given by €0 = (2,1,2)". Setting r = — 1, the

system of equations is reduced to the single equation
26+ 6 +26=0.
Two independent solutions are obtained as
9 = (1, —2,0)" and £¥ = (0, —2,1)".

Hence the general solution is

2 1 0
x=c, | 1]e¥+e| —2 |et+e| —2 e
2 0 1

13. Setting x = £ e™ results in the algebraic equations

1-r 1 1 £, 0
2 1—r - 1 52 = 0
-8 -5 =3-r & 0
For a nonzero solution, we must have det(A — 1) = r3 +r? — 4r — 4 = 0. The roots
of the characteristic equation are 7, = 2,7, = — 2 and r; = — 1. Setting 7 = 2, we
have
-1 1 1 & 0
2 -1 -1 L1 =10

This system is reduces to the equations

£&=0
L+ &=0.
A corresponding solution vector is given by £V = (0,1, — 1)". Setting A= — 1,
the reduced system of equations is
26436 =0
£&—265=0.
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A corresponding solution vector is given by £ = (3, — 4, — 2)”. Finally, setting

A = — 2, the reduced system of equations is
76, +4&=0
7&2 - 553 =0.

A corresponding solution vector is given by £€® = (4, — 5, — 7). Since the
eigenvalues are distinct, the general solution is

0 3 4
x=¢| 1 |e®+e|l —4]et+e| =5 e
-1 —2 -7

—2t

15. Setting x = £ e™ results in the algebraic equations

5—r =1 &Y (0
3 1—-rJ\&) \0)°
For a nonzero solution, we must have det(A — rI) = r? — 6r + 8 = 0. The roots of
the characteristic equation are r; = 4 and r, = 2. With r = 4, the system of equations
reduces to &, — & = 0. The corresponding eigenvector is €V = (1,1)”. For the

case r = 2, the system is equivalent to the equation 3&; — & = 0. An eigenvector is
£ = (1,3)". Since the eigenvalues are distinct, the general solution is

1 1
X = c1(1>e4t+cz(3>e?‘t.

Invoking the initial conditions, we obtain the system of equations

C1+02:2
¢ +3c=—1.

Hence ¢, = 7/2 and ¢, = — 3/2, and the solution of the IVP is
7Y 4 31N o
x—-2(1>e 2(3)6.

17. Setting x = £ e™ results in the algebraic equations

1—7r -1 2 61 0
0 2-r 2 &1=10
—1 1 3—1r 53 0

For a nonzero solution, we must have det(A — r1) = r® — 672 + 11r — 6 = 0. The
roots of the characteristic equation are r;, = 1,7, =2 and 3 = 3. Setting r = 1,
we have
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0 1 2 & 0
0 1 2 &L1=10
-1 1 2/ \& 0
This system is reduces to the equations
61 =0
£ +26=0.

A corresponding solution vector is given by £V = (0, — 2,1)". Setting A = 2, the
reduced system of equations is
&i—&=0
53 = O .

A corresponding solution vector is given by £€® = (1,1,0)”. Finally, upon setting
A = 3, the reduced system of equations is

£ —2 £ =0

£ —2&=0.

A corresponding solution vector is given by £® = (2,2,1)". Since the eigenvalues
are distinct, the general solution is

0 1 2
x=c| -2 |ete|l]e¥+e| 2|t
1 0 1

Invoking the initial conditions, the coefficients must satisfy the equations

C2+2C3:2
—‘261“*’62’{“263:0
Cl+C3=1.

It follows that ¢; = 1, ¢, = 2 and ¢; = 0. Hence the solution of the IVP is

0 1
x=| -2 ]e+2] 1%
1 0

18. The eigensystem is obtained from analysis of the equation

il 0 -1 61 0
2 - T 0 62 = 0
—1 2 4-r)\& 0

The characteristic equation of the coefficient matrix is r® — 472 —r 4+ 4 = 0, with
roots 1y = — 1,7, =1 and r; = 4. Setting r =r; = — 1, we have
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-1 0 -1 & 0
2 -1 0 L1=10
-1 2 3 & 0

This system is reduced to the equations

&i—&=0
£ +2&=0.

A corresponding solution vector is given by € = (1, —2,1)”. Setting r = 1, the
system reduces to the equations

§1+§3=O
£+26=0.

The corresponding eigenvector is £® = (1,2, — 1)”. Finally, upon setting r = 4,
the system is equivalent to the equations

46 +&6=0

86 +&=0.

The corresponding eigenvector is £€® = (2,1, — 8)”. Hence the general solution is

1 1 2
x=¢| —2]et+el|l 2 le+e| 1 |e*
1 -1 -8
Invoking the initial conditions,
et te+2c="T
“201+2C2+C3:5
C—C—8c3 =25,
It follows that ¢; = 3, ¢; = 6 and ¢; = — 1. Hence the solution of the IVP is
1 1 2
x=3| —2 e ?+6 2 et - 1 e*,
1 -1 -8

19. Set x = £t". Substitution into the system of differential equations results in
t-rt’ e =A€Y,

which upon simplification yields is, A £ — 7€ = 0. Hence the vector £ and constant r
must satisfy (A —rI)é = 0.

21. Setting x = £¢" results in the algebraic equations

page 382




CHAPTER 7. e

5—r -1 61 _ 0
3 ]. - T 62 - O )
For a nonzero solution, we must have det(A — rI) = r? — 6r + 8 = 0. The roots of
the characteristic equation are 7; = 4 and r, = 2. With r = 4, the system of equations
reduces to &, — & = 0. The corresponding eigenvector is €0 = (1,1)”. For the

case r = 2, the system is equivalent to the equation 3& — & = 0. An eigenvector is
£® = (1,3)". It follows that

1 {1
xV = (1>t4 and x? = <3>t2.

The Wronskian of this solution set is W [x®, x®] = 2t5. Thus the solutions are linearly
independent for t > 0. Hence the general solution is

1
x=cl(i>t4+cz(3>t2.

22. As shown in Prob. 19, solution of the ODE requires analysis of the equations

(57 =2)(@) =)

For a nonzero solution, we must have det(A — rI) = 72 + 2r = 0. The roots of the

characteristic equation are r; = 0 and 7, = — 2. For r = 0, the system of equations
reduces to 4&, = 3&,. The corresponding eigenvector is €V = (3,4)". Setting
r = — 2 results in the single equation 2&; — &, = 0. A corresponding eigenvector is

£@ = (1,2)". It follows that

1
xD = (2) and x® = <2>t"2.

The Wronskian of this solution set is W [x®, x®] = 2¢2. These solutions are
linearly independent for £ > 0. Hence the general solution is

3 1
X:Cl<4> +C2<2)tw2.

23. Setting x = £t" results in the algebraic equations

3—r —2 &Y (0
2 —2-rJ\&) \0)
For a nonzero solution, we must have det(A — rI) = r®> —r — 2 = 0. The roots of
the characteristic equation are r, = 2 and r, = — 1. Setting r = 2, the system of

equations reduces to £, — 2&, = 0. The corresponding eigenvectoris £V = (2,1)".
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With r = — 1, the system is equivalent to the equation 2, — & = 0. An eigenvector
is €® = (1,2)". It follows that

2 1
(1 2 d (2) —{
X (l)t and x (2)15

The Wronskian of this solution set is W [x), x®] = 3¢. Thus the solutions are linearly
independent for t > 0. Hence the general solution is

2 1
X = cl<1)t2+02(2>t"1.

24(a). The general solution is
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(b).
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1007
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28(a). We note that (A — r1)é®) =0, for i =1,2.
(b). Tt follows that (A — r,1)® = A £0) — 1,0 = 7 €0 — 1,60,

(¢). Suppose that £ and & are linearly dependent. Then there exist constants ¢,
and ¢, , not both zero, such that ¢,€W + ¢,€® = 0. Assume that ¢; # 0. Itis clear
that (A — roI) (€W + ¢, €®) = 0. On the other hand,

(A . 7“21) (315(1) + ¢y f(g)) = 01(7"1 - 7’2)5(1) +0
= ci(r — 7"2)5(1)'

Since r; # ry, we must have ¢; = 0, which leads to a contradiction.

(d). Note that (A — r1)€® = (ry — r;)€®.
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(¢). Letn = 3, with 7, # r, # 7. Suppose that £, £€®and £€©® are indeed linearly
dependent. Then there exist constants ¢, , ¢; and ¢, not all zero, such that

e €W 4 0,0 4 0,60 = 0.

Assume that ¢; # 0. Itis clear that (A — 7.I){c;€™) + ¢ €@ + ;@) = 0. On the
other hand,

(A —m,l) (015(1) +c 5(2) + 035(3)) =c¢;(m — 7“2)5(1) + cs(rs — T2)€(3)~

It follows that ¢, (1, — 75)EW + ¢5(ry — 7)€ ®) = 0. Based on the result of Part (a),
which is actually not dependent on the value of 7, the vectors £Mand £®) are linearly
independent. Hence we must have ¢,(r; — r,) = ¢3(r; — r5) = 0, which leads to

a contradiction.

29(a). Letz; = y and =z, = y’. It follows that z] = z, and
z, =y"

1
- = by").
a(cy+ y')

In terms of the new variables, we obtain the system of two first order ODEs
.1'1, =z $2

1
T, = — E(cx1+bx2).

(b). The coefficient matrix is given by

Setting x = £ e results in the algebraic equations
(75 —o-)(6)= (o)
-¢ —i-r)\& 0/
For a nonzero solution, we must have
b
det(A —r1) =12+ —r+ = =0.
a a
Multiplying both sides of the equation by a , we obtain ar?+br +c¢ = 0.

30. Solution of the ODE requires analysis of the algebraic equations

(7 =) (8)= ()
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For a nonzero solution, we must have det(A — rI) = 0. The characteristic equation is
8072 +24r+1 =0, withroots r; = — 1/4 and r, = — 1/20. With r = —1/4,
the system of equations reduces to 2¢&; + & = 0. The corresponding eigenvector is
£V = (1, —2)". Substitution of 7 = — 1/20 results in the equation 2&; — 3& = 0.
A corresponding eigenvector is £® = (3,2)". Since the eigenvalues are distinct, the

general solution is
1 _ 3\ _
X = cl( 2)6 t/4+02(2)e 8/20,

Invoking the initial conditions, we obtain the system of equations

c+3c= —17
—2¢+2¢= —21.

Hence ¢; = 29/8 and ¢, = — 55/8, and the solution of the IVP is

_290 1\ s 95 (3\ _ym
X”8<—~2>e gl2/¢

x1 & %2

& & o
AT

12
14
~1B4
183
203

o0 1 20 3B 40 s B0 70

(c). Both functions are monotone increasing. It is easy to show that — 0.5 < (¢) < 0
and — 0.5 < 2,(t) < 0 provided that ¢t > T~ 74.39.

31(a). For a = 1/2, solution of the ODE requires that

—1-7 -1 &\ (0

-1/2 —-1-r)\&/) \0oJ)°
The characteristic equation is 272 +4r 4+ 1= 0, withroots r; = — 1+ 1/ \/5 and
ry= —1-1/y/2. With r = — 1+ 1//2 , the system of equations reduces to

T
V26 +2& = 0. The corresponding eigenvector is £€% = ( -2, 1) . Substitution
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of r=~1-1/ \/—2— results in the equation \/5 & —2& = 0. Aneigenvector is
T
£9 = (\/i, 1) . The general solution is

- ( -2 ) (e, ( V2 )e(a-ﬁ)t/;

1 1
The eigenvalues are distinct and both negative. The equilibrium point is a stable node.

(b). For a = 2, the characteristic equation is given by r? + 27 — 1 = 0, with roots
rn=—1+ \/5 andry = — 1~ \/5 With r= —1+ ﬁ,thesystemofequations
reduces to /2 &, + & = 0. The corresponding eigenvector is £ = (1, - ﬁ)T
Substitutionof r = — 1 — \/5 results in the equation \/551 — &, = 0. An eigenvector
is &€& = (1, \/Q)T The general solution is

ma L)t o 1)l

The eigenvalues are of opposite sign, hence the equilibrium point is a saddle point.

32. The system of differential equations is

-3 )6

Solution of the system requires analysis of the eigenvalue problem

T L)E-0)
I S YACYAN
The characteristic equation is r +3r+ 2, withroots 7, = — 1 and r, = — 2. With
r = — 1, the equations reduce to &; — &, = 0. A corresponding eigenvector is given

by £€® = (1,1)". Setting r = — 2, the system reduces to the equation 3&; — & = 0.
An eigenvector is €® = (1,3)". Hence the general solution is

(v)=a) rela)™

(b). The eigenvalues are distinct and both negative. We find that the equilibrium point
(0,0) is a stable node. Hence all solutions converge to (0, 0).

33(a). Solution of the ODE requires analysis of the algebraic equations
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The characteristic equation is

24 L+ CRiRy , Ri+ Ry
LCR, LCRy,

The eigenvectors are real and distinct, provided that the discriminant is positive.

That is,
2
L+CR1R2 4 R1+R2 >0,
LCRZ LCRZ

which simplifies to the condition

(b). The parameters in the ODE are all positive. Observe that the sum of the roots is

_ L+ CRle

IOR, < 0.

Also, the product of the roots is

Ri+ Ry
LCR,

> 0.

It follows that both roots are negative. Hence the equilibrium solution I =0,V =0
represents a stable node, which attracts all solutions.

(c). If the condition in Part (a) is not satisfied, that is,

2
1 RY_ 4o
CR, L LC —

then the real part of the eigenvalues is

L+ CRRy

Re(ria) = - 2 LCR,

As long as the parameters are all positive, then the solutions will still converge to the
equilibrium point (0, 0).
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Section 7.6

2. Setting x = £ e results in the algebraic equations

—1-r -4 &Y (0
1 —1-r)\&/) \0)
For a nonzero solution, we require that det(A — rI) = r? + 2r + 5 = 0. The roots of
the characteristic equation are r = — 1+ 2¢. Substituting r = — 1 — 21, the two

equations reduce to & + 2i&, = 0. The two eigenvectors are £V = ( — 2i,1)" and
£® = (2i,1)". Hence one of the complex-valued solutions is given by

£V = ( - 2i)e—(1+22')t
1

9%
= ( ) Z)e”t(cos%—-isin 2t)

T 2 sin 2t viet( T 2cos 2t
B cos 2t —sin2t )
Based on the real and imaginary parts of this solution, the general solution is

K= et —2s1n 2t teet 2cos?2t
- cos 2t ? sin2t /°

3. Solution of the ODEs is based on the analysis of the algebraic equations

2—1r -5 SANA.
1 - 2 -7 52 - O -
For a nonzero solution, we require that det(A — rI) = 2 + 1 = 0. The roots of the
characteristic equation are 7 = =4. Setting r = 7, the equations are equivalent to

& — (24 14)& = 0. The eigenvectors are £V = (24+,1)" and £€? = (2 —14,1)".
Hence one of the complex-valued solutions is given by
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2+1 .y
=( 1 )(cost+zsznt)

2cost — sint fcost+2sint
= +1 . .
cost sint

Therefore the general solution is

2co8t — sint cost -+ 2sint
X=10¢ + ¢y . .
cost sint

The solution may also be written as
K= 5cost + 5sint
T '\ 2cost + sint “ —cost+2sint)’

s et T i e
B e i e
e e e e i e e
T g g R

T e e o =L

e e i
//f‘//f///}

5 o i b P R = ™
I T it P B e e P T T

4, Setting x = £ e" results in the algebraic equations

2—r —5/2 &Y (0

9/5 —1-r)\&)  \0/)°
For a nonzero solution, we require that det(A — rI) = r? — r + £ = 0. The roots of
the characteristic equation are r = (1+3i)/2. With r = (14 34)/2, the equations

reduce to the single equation (3 — 34)§; — 5&; = 0. The corresponding eigenvector is
given by £V = (5,3 — 34)" . Hence one of the complex-valued solutions is
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5 .
W _ (1+3i)t/2
¥ (3 - 32’) ¢
241 3 .3

= ( i—z)em (cos §t+iszn -2-t>

_ P 2cos %t— sin %t —I—iet/Q cos %t—i—Zsin %—t
= 3 .3 .

coSs —2-t sin §t
The general solution is

2cos 3t — sin 2t | cos 3t + 2 sin 2t
x:clet/z 2 X D) +cget/2 2" X 2 )
cos §t sn §t

The solution may also be written as

3 3
x=clet/2 5cos §t +czet/2 5 sin 2t .
3 cos 2t + 3sin 3t — 3cos 3t + 3sin 3t
2 2 2 2

T P T T T T
T T T T T T T T
T e i P T T T

5. Setting x = £ 1" results in the algebraic equations

1—r -1 &Y (0
5 -3-r)\&) " \o)
The characteristic equation is 72 + 27 + 2 = 0, with roots 7 = — 144. Substituting
r = — 1 — i reduces the system of equations to (2 + )¢, — & = 0. The eigenvectors

are £€U = (1,2+14)" and £&® = (1,2 —14)". Hence one of the complex-valued
solutions is given by
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1 =
X
2

fl

1 (i)t
4 g

1

+

-
(1)t ising

ot cost 4 et ~ sint
2cost + sint cost — 2sint )’
The general solution is

<= oot cost Loet sint
- 2cost+ sint @ ~cost+ 2sint )’

il

N
L S
1417111 /’\\j
I A B # X ;?
' A A Yol ; !
ERERE I EERRE
[ 71 ! §§§§§§§
0 ' PERRL;
| HUN
| ERRRRE
. PR A A A

AN AN A A A

7 77
| nun

6. Solution of the ODEs is based on the analysis of the algebraic equations

1—r 2 &) _ (0
-5 -1-7)\&) " \o)
For a nonzero solution, we require that det(A — rI) = r? 4+ 9 = 0. The roots of the
characteristic equation are 7 = +34. Setting r = 314, the two equations reduce to

(1 — 34)&; + 2¢, = 0. The corresponding eigenvector is £V = (—2,1— 3i)". Hence
one of the complex-valued solutions is given by

1 = - 2' e?n‘t
1-3

2
(1__ )(cos3t+zsm3t)
_ — 2cos 3t v — 2 sin 3t
" \cos3t+3sin3t —3cos3t+ sin3t)’

The general solution is
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<= ¢ — 2co8 3t . 28in 3t 4
= C .
"\ cos 3t + 3 sin 3t >\ 3cos 3t — sin 3t

IR NONN NN
L1777 ARRRR
1 N

,’? N

| BRI
e R
SEREy Lt
RER m
NNNNN Ll
ASATAATAN L4
NN 2000
NANNNN Y|

8. The eigensystem is obtained from analysis of the equation

—-3-r 0 2 & 0
1 —1—r 0 52 - 0
-2 -1 - T 53 0

The characteristic equation of the coefficient matrix is r° + 4r2 + 7r + 6 = 0, with
roots 7 = — 2,7, = —1—+/2i and 3 = —1+4 /2. Setting r = — 2, the
equations reduce to

—&+26=0
& +6&6=0.

The corresponding eigenvector is £V = (2, —2,1)". With r= — 1~ V2, the
system of equations is equivalent to

(2-iv2)6-26=0
& +iV26=0.

T
An eigenvector is given by £? = ( —i/2,1, —1- z\/Q—) . Hence one of the

complex-valued solutions is given by
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N ilﬁ .~ (1+i\/§) it

< =
-1-iy/2
—i/2
= 1 e’“t(cos V2t —isin \/51&)
—1-i/2
— /2 sin /2t — /2 cos /2t
= e.—t CcO8 \/Et + ie—t — 3in \/§t
~cos\/2t — /2 sin /2t —~ /2 cos /2t — sin+\/2t
The other complex-valued solution is x® = £® e, The general solution is
2
Xx=c¢| -2 |e 2+
1
V2 sin /2t V2 cos /2t
+ et —cos\/2t |+ e’ sin /2t

cos /2t + /2 sin /2t V2 cos /2t + sin/2t

It is easy to see that all solutions converge to the equilibrium point (0,0, 0) .

10. Solution of the system of ODESs requires that

(7)) =0)

The characteristic equation is 72 + 47 + 5 = 0, with roots 7 = — 244. Substituting
r = — 2+ 1, the equations are equivalent to &; — (1 — i)&;, = 0. The corresponding
eigenvector is £V = (1 — i,1)”. One of the complex-valued solutions is given by

X = (1 ‘l‘ ’) o~ 2

1
= ( . z)e‘%(cost—kismt)

_ e—2t(603t + sint) N ie‘”( — cost+ sint)

cost sint

Hence the general solution is

X e e_%(c:ost—k sint) N cge”zt( —cost+ sint)
=¢ .

cost sint

Invoking the initial conditions, we obtain the system of equations

- =1
C = "‘2.
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Solving for the coefficients, the solution of the initial value problem is

‘= _26_2t(cost+sint> ——Se“%( ——cost—{-sint)

sint

cost

o2t cost—5sint
—2cost—3sint/’

At A7
NN

11(a). With x(0) = (2 ,2)", the solution is

2cost—2sint
_ o—t/4 _
x=e ( 2cost )

11(b).

x1 & x2
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11(c).

12. Solution of the ODE:s is based on the analysis of the algebraic equations

L)) -6)
-1 g - T §2 0 ’
The characteristic equation is 2572 — 107 + 26 = 0, with roots 7 = % +1¢. Setting

r = 1/5+ 1, the two equations reduce to & — (1 — )& = 0. The corresponding
eigenvector is €1 = (1 —i,1)". One of the complex-valued solutions is given by

o — (1 N i)e@w

= (1 I Z)e’t/5(cost—{~z'sz'nt)

cost+ sint . —cost -+ sint
= ¢!/’ + get/® )
cost sint

Hence the general solution is

‘= o et/5(cost+ sz’nt) N czet/5( —cost+ sz’nt>
= ¢ :

cost sint

(b). Letx(0) = (29 ,x3)". The solution of the initial value problem is

_ 0 t/5 cost+ sint o o tfsf —cost+sint
2ETE ( cost T (@ —a)e sint '

s 28 cost+ (225 — a%)sint
zdcost+ (23 — x9)sint )

With x(0) = (1,2), the solution is
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12, \
-16
181

/5 cost+ 3sint
X=¢ . .
2cost+ sint

Ny

A4 42 -0 BC; f

=ERNERS S A,

\

x1 & x2
147
124
101
8-
5.
4.
2 2 t e\\ 10

(
é
/
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13(a). The characteristic equation of the coefficient matrix is 7 — 2ar + 1 + a2, with
roots r = k1.

(b). When « < 0 and « > 0, the equilibrium point (0, 0) is a stable spiral and an
unstable spiral, respectively. The equilibrium point is a center when oo = 0.

(c).

a=-1/10

. B

NN
e o S UL NN NN
S e e it e e Y N N N N
S e T e N N N NN
7 R NN N NN
7 N
A
VAA AR L
I
i ! !
T i
SRR N
VN A /AN
NOAN s
NN A,
T
NN S e e o S
NN b e et o o o
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14(a). The roots of the characteristic equation, 7> — a7 + 5 = 0, are

a 1
7‘1,2:5:&"2' a2—20.
(b). Note that the roots are complex when — /20 < a < /20 . For the case when

o€ ( — /20, O) , the equilibrium point (0, 0) is a stable spiral. On the other hand,

when a € (0 , v 20 ), the equilibrium point is an unstable spiral. For the case o = 0,

the roots are purely imaginary, so the equilibrium point is a center. When a? > 20,
the roots are real and distinct. The equilibrium point becomes a node, with its stability
dependent on the sign of . Finally, the case o = 20 marks the transition from spirals

to nodes.

().
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a=-05

o e sl e s

17. The characteristic equation of the coefficient matrix is 7% + 2r + 1 + a = 0, with
roots given formally as r, = — 144/ — a . The roots are real provided that o < 0.
First note that the sum of the roots is — 2 and the product of the roots is 1 + «. For
negative values of «, the roots are distinct, with one always negative. Whena < — 1,
the roots have opposite signs. Hence the equilibrium point is a saddle. For the case

— 1 < a < 0, the roots are both negative, and the equilibrium point is a stable node.
a = — 1 represents a transition from saddle to node. When o = 0, both roots are
equal. For the case o > 0, the roots are complex conjugates, with negative real part.
Hence the equilibrium point is a stable spiral.

a=-15

-
G T

NSO N N\
Rt N N N VW
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19. The characteristic equation for the system is given by

4+ (4—a)r+10 — 4a = 0.

The roots are

rig = ~2+%i\/a2+8a~24.

First note that the roots are complex when — 4 — 2\/f6 <a< —4+ 2\/_16 . We also
find that when — 4 — Qm < a < 2, the equilibrium point is a stable spiral. For the
case a = 2, the equilibrium point is a center. When 2 < a < —4+ 2\/1—0- , the
equilibrium point is an unstable spiral. For all other cases, the roots are real. When

a > 2.5, the roots have opposite signs, with the equilibrium point being a saddle. For
the case — 4 + 2\/_1—0_ < a < 2.5, the roots are both positive, and the equilibrium point
is an unstable node. Finally, when o < — 4 — 2\/15 , both roots are negative, with the
equilibrium point being a stable node.

S
e o e g e, o S s e e T e S e S T

o P
o o, Vo o
e e e S

PSSR

P T T N T e S - . - ~
iy e e e o
e e e e e e e e S e P e P e S
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a=+29

e T G T T e e T e T T T e

20. The characteristic equation is r? + 27 —

0, with roots

24 + 8a)

(

25 + 8ar .

-1+

2

¥

T

— 25/8. Since the real part is negative, the origin

is a stable spiral. Otherwise the roots are real. When — 25 < oo < — 3, both roots
are negative, and hence the equilibrium point is a stable node. For a > — 3, the roots

are of opposite sign and the origin is a saddle.

The roots are complex when o <

AN RN

AN

TN P

/{////!//

ﬂﬂﬁ//////

results in the

:é’t"'

setting X

b

22. Based on the method in Prob. 19 of Section 7.5
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algebraic equations

2—r ) &Y (0
1 -2—r)\&) \0)
The characteristic equation for the system is 72 + 1 = 0, with roots 71, = 4. With

r = ¢, the equations reduce to the single equation &; — (2 + )&, = 0. A corresponding
eigenvectoris €0 = (2+14,1)". One complex-valued solution is

241\ .
(l): 4
X ( 1 )t.

We can write ' = e**. Hence

xV = (Qi"i)eunt

- (2 ']’_L Z) [cos(int) + i sin(int)]

_ [ 2cos(Int) — sin(Int) L cos(Int) + 2 sin(Int)
B cos(Int) sin(Int) '
Therefore the general solution is

‘=, (2 cos(Int) — sin(ln t)) ‘e (cos(ln t) + 2 sin(Int) ) '

cos(Int) sin(Int)

Other combinations are also possible.

24(a). The characteristic equation of the system is

SRR S
5 80 160 ’
with eigenvalues 7, = 1/10, and 73 = — 1/44 4. For r = 1/10, simple calculations
reveal that a corresponding eigenvector is £ = (0,0,1)". Setting r = —1/4 — 1,
we obtain the system of equations
& —1& =0
£&=0.
A corresponding eigenvectoris £€® = (i,1,0)". Hence one solution is
0
x = | 0 |e/r.
1

Another solution, which is complex-valued, is given by
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1
x? = |1 e~ (1t
0
)
= | 1 |e¥*(cost —isint)
0
sint cost
= e 4| cost | +ie | — sint
0 0

Using the real and imaginary parts of x®, the general solution is constructed as

0 sint cost
x=c | 0 |/ +c,e | cost | + e/t — sint
1 0 0

b). Let x(0) = (2%, 2%, %) . The solution can be written as
1 2 3

0 zysint + 3 cost
X = 0 +e 4 20cost — 20 sint
- 2 1
g et/10 0

With x(0) = (1,1, 1), the solution of the initial value problem is

0 sint+ cost
X = 0 + et cost — sint
et/l() 0

*2 14
D

= S
2 1\Nm_//’1/ 2

N

N
i
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5 5
4 4
Vi 3]
xBi x3§
2-> >
<4 1
e ——
2 1 2 2 1 i 2
x1 %2

25(a). Based on Probs. 18 — 20 of Section 7.1, the system of differential equations is

dry_(-% -1 I)
a\v) \ & - /)\V/)

With R, = R, = 4ohms,C = % farads and L = 8 henrys , the eigenvalue problem is
L L)O-0)
2 - % - T §2 0 )

(b). The characteristic equation of the system is r* + r + % = 0, with eigenvalues

1.1,
7’1,2 = — —2° :}: 52 .
Setting r = — 1/2 4 i/2, the algebraic equations reduce to 4i§; + £ = 0. It follows

that £® = (1, — 44)". Hence one complex-valued solution is
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(
N _(1 -1/
V — 4z

= ( —14z'> e~t?[cos(t/2) + i sin(t/2)]

=) e )

Therefore the general solution is
I\ i cos(t/2) e sin(t/2)
(V) - ae (4sin(t/2) el TN 4cos(t/2) )"

(c). Imposing the initial conditions, we arrive at the equations ¢; = 2 and ¢, = — % ,
and

(I) _ e’t/2(2 cos(t/2) — 3 sz’n(t/2))
Vv 8sin(t/2) + 3cos(t/2) )

(d). Since the eigenvalues have negative real parts, all solutions converge to the origin.

26(a). The characteristic equation of the system is
1

1
2 s —_— =
e+ el + L 0,
with eigenvalues
1 1 4R2C
= - e k1 — .
2= T 9RC T 2RC L
The eigenvalues are real and different provided that
4R*C
1- .
T >0
The eigenvalues are complex conjugates as long as
4R?C
1- <0.
L
(b). With the specified values, the eigenvalues are r;, = — 1=£¢. The eigenvector
corresponding to r = — 1414 is €0 = (1, — 4¢)". Hence one complex-valued solution

18
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&
Y _ L W& Y
|4 -1+

1
= ( _ +Z,)e‘t(cost-l- isint)

-t cost i sint
=e ) +1e ) .
—cost — sint cost — sint

Therefore the general solution is
Iy et cost 4 oet sint
v) —cost — sint : cost —sint)’

(c). Imposing the initial conditions, we arrive at the equations

01:2
"'Cl“f"(}z:l,

with ¢; = 2 and ¢, = 3. Therefore the solution of the IVP is
I _+{ 2cost+3sint
= e .
V cost — Hsint
(d). Since Re(r,,) = — 1, all solutions converge to the origin.

27(a). Suppose that c;a+ ;b = 0. Since a and b are the real and imaginary parts of
the vector £, respectively, a = (¢ + £0)/2 and b = (¢€W — €M) /2i. Hence

¢ (€D + €M) — icy (W — €D) =0,
which leads to
(c; — 1)€Y + (¢ +icy)€D = 0.
Now since €0 and €U are linearly independent, we must have

Cl_iCQ-:O
¢ +ic,=0.

It follows that ¢; = ¢, = 0.

(¢). Recall that

u(t) = e*(acos ut — b sin pit)
v(t) = eM(acos ut + b sin ut) .

Consider the equation c;u(ty) + c,v(ty) = 0, for some t,. We can then write
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cieo(acos pty — b sin pty) + ce’(acos pty + b sin pty) = 0. (%)
Rearranging the terms, and dividing by the exponential,
(c; + ¢cy)cos ptya + (ca — ¢r)sinputob = 0.
From Part (b), since a and b are linearly independent, it follows that
(c1 + cy)cos pty = (c; — ¢1)sin pty = 0.

Without loss of generality, assume that the trigonometric factors are nonzero. Otherwise
proceed again from Equation (%), above. We then conclude that

C}“{‘Cg:O and Co — C =0,
which leads to ¢; = ¢, = 0. Thus u(%,) and v(t,) are linearly independent for some ¢,

and hence the functions are linearly independent at every point.

28(a). Letx; = u and z, = u’. It follows that z{ = x, and

= - -—1U.,

m
In terms of the new variables, we obtain the system of two first order ODEs
x{ = .772

k

‘/'CZ/: - T .
m

(b). The associated eigenvalue problem is

-7 1 ) SRR AL
The characteristic equation is 72 + k/m = 0, with roots 7, = £ i\/k/m .

(c). Since the eigenvalues are purely imaginary, the origin is a center. Hence the phase
curves are ellipses, with a clockwise flow. For computational purposes, let k = 1 and
m=2.
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(d). The general solution of the second order equation is

k ) k
u(t) = c;co8 1) —t+ costn g/ —t.
m m

The general solution of the system of ODE:s is given by
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VE sing/ £ VEcosy[ £
X =C + cy .
cos\/;’;-t ——sin\/;’f;t
It is evident that the natural frequency of the system is equal to Im(r;,).

29. (a) Set x = (z1,x)". We can rewrite Eqns. (22) in the form

2 0 %@l_‘-—43 1
0 9/4)\dn | =\ 3 - )\a2)

Multiplying both sides of this equation by the inverse of the diagonal matrix, we obtain
Y _ (-2 32\ (=
Qd%xiz - 4/ 3 -3 T )

(b) Substituting x = £e™,

(&)= (o L&)
which can be written as
(A-r*DE=0.

(¢) The eigenvalues are 2 = — 1 and r} = — 4, with corresponding eigenvectors

1) __ 3 2) 3
¢ =(5)mer=(2,)

(d) The linearly independent solutions are

3 . ./ 3 ‘
xV = C; (g)gn and x® = Cg( B 4>62“.

in which €} and C, are arbitrary complex coefficients. In scalar form,

z1 = 3cicost + 3cpsint + 3czcos 2t + 3casin 2t
Xy = 2cico8t + 2cgsint — dezcos 2t — degsin 2t

(e) Differentiating the above expressions,

3:{ = — 3¢c18int + 3cgcost — 6egsin 2t + 6c4cos 2t
zy = — 2c18int + 2cpcost + 8cgsin 2t — 8cycos 2t

It is evident that y = (x1, x2, z1, mé)T as in Eq. (31).
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31. (a) The second order system is given by

dle
d—ti* = 2371 + X9
d2m2
—d-t—z— =1 — 2182
Let y1 = z1, Y2 = T2, ys = x1 and ys = x5 . In terms of the new variables, we have
Yl = Ys
Yo = Ya
Yz = — 2y1+ v
Yi=1y1— 2
hence the coefficient matrix is
0 0 10
0 0 01
A= _ 2 1 00
1 -2 0 0

(b) The eigenvalues and corresponding eigenvectors of A are :

=1, £9=(11,1414"
ro= —i, £€9=(1,1, —d, —i)"

ra=V3i, &= (1, -1V3i ~V3i)
= —-V3i, €= (1 -1 -v3iv3i)

(¢) Note that

£Weit — (cost +isint)

S . et pm2

and

1
-1
@, V3t _ ( C )
&Ve \/?:z cosx/—3—t+zsm\/3—t .
— /3
Hence the general solution is
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y=a

cost

cost
—sint
—sint

+Cg

sint
sint
cost
cost

+ c3

cosﬁt

—cosﬁt
- \/gsin \/gt
\/é—sin\/gt

sin\/3—t
—sin\/é—t

o V/3cos /3t

—+/3cos+/3t

I

(d) The two modes have natural frequencies of w; = lrad/sec and w; = V3
rad/sec.

y1 and y2
1.49
1.23 .
1_
0.84
0.6
0.41 \
"2 \ \

U T T T T 1
051 2 4 t 5 g 10
0.4
0.6
0.8

1 \
1.2
1.4 \

y1 and y2

©
[

',
e

jz’
-1 ‘2—\ )i
RWER

(e) For the initial condition y(0) = ( — 1, 3,0, 0)%, it is necessary that

-1 1 0 1 0

3 1 0 ~1 0

O - Cl O + 62 l + C3 O + C4 \/5 3

0 0 1 0 — \/é'
resulting in the coefficients ¢; =1, ca =0, ¢ = —2and ¢, = 0.
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y1
2..
'}_
2 4 1Y 8 a/ \1.0
D/ \
T \/
.2-
-3
y2
3.
2..

1- 3 /:\ B T
RNV,

21

=}

-3
The solutions are not periodic, since the two natural frequencies are incommensurate.

y3vs y1

page 415







