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Chapter Three

Section 3.1

1. Let y = e™, sothaty’ = re™ and y” = r? e™. Direct substitution into the differential
equation yields (r? + 2r — 3)e™ = 0. Canceling the exponential, the characteristic
equation is 72 + 2r — 3 = 0. The roots of the equation are r = — 3,1. Hence the
general solution is y = ¢;ef + c,e™ %,

2. Let y = e™. Substitution of the assumed solution results in the characteristic equation
r? + 3r + 2 = 0. The roots of the equation are » = — 2, — 1. Hence the general
solution is y = cie™ + c,e™%.

4. Substitution of the assumed solution y = €™ results in the characteristic equation
272 — 3r+1 = 0. The roots of the equation are r = 1/2,1. Hence the general
solution is y = c;e?/2 + cyet.

6. The characteristic equation is 4r%2 — 9 = 0, with roots r = +3/2. Therefore the
general solution is y = ;e /2 4 c,e%t/2,

8. The characteristic equation is 72 — 2r — 2 = 0, with roots r = li\/3_ . Hence the
general solution is y = clemp<1 - \/g)t + cge:cp<1 + \/§) t.

9. Substitution of the assumed solution y = e results in the characteristic equation

r? + 7 —2 = 0. The roots of the equation are » = — 2, 1. Hence the general

solution is y = c,e™% + cyel. Its derivative is 3y’ = — 2c;e™% + cyef. Based on the
first condition, y(0) = 1, we require that ¢; + ¢, = 1. In order to satisfy y'(0) = 1,
we find that — 2¢; + ¢, = 1. Solving for the constants, ¢; = 0 and ¢; = 1. Hence the

specific solution is y(t) = €.

11. Substitution of the assumed solution y = €™ results in the characteristic equation
6r2 — 5r + 1 = 0. The roots of the equation are 7 = 1/3,1/2. Hence the general
solution is y = c;¥/® + cyet/?. Its derivative is y’ = ¢1€t/3/3 + c,e!/2/2. Based

on the first condition, y(0) = 1, we require that c¢; + ¢, = 4. In order to satisfy the
condition y'(0) = 1, we find that ¢,/3 + ¢;/2 = 0. Solving for the constants, ¢, = 12

and c; = — 8. Hence the specific solution is y(t) = 12 €*/3 — 8 /2.

12. The characteristic equation is r2 4+ 3r =0, withroots 7 = — 3, 0. Therefore the
general solution is y = ¢; -+ ce™, with derivative y’ = — 3 e, In order to
satisfy the initial conditions, we find that ¢; + ¢, = — 2,and — 3¢, = 3. Hence the
specific solution is y(t) = — 1 — ™%,

13. The characteristic equation is r? + 5r + 3 = 0, with roots
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The general solution is y = clemp( — 5/ 13) t/2 + czexp( — 544/ 13) t/2, with
derivative

y' = :iré—@clewp( -5 — \/_1_?—>>t/2+ :——-5——%—@ CQQLUP( -5+ \/Ig)t/Q.

In order to satisfy the initial conditions, we require that ¢; + c; = 1, and
“5*2\/13 e+ '52\/ﬁ c; = 0. Solving for the coefficients, ¢; = (1 —5/+/ 13) /2 and

&= (1+5/V/13)/2.

1.8
1.64
1.4
1.2

1
0,8-\
0.64

N
0.4
\\
0.2 —
D
0 A MR A R

14. The characteristic equation is 272 + r — 4 = 0, with roots

1. /33
-

4

T2 =

The general solution is y = cle:cp( -1 \/55) t/4+ cgea:p( -1+ \/§§) t/4, with
derivative ‘
y' = ——:—1—;—@ clea:p( —-1- \/§§)t/4+ —iz——-—\/ﬁ cwmp( -1+ \/5?—))15/4.

In order to satisfy the initial conditions, we require that ¢; + ¢, = 0, and
_1_4\/53—’ ¢+ '1+4‘/3—3 ¢, = 1. Solving for the coefficients, ¢; = — 2/4/33 and
¢, = 2/+/33 . The specific solution is

y(t) = — Q[ea:p( -1- \/§§>t/4—~ ea:p( -1+ \/?35)13/4]/\/—3—?;
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16. The characteristic equation is 472 — 1 = 0, with roots r = =+1 /2 . Therefore the
general solution is y = c;e™2 + c,et/?. Since the initial conditions are specified at
t = — 2, is more convenient to write y = dye~¢*2/2 4 d,e@+2)/2 The derivative
isgivenby y' = — [die”®2/2] /2 + [d,e*P)/2] /2. In order to satisfy the initial
conditions, we find that dy +dy = 1, and — d, /2+4dy/2 = — 1. Solving for the
coefficients, d; = 3/2,and dy = — 1/2. The specific solution is

y(t) = 3 22 _ 1 w22
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18. An algebraic equation with roots — 2 and — 1/21s 2r% + 5r + 2 = 0. This is the
characteristic equation for the ODE 2y” + 5y’ + 2y = 0.

20. The characteristic equation is 2% —3r+1=0,withroots r = 1 /2, 1. Therefore
the general solution is y = ¢;e!/? + cyef, with derivative 3’ = ¢;€/2/2 + cpet. In

order to satisfy the initial conditions, we require ¢; + ¢; = 2 and ¢;/2 + ¢, = 1/2.
Solving for the coefficients, ¢; = 3, and c; = — 1. The specific solution is

y(t) = 3e'/? — et. To find the stationary point, sety' = 3¢*/>/2 — e = 0. There is

a unique solution, with ¢, = In(9/4). The maximum value is then y(¢;) = 9/4. To find
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the x-intercept, solve the equation 3e*/2 — et = 0. The solution is readily found to be
t, = In9 ~ 2.1972. ‘

22. The characteristic equation is 472 — 1 = 0, with roots r = #1/2. Hence the
general solution is y = cre 2 4 cyet/?, with derivative y' = — cie2/2 + cyet/2/2.
Invoking the initial conditions, we require that ¢; +co =2 and — ¢ + ¢ = .

The specific solution is y(t) = (1 — B)e™*? + (1 + B)e'/?. Based on the form of the
solution, it is evident that as t— 0o, y(t)—=0 aslongas B = — 1.

23. The characteristic equation is 7> — (2o — 1)r + a(a — 1) = 0. Examining the
coefficients, the roots are r = «, @ — 1. Hence the general solution of the differential
equation is y(t) = ;e + c,e(® VUt Assuming o € R, all solutions will tend to zero
as long as & < 0. On the other hand, all solutions will become unbounded as long as
a—1>0,thatis,x > 1.

25. y(t) =2e2/54 3e72/5.
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The minimum occurs at (¢, ,y,) = (0.7167,0.7155).

26(a). The characteristic roots are r = — 3, — 2. The solution of the initial value
problem is y(t) = (6 + B)e ™ — (4 + B)e.

3
(b). The maximum point has coordinates #, = ln{gggigg] » Yo = f;(—(@i%f .

(¢). y():%g;%)-;zél,aslongasﬁzﬁ-%—ﬁﬁ.

d). limt,=In2. limy, = 00.
<)IBLII(->IOO nz ﬁ—»ooyo o0

27. (a) Assuming that y is a constant, the ODE reduces to ¢y = d. Hence the only

equilibrium solution is y = d/c.

(b) Setting y =Y + d/c, substitution into the differential equation results in
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aY'+0Y ' +ce(Y +d/c)=d.
The equation satisfied by Y is
aY'+bY +cY =0.

page 94




CHAPTER 3, ——

Section 3.2
1.
2% -3t/ -
2t _-3t/2y __ | € € _ /2
W(e y € /)— 22t __g_e~3t/2 = "2'6/'
3.
—2t —2t
ot , -2t e te it
W(e™ te ):i —2e7% (1-2t)e 2|
5.
tos ¢
W (e'sint,ecost) = e sint ercost { = — ¢l

e(sint + cost) e'(cost— sint)

cos? 1+ cos 26

W (cos®0,1 4 cos 26) = ‘ —2sinfcosh — 2s5in20

-o.

7. Write the equation as y” + (3/t)y’ = 1. p(t) = 3/t is continuous forall ¢ > 0.
Since t, > 0, the IVP has a unique solution for all ¢ > 0.

9. Write the equation as y” + %3y’ + sy = oy - The coefficients are not
continuous at ¢ = O and ¢t = 4. Since t, € (0,4), the largest interval is 0 <t < 4.

10. The coefficient 3in|t| is discontinuous at ¢ = 0. Since t, > 0, the largest interval
of existenceis 0 <t < 0.

11. Write the equation as y” + —Zsy’ lﬁ%‘y = 0. The coefficients are discontinuous

at z=0andz = 3. Since z, € (0,3), the largest interval is 0 < z < 3.

13. y// = 2. Wesee that t2(2) — 2(t?) = 0. y" = 2¢73, with t(y.") — 2(y,) = 0.
Let ys = cit? + ¢t ™%, then ys = 2¢; + 2¢,t73. It is evident that ys is also a solution.

16. No. Substituting y = sin(t?) into the differential equation,
— 4t%sin (%) + 2cos(t?) + 2t cos(t?) p(t) + sin(t*)q(t) = 0.

For the equation to be valid, we must have p(t) = — 1/t, which is not continuous, or
even defined, at ¢t = 0.
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17. W(e*, g(t)) = e*g'(t) — 2e*g(t) = 3e*. Dividing both sides by €%, we find
that g must satisfy the ODE g’ — 2g = 3e%. Hence g(t) = 3te? + ce?.

19. W(f,g) = fg' = f'g. Also, W(u,v) = W(2f — g, f + 2g). Upon evaluation,
W(u,v)=5fg' —5f'g =5W(f,g).

20. W(f,g9) = fg'— f'g =tcost—sint,and W(u,v) = —4fg’ +4f'g.
Hence W(u,v) = —4tcost+ 4sint.

22. The general solution is y = ¢c;e™% + c,e™. W (e, e) = 2¢™*, and hence

the exponentials form a fundamental set of solutions. On the other hand, the fundamental
solutions must also satisfy the conditions y,(1) = 1,y,(1) =0;5(1) =0, y,(1) = 1.
For y, , the initial conditions require ¢, + ¢, = e, — 3¢; — ¢, = 0. The coefficients are
= —ed /2, ¢, = 3e/2. For the solution, ¥, , the initial conditions require ¢; + ¢, = 0
, —3c; — ¢, = e. The coefficients are ¢; = —€®/2, ¢, = /2. Hence the fundamental
solutions are {y; = — 173t~ 4 Se=(-1) ) = — 1e=30-1) 4 1e=(-1},

23. Yes. y/' = —4cos2t; y) = —4sin2t. W(cos2t,sin2t) =2.

24. Clearly, y, = el is a solution. y. = (1 +t)ef, y)' = (2 + t)e’. Substitution into the
ODE results in (2 -+ t)e! — 2(1 + t)ef + tef = 0. Furthermore, W (¢!, te?) = e?.
Hence the solutions form a fundamental set of solutions.

26. Clearly, y, = z is a solution. y, = cosz,y, = — sinxz. Substitution into the ODE
results in (1 — z cot z)( — sinz) — z(cos z) + sinxz = 0. W(y,,y2) = xcosz — sinz,
which is nonzero for 0 < z < . Hence {x, sin x} is a fundamental set of solutions.

29. P=1,Q=z,R=1. Wehave P" — Q'+ R = 0. The equation is exact. Note
that (y')' + (zy)’ = 0. Hence y’ + zy = c,. This equation is linear, with integrating
factor yp = ¢%’/2. Therefore the general solution is

y(z) = ciexp( - a:2/2) /xemp(uz/Z)du + cpezp( — 2% /2).

Ty

30. P=1,Q = 322, R = . Note that P — Q' + R = — 5z, and therefore the
differential equation is not exact.

32. P=2?,Q=x,R= —1. Wehave P” — Q'+ R = 0. The equation is exact.
Write the equation as (z%y’)’ — (zy)’ = 0. Integrating, we find that 22y’ — zy = c.

Divide both sides of the ODE by x?. The resulting equation is linear, with integrating
factor u = 1/x. Hence (y/z)’ = cz*. The solution is y(t) = ¢,z + oz

34. P=22,Q =z, R = 2% — v%. Hence the coefficients are 2P’ — Q = 3z and
P" — Q'+ R = z®+1 — v%. The adjoint of the original differential equation is given
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by z?p” + 3z p'+(2?4+1 - )= 0.

36. P=1,Q=0,R= — z. Hence the coefficients are given by 2P’ — @ = 0 and
P" — Q'+ R = — x. Therefore the adjoint of the original equation is p” —z pu = 0.
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Section 3.3

1. Suppose that « f(t) + Bg(t) = 0, that is, a(t> + 5t) + B(t* — 5t) = 0 on some
interval I. Then (a+ B)t? + 5(a ~ B)t = 0,Vt € I. Since a quadratic .has at most
two

roots, we must have o+ =0 and a — 8= 0. The only solutionis o = 3= 0.
Hence the two functions are linearly independent.

3. Suppose that eMcos ut = A e*sin ut, for some A # 0, on an interval I . Since the
function sin pt # 0 on some subinterval I, C I, we conclude that tan ut = A on I,.
This is clearly a contradiction, hence the functions are linearly independent.

4. Obviously, f(z) = e g(z) for all real numbers . Hence the functions are linearly
dependent. ~

5. Here f(z) = 3g(z) for all real numbers. Hence the functions are linearly dependent.

8. Note that f(z) = g(z) forz € [0,00), and f(z) = —g(z)forz € (—00,0]. It
follows that the functions are linearly dependent on R* and R~. Nevertheless, they are
linearly independent on any open interval containing zero.

9. Since W (t) = t sin’t has only isolated zeros, W (t) cannot identically vanish on any
open interval. Hence the functions are linearly independent.

10. Same argument as in Prob. 9.

11. By linearity of the differential operator, ¢;; and ¢y, are also solutions. Calculating
the Wronskian, W (c1y1 , cate) = (C1y1)(02y2)f - (C1y1)l(6292) =cie Wy, %) -
Since W (y,,1,) is not identically zero, neither is W (ciy: , ¢292) -

13. Direct calculation results in

W(ayys + aole, bt + batn) = arbyW(yr , 4e) — biaaW (w1, 42)
= (albz - azbl)W(% ay2) .

Hence the combinations are also linearly independent as long as a;b, — a2b; # 0.
4. Leta(i+j)+p(i—-j)=0i+0j. Thena+ =0 and oo — § = 0. The only

solution is a = 8 = 0. Hence the given vectors are linearly independent. Furthermore,
any vector @i+ auf = (% + $)(i+1) + (% — §) - ).

16. Writing the equation in standard form, we find that P(t) = sint/cost. Hence the
Wronskian is W (t) = bexp( — [£2Ldt) = bexp(In|cost|) = bcost, in which bis
some constant.

17. After writing the equation in standard form, we have P(z) = 1/z. The Wronskian
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= f2Wl(g,h).

25. Since y; and 1y, are solutions, they are differentiable. The hypothesis can thus be
restated as y/(t,) = y,(t,) = 0 at some point £, in the interval of definition. This
implies that W (y, , y2)(ts) = 0. But W (y,,1.)(ts) = cexp( — [p(t)dt), which
cannot be equal to zero, unless ¢ = 0. Hence W(y,,y,) = 0, which is ruled out for
a fundamental set of solutions.
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