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ABSTRACT. We introduce the matrix weight class Ap for 0 <
p ≤ 1. For W ∈ Ap, we define the continuous and discrete
matrix-weighted Besov spaces Ḃαqp (W) and ḃαqp (W) and show
their equivalence via transforms of wavelet type. We show that
appropriate Calderón-Zygmund operators are bounded on Ḃαqp (W).
Furthermore, we determine the duals of these Besov spaces using
the technique of reducing operators.
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1. INTRODUCTION

Let M be the cone of non-negative-definite m×m complex-valued matrices. By
definition, a matrix weight W is a locally integrable map W : Rn → M. In the
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scalar case (i.e., m = 1), the weight will be denoted w. For a measurable vector-
valued function ~f = (f1, . . . , fm)T : Rn → Cm, let

‖ ~f ‖Lp(W) =
(∫

Rn
‖W 1/p(t) ~f(t)‖p dt

)1/p
for 0 < p <∞,

where ‖ · ‖ denotes the usual norm on Cm.
For 1 < p <∞, Nazarov, Treil and Volberg (see [13], [14] or [29]) formulated

the matrix Ap condition and showed that it is the right condition for Calderón-
Zygmund operators to be bounded on Lp(W) (e.g., for n = 1 it is the necessary
and sufficient condition for the Lp(W) boundedness of the Hilbert transform).
They expressed the Ap condition in terms of dual metrics and averagings, but in
[19, Corollary 3.3] it was shown that W ∈ Ap if and only if

(1.1)
(∫

Q

(∫
Q
‖W 1/p(t)W−1/p(y)‖p dt|Q|

)p′/p dy
|Q|

)p/p′
≤ c,

for every cube Q ⊆ Rn, where p′ = p/(p − 1) is the usual conjugate index,
and the norm inside the integral is the usual matrix operator norm. In the scalar
weighted case this easily reduces to the well-known Muckenhoupt Ap condition,
see [9].

In [19] and [20], the theory of matrix-weighted Besov spaces Ḃαqp (W) with
1 < p < ∞ was developed. A satisfactory theory was shown to exist under any
of the following conditions: (i) W ∈ Ap, (ii) W is a doubling matrix of order
p (see the definition in Section 2) with doubling exponent βp < p, or (iii) W
is diagonal and doubling. Although these results might suggest that the theory
should work under only the doubling assumption on W (and case (iii) shows that
this suggestion is correct in the scalar case), an example of Nazarov, given below
in Theorem 7.1, shows that the doubling condition is not sufficient in the general
matrix-weighted case. For the general theory of Besov spaces in the scalar case,
refer to [26] and [15]. For the discrete characterization of scalar, unweighted
Besov spaces along the lines considered below, see [4], and for the related scale of
Triebel-Lizorkin spaces in the scalar case, see [5], which includes the weighted case
in Section 10.

Besov spaces were first developed when it was noted that they are the trace
spaces of Sobolev spaces for 1 < p < ∞ ([1]). For p = 1 they arise in the char-
acterization of Fourier multiplier operators on Lipschitz spaces; more precisely,
m is a bounded Fourier multiplier from Λα to Λβ with β > α if and only if
m̂ ∈ Bβ−α,∞1 (see [31, 32] for the one-dimensional case, and [23–25] in general).
An important result involving Besov spaces for p < 1 is Peller’s theorem that a
Hankel operator Hb belongs to the Schatten-Von Neumann class Sp if and only if
the symbol b belongs to B1/p,p

p , for 0 < p < ∞ (see e.g., [16, Chapter 6]). In this
paper, we extend the theory of matrix-weighted Besov spaces Ḃαqp (W) to the case
0 < p ≤ 1.
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Definition (Matrix Ap weight, 0 < p ≤ 1). For 0 < p ≤ 1, we say W is
a matrix Ap weight if W : Rn → M is a.e. invertible, W and W−1 are locally
integrable, and

(1.2) ‖W‖Ap = sup
Q

ess sup
y∈Q

1
|Q|

∫
Q
‖W 1/p(t)W−1/p(y)‖p dt <∞,

where the first supremum is over all cubes Q ⊆ Rn.

Note that (1.2) is obtained by formally letting p′ → ∞ in (1.1). In the scalar
case, condition (1.2) becomes

ess sup
y∈Q

w−1(y) · 1
|Q|

∫
Q
w(t)dt ≤ c for every Q ⊆ Rn,

or, equivalently,

1
|Q|

∫
Q
w(t)dt ≤ cw(y) for a.e. y ∈ Q, for all Q ⊆ Rn.

In terms of the maximal function, this condition is

Mw(x) def= sup
Q:x∈Q

1
|Q|

∫
Q
w(t)dt ≤ cw(x) for a.e. x,

which is the A1 condition for scalar weights (for example, see [22] or [8]). So in
the scalar case the Ap condition (1.2) reduces to the usual A1 condition for all
0 < p ≤ 1.

We say a function ϕ ∈ S(Rn) belongs to the class A of admissible kernels if
supp ϕ̂ ⊆ {ξ ∈ Rn : 1

2 ≤ |ξ| ≤ 2}, and |ϕ̂(ξ)| ≥ c > 0 if 3
5 ≤ |ξ| ≤ 5

3 . Set
ϕν(x) = 2νnϕ(2νx) for ν ∈ Z.

Definition (Matrix-weighted Besov space Ḃαqp (W)). For α ∈ R, 0 < p ≤ 1,
0 < q ≤ ∞, ϕ ∈ A, and W ∈ Ap, the Besov space Ḃαqp (W) is the collection of all
vector-valued distributions ~f = (f1, . . . , fm)T with fi ∈ S′/P(Rn) (the space of
tempered distributions modulo polynomials), 1 ≤ i ≤m, such that

‖ ~f ‖Ḃαqp (W) = ‖{2να‖ϕν ∗ ~f ‖Lp(W)}ν‖lq

=
( ∑
ν∈Z

2ναq
∥∥W 1/p · (ϕν ∗ ~f )

∥∥q
Lp
)1/q

<∞,

where ϕν ∗ ~f = (ϕν ∗ f1, . . . ,ϕν ∗ fm)T , and as usual, the lq norm is replaced
by the sup on ν when q = ∞.
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The matrix-weighted Besov spaces with 1 < p < ∞ were introduced in [19].
As in the unweighted, scalar case ([26, p. 14]), ‖ · ‖Ḃαqp (W) is a quasi-norm (norm
if p, q ≥ 1).

LetD be the collection of dyadic cubes in Rn. For ν ∈ Z and k ∈ Zn, letQνk
denote the dyadic cube {(x1, . . . , xn) ∈ Rn : ki ≤ 2νxi < ki + 1, i = 1, . . . , n}
and let xQ = 2−νk be its “lower left corner”. Write |Q| for the Lebesgue measure
of Q and `(Q) for the side length of Q. Let Dν = {Q ∈ D : `(Q) = 2−ν}. Set
ϕQ(x) = |Q|−1/2ϕ(2νx − k) = |Q|1/2ϕν(x − xQ) for Q = Qνk. For each ~f
with fi ∈ S′(Rn)/P we define the ϕ-transform Sϕ to be the map taking ~f to the
vector-valued sequence Sϕ( ~f ) = {〈 ~f ,ϕQ〉}Q = {(〈f1,ϕQ〉, . . . , 〈fm,ϕQ〉)T}Q
for Q dyadic. We call ~sQ( ~f ) := 〈 ~f ,ϕQ〉 the ϕ-transform coefficient of ~f .

For each ϕ ∈ A there exists ψ ∈A (see e.g. [6]) such that

(1.3)
∑
ν∈Z
ϕ̂(2νξ) · ψ̂(2νξ) = 1, if ξ ≠ 0.

We say that (ϕ,ψ) is a pair of mutually admissible kernels if ϕ, ψ ∈ A, and
(1.3) holds.

Similar toϕQ, defineψQ(x) = |Q|−1/2ψ(2νx−k) forQ = Qνk. The inverse
ϕ-transform Tψ is the map taking a sequence s = {sQ}Q to the distribution Tψs =∑
Q sQψQ. In the vector case, we set ~s = {~sQ}Q∈D, where ~sQ = (s(1)Q , . . . , s(m)Q )T .

Then we let Tψ~s =
∑
Q ~sQψQ, where

~sQψQ = (s(1)Q ψQ, . . . , s(m)Q ψQ)T .

The ϕ-transform decomposition (see [5]) states that for all ~f with each compo-
nent fj ∈ S′/P,

(1.4) ~f =
∑
Q∈D

〈 ~f ,ϕQ〉ψQ.

In other words, Tψ ◦ Sϕ is the identity.
In the classical case, there are many equivalent definitions of Besov spaces in

the literature (for an overview, see [15]). For example, one can use an integral
over t > 0 instead of a sum over ν ∈ Z and one can replace the kernels {ϕν}ν∈Z
with dilations of other kernels, including appropriate derivatives of the Poisson
kernel (see [23–25] or [21, Chapter 5]). We will not attempt to establish all
such analogous equivalences for the matrix-weighted case. We make a couple of
remarks, however. We chose kernels with compactly supported Fourier transforms
in order to obtain (1.4). Also, the numbers 1

2 , 2, 3
5 , and 5

3 in the definition of the
class A are traditional and convenient but not essential. For example, one can
replace 1

2 by a, 3
5 by b, 5

3 by c, and 2 by 4a, as long as 2b < c; and there
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are variations where 1
2 and 2 are replaced by A and 1/A. What is important is

that the supports of ϕ̂ν overlap in a bounded fashion; more precisely, one needs
0 < c1 ≤

∑
ν∈Z |ϕ̂ν(ξ)|2 ≤ c2 < ∞ for all ξ ≠ 0, which allows one to obtain

an appropriate version of (1.3). Defining a quasi-norm as in Definition 1 using
kernels satisfying these conditions yields an equivalent quasi-norm; this is proved
by a variant of the argument ([19, Theorem 1.8]) referred to below which shows
that Ḃαqp (W) does not depend on the choice of ϕ ∈A.

Definition (Matrix-weighted sequence Besov space ḃαqp (W)). For α ∈ R,
0 < p ≤ 1, 0 < q ≤ ∞, and W a matrix weight, the space ḃαqp (W) consists of all
vector-valued sequences ~s = {~sQ}Q∈D such that

‖{~sQ}Q‖ḃαqp (W) =
∥∥∥{2να

∥∥∥ ∑
Q∈Dν

|Q|−1/2~sQχQ
∥∥∥
Lp(W)

}
ν

∥∥∥
lq

=
( ∑
ν∈Z

∥∥∥2να
∑
Q∈Dν

|Q|−1/2‖W 1/p(t)~sQ‖χQ(t)
∥∥∥q
Lp(dt)

)1/q
<∞.

The main conclusions about the spaces Ḃαqp (W) will be derived from the fol-
lowing equivalence.

Theorem 1.1. Let α ∈ R, 0 < q ≤ ∞, 0 < p ≤ 1, and W ∈ Ap. Then

(1.5) ‖ ~f ‖Ḃαqp (W) =
∥∥∥ ∑
Q∈D

~sQ( ~f )ψQ
∥∥∥
Ḃαqp (W)

≈ ‖{~sQ( ~f )}Q‖ḃαqp (W),

where {~sQ( ~f )}Q is the sequence of ϕ-transform coefficients of ~f .

A similar equivalence holds for appropriate wavelet coefficients, see Theorem
4.4. We remark that one direction of (1.5), namely the estimate ‖ ~f ‖Ḃαqp (W) ≤
C‖{~sQ( ~f )}Q‖ḃαqp (W), holds in a more general form (see Theorem 3.1) and re-
quires only the doubling property for W (see Corollary 3.2). In the case of a
diagonal matrix weight W (equivalently, in the scalar case), the doubling condi-
tion alone is sufficient to obtain (1.5). We don’t know if the Ap condition in
Theorem 1.1 can be relaxed in general.

Using Theorem 1.1, the fact that the space Ḃαqp (W) is independent of the
choice of admissible ϕ, in the sense that two admissible ϕ’s yield equivalent
norms, follows by the same argument as for p > 1 in [19, Section 6 and Theorem
1.8]. Also, one obtains that the spaces Ḃαqp (W) are complete, as in [19, Corollary
7.2]. Hence Ḃαqp (W) is a quasi-Banach space (Banach if p, q ≥ 1).

In Section 4, we prove that forW ∈ Ap, certain classes of Calderón-Zygmund
operators are bounded on Ḃαqp (W), 0 < p ≤ 1. In Section 5 we calculate the dual
spaces of Ḃαqp (W) and ḃαqp (W) for 0 < p ≤ 1. For this, we need to consider a
sequence of “reducing operators” {AQ}Q∈D of order p forW . We define associated
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reducing operator Besov spaces ḃαqp ({AQ}) and Ḃαqp ({AQ}). Reducing operators
provide another level of discretization that allows us to obtain weighted duality
results from the unweighted case. In order to express this duality in terms of the
weightW , we introduce the “uncorrelated” Besov spaces ḃαqpr (W) and Ḃαqpr (W). In
terms of these spaces, our main duality results state that

(1.6) [ḃαqp (W)]∗ ≈ ḃ−α+n(1/p−1),q′
∞ ({A−1

Q }) ≈ ḃ−α+n(1/p−1),q′
∞p (W−1),

(see Theorems (5.3) and (5.6)), and

(1.7) [Ḃαqp (W)]∗ ≈ Ḃ−α+n(1/p−1),q′
∞ ({A−1

Q }) ≈ Ḃ−α+n(1/p−1),q′
∞p (W−1),

(see Theorems (5.9) and (5.12)).
Most of these results (except those about boundedness of Calderón-Zygmund

operators in the case p ≤ 1) have analogues for the inhomogeneous matrix-
weighted Besov spaces bαqp (W) and Bαqp (W), via slight modifications of the proofs.
For reference, these results are stated in Section 6.

The example of Nazarov noted above is presented in Section 7. It extends
to the case p ≤ 1 to show that the doubling condition alone is not sufficient to
obtain (1.5).

2. DOUBLING MATRIX WEIGHTS

For a cube Q ⊆ Rn, let 2Q denote the cube with the same center and orientation
but with twice the side length.

Definition (Doubling matrix weight). A (non-zero) matrix weightW is called
a doubling matrix weight of order p, 0 < p < ∞, if there exists a constant c such
that for all cubes Q ⊆ Rn and all y ∈ Cm,

(2.1)
∫

2Q
‖W 1/p(t)y‖p dt ≤ c

∫
Q
‖W 1/p(t)y‖p dt,

i.e., the scalar measures wy(t) = ‖W 1/p(t)y‖p, for y ∈ Cm, are uniformly
doubling. If c = 2β is the smallest constant for which (2.1) holds, then β is called
the doubling exponent of W .

It is well known (see e.g., [19]) that the doubling property µ(2Q)) ≤ 2βµ(Q)
(for any cube Q ⊆ Rn) implies

(2.2)
µ(F)
µ(E)

≤ c
( |F|
|E|

)β/n
,

where F is a ball (or a cube) and E ⊆ F is a sub-ball (sub-cube) (not any subset of
F ; any subset would be equivalent to A∞ condition, see [22]). In particular,

(2.3) µ(Qνk) ≤ c(1+ |k−m|)βµ(Qνm).
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Lemma 2.1. Let 0 < p ≤ 1. If W ∈ Ap, then for any x ∈ Cm,
(a) wx(t) = ‖W 1/p(t)x‖p is a scalar A1 weight: in fact,Mwx(t) ≤ ‖W‖Apwx(t)

for a.e. t;
(b) W is a doubling matrix of order p, with doubling constant determined only by

‖W‖Ap .

Proof. Let Q ⊆ Rn be a cube. We need to show that

(2.4)
1
|Q|

∫
Q
‖W 1/p(s)x‖p ds ≤ ‖W‖Ap ‖W 1/p(t)x‖p,

for a.e. t ∈ Q. Let y = W 1/p(t)x. Then the left hand side of (2.4) is

1
|Q|

∫
Q
‖W 1/p(s)W−1/p(t)y‖p ds

≤ 1
|Q|

∫
Q
‖W 1/p(s)W−1/p(t)‖p ds‖y‖p ≤ ‖W‖Ap ‖y‖p,

for a.e. t ∈ Q, as desired.
For part (b), the doubling property for W is just the property that wx is a

scalar doubling measure (uniformly in x), which holds because we have just seen
that wx is a scalar A1 weight (uniformly in x). ❐

For 0 < p ≤ 1, we in fact have that W ∈ Ap if and only if the scalar weights
wx(t) in Lemma 2.1 are uniformly in A1. To see this, suppose (2.4) holds with
‖W‖Ap replaced by a constant, for a.e. t ∈ Q. Then substituting y = W 1/p(t)x
shows that W ∈ Ap.

3. NORM EQUIVALENCE BETWEEN CONTINUOUS AND
DISCRETE BESOV SPACES

Theorem 1.1, the norm equivalence between Ḃαqp (W) and ḃαqp (W), will follow
from the boundedness of the inverseϕ-transform (Corollary 3.2) and the bound-
edness of the ϕ-transform (Theorem 3.4).

Let W be a doubling matrix weight of order p with doubling exponent β. For
0 < δ ≤ 1, M > 0 and N ∈ Z define mQ to be a smooth (δ,M,N)-molecule for Q
dyadic (see Section 5 of [19]) if:
(M1)

∫
xγmQ(x)dx = 0, for |γ| ≤ N,

(M2) |mQ(x)| ≤ |Q|−1/2(1+ |x − xQ|/`(Q))−max(M,M−α),
(M3) |DγmQ(x)| ≤ |Q|−1/2−|γ|/n(1+ |x − xQ|/`(Q))−M if |γ| ≤ [α],
(M4) |DγmQ(x)−DγmQ(y)| ≤ |Q|−1/2−|γ|/n−δ/n|x −y|δ

sup|z|≤|x−y|(1+ |x − z − xQ|/`(Q))−M if |γ| = [α].
It is understood that (M1) is void if N < 0; and (M3), (M4) are void if α < 0.

Also, [α] stands for the greatest integer ≤ α; γ is a multi-index γ = (γ1, . . . , γn)
with γi ∈ N∪ {0}, 1 ≤ i ≤ n, and the standard multi-index notation is used.
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We say {mQ}Q is a family of smooth molecules for Ḃαqp (W), 0 < p ≤ 1, α ∈ R
and 0 < q ≤ ∞, if eachmQ is a (δ,M,N)-molecule as above, with

(M.i) α− [α] < δ ≤ 1,
(M.ii) M > β/p,

(M.iii) N = max([β/p −n−α],−1).

Theorem 3.1. Let α ∈ R, 0 < p ≤ 1, 0 < q ≤ ∞, and letW be a doubling ma-
trix weight of order p. Suppose {mQ}Q is a family of smooth molecules for Ḃαqp (W).
Then

(3.1)
∥∥∥ ∑
Q∈D

~sQmQ

∥∥∥
Ḃαqp (W)

≤ c‖{~sQ}Q‖ḃαqp (W).

The proof is essentially the same as for Theorem 5.2 in [19] with the triangle
inequality for the Lp norm replaced by the quasi-norm property ‖f + g‖Lp ≤
cp(‖f‖Lp +‖g‖Lp), and the conjugate exponent p′ regarded as ∞ for p ≤ 1 (and
so n/p′ ≡ 0).

Corollary 3.2. Let α ∈ R, 0 < p ≤ 1, 0 < q ≤ ∞, and let W be a doubling
matrix weight of order p. For each Q dyadic, let ~sQ := 〈 ~f ,ϕQ〉 be the ϕ-transform
coefficient of ~f . Then

(3.2) ‖ ~f ‖Ḃαqp (W) ≤ C‖{~sQ}Q‖ḃαqp (W),

where C depends only on α, q, p, and the doubling constant of W .

Proof. Let ψ be as in (1.3). It is easy to see that {ψQ}Q is a family of smooth
molecules for Ḃαqp (W), for all 0 < p ≤ 1, α ∈ R and 0 < q ≤ ∞. Hence, the
result follows from (1.4) and Theorem 3.1. ❐

Definition. For ν ∈ Z, let Eν = { ~f : fi ∈ S′, and supp f̂i ⊆ {ξ ∈ Rn : |ξ| ≤
2ν+1}, i = 1, . . . ,m}. We say Eν consists of vector-functions of exponential type
2ν+1.

Denote Γ = {γ ∈ S : γ̂ = 1 if |ξ| ≤ 2 and supp γ̂ ⊆ {ξ ∈ Rn : |ξ| < π}}.
Before we establish the boundedness of the ϕ-transform, we prove a weighted
sampling estimate for exponential type functions.

Lemma 3.3. Let 0 < p ≤ 1, W ∈ Ap, and ~g ∈ E0. Then

(3.3)
∑
k∈Zn

∫
Q0k

‖W 1/p(t)~g(k)‖p dt ≤ cp,W
∥∥~g ∥∥pLp(W).

Proof. Selecting γ ∈ Γ , we get the identity ~g(x) =∑`∈Zn ~g(`)γ(x−`) (see
[6, p.55]). Applying this to ~gy ∈ E0, which is defined by ~gy(x) = ~g(x+y), we
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get ~g(x +y) =∑`∈Zn ~g(` +y)γ(x − `). Letting x = k−y gives

(3.4) ~g(k) =
∑
`∈Zn

~g(` +y)γ(k−y − `).

Hence, for all y ∈ Q00, we have

‖W 1/p(t)~g(k)‖p =
∥∥∥ ∑
`∈Zn

W 1/p(t)~g(` +y)γ(k−y − `)
∥∥∥p

≤
( ∑
`∈Zn

‖W 1/p(t)~g(` +y)‖ |γ(k−y − `)|
)p

≤ cM
∑
`∈Zn

‖W 1/p(t)~g(` +y)‖p
(1+ |k− `|)M ,

where we can chooseM as large as we like. We average this estimate over y ∈ Q00
to obtain

(3.5) ‖W 1/p(t)~g(k)‖p

≤ cM
∑
`∈Zn

1
(1+ |k− `|)M

∫
Q00

‖W 1/p(t)~g(` +y)‖p dy

= cM
∑
`∈Zn

1
(1+ |k− `|)M

∫
Q0`

‖W 1/p(t)~g(y)‖p dy.

Integrating this estimate over Q0k, interchanging the order of integration, and
applying (2.3) to the doubling measurewy(t) = ‖W 1/p(t)~g(y)‖p (Lemma 2.1),
we get

∫
Q0k

‖W 1/p(t)~g(k)‖p dt

≤ cM
∑
`∈Zn

1
(1+ |k− `|)M

∫
Q0`

∫
Q0k

‖W 1/p(t)~g(y)‖p dt dy

≤ cM,β
∑
`∈Zn

(1+ |k− `|)β
(1+ |k− `|)M

∫
Q0`

∫
Q0`

‖W 1/p(t)~g(y)‖p dt dy.

Summing over k ∈ Zn, and taking M > n+ β so that

∑
k∈Zn

(1+ |k− `|)−M+β < cM,β,n,
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we get ∑
k∈Zn

∫
Q0k

‖W 1/p(t)~g(k)‖p dt(3.6)

≤ cM,β,n
∑
`∈Zn

∫
Q0`

∫
Q0`

‖W 1/p(t)~g(y)‖p dt dy.

Writing ‖W 1/p(t)~g(y)‖p ≤ ‖W 1/p(t)W−1/p(y)‖p ‖W 1/p(y)~g(y)‖p, we ob-
tain∑
k∈Zn

∫
Q0k

‖W 1/p(t)~g(k)‖p dt

≤ cM,β,n
∑
`∈Zn

∫
Q0`

‖W 1/p(y)~g(y)‖p
∫
Q0`

‖W 1/p(t)W−1/p(y)‖p dt dy

≤ cM,β,n‖W‖Ap
∑
`∈Zn

∫
Q0`

‖W 1/p(y)~g(y)‖p dy

= cM,β,n‖W‖Ap
∥∥~g∥∥pLp(W). ❐

Now we can show the boundedness of the ϕ-transform.

Theorem 3.4. Let α ∈ R, 0 < q ≤ ∞, 0 < p ≤ 1, and W ∈ Ap. Then there
exists c such that for all ~f ∈ Ḃαqp (W),

(3.7) ‖{~sQ}Q‖ḃαqp (W) ≤ c‖ ~f ‖Ḃαqp (W),

where ~sQ = (Sϕ ~f)Q = 〈 ~f ,ϕQ〉.
The proof follows the same steps as in Theorem 6.6 of [19] with Lemmas 6.3

and 6.5 being replaced by Lemma 3.3: a dilation argument yields the analogue of
(3.3) for ~g =ϕν ∗ ~f ∈ Eν ; then multiplying by 2να and taking the `q norm over
ν ∈ Z, yields (3.7).

The argument in [19, Lemma 6.5] carries over to the case 0 < p ≤ 1 to
show that the conclusions of Theorem 1.1 hold in the scalar case (m = 1), or
equivalently, the case where W(t) is diagonal for a.e. t, under just the doubling
condition.

4. OPERATORS ON BESOV SPACES FOR 0 < p ≤ 1

In this section we consider almost diagonal matrices on ḃαqp (W), almost diago-
nal operators, Calderón-Zygmund operators, and wavelet transforms on Ḃαqp (W).
Having established the norm equivalence between Ḃαqp (W) and ḃαqp (W) for p ≤
1, we find that the theory of the above mentioned operators on Besov spaces is
similar to the case p > 1 studied in Section 8, 9 and 10 of [19]. Below we indicate
the necessary changes.
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Definition. A matrix A = (aQP)Q,P is almost diagonal of order (α1, α2, M),
A ∈ ad(α1, α2,M), if there exists c > 0 such that for all Q, P ∈ D,

(4.1) |aQP | ≤ cmin

([
`(Q)
`(P)

]α1

,
[
`(P)
`(Q)

]α2
)(

1+ |xQ − xP |
max(`(Q), `(P))

)−M
.

We define the action of A = (aQP)Q,P on a sequence ~s = {~sQ}Q compo-
nentwise: A~s = {(A~s )Q}Q, where the components of (A~s )Q are (A~s )(i)Q =∑
P aQPs

(i)
P , for i = 1, 2, . . . ,m.

Theorem 4.1. Let α ∈ R, 0 < q ≤ ∞, 0 < p ≤ 1 and let W be a doubling
matrix of order p with doubling exponent β. Suppose A ∈ ad(α1, α2,M) with
α1 > α+n/2, α2 > β/p−α−n/2, andM > β/p. ThenA : ḃαqp (W) -→ ḃαqp (W)
is bounded.

The proof of this theorem is easier than its analogue for p > 1 (see p. 296-298
in [19]), since one of the difficulties of bringing the pth power inside the infinite
sum, for which the decay of aQP and Hölder’s inequality were used, is trivial for
0 < p ≤ 1: (

∑
i ai)p ≤

∑
i a
p
i .

Definition. Let α ∈ R, 0 < q ≤ ∞, 0 < p ≤ 1, and β ≥ n. Let T be a
continuous linear operator from S(Rn) to S′(Rn). Then T is an almost diagonal
operator, T ∈ ADαqp (β), if for some pair of mutually admissible kernels (ϕ,ψ)
the matrix (aQP) ∈ ad(α1, α2,M), with α1 > α + n/2, α2 > β/p − α − n/2,
and M > β/p, where aQP = 〈TψP ,ϕQ〉.

We let such an operator T act on ~f componentwise: T( ~f ) = (Tf1, Tf2,
. . . , Tfm)T . The facts that T ∈ ADαqp (β) is independent of the choice of the
pair (ϕ,ψ) and that it extends to a bounded operator on Ḃαqp (W) if W ∈ Ap
with doubling exponent β, hold in the same manner as in [19] with the proper
replacements. (For example, note that S0 is dense in Ḃαqp (W) if q <∞, p > 0 and
W ∈ Ap, which follows from the norm equivalence (1.5). For more details see the
Appendix in [18].)

For N > 0 and 0 < ε ≤ 1, let CZO(N + ε) denote the class of integral
operators (Tf)(x) = ∫

K(x,y)f(y)dy which are continuous from S(Rn) to
S′(Rn), with kernel K satisfying

(I) |K(x,y)| ≤ c/|x −y|n,
(IIN) |Dγ(2)K(x,y)| ≤ c/|x −y|n+|γ| for |γ| ≤ N,

(IIN+ε) |Dγ(2)K(x,y)−Dγ(2)K(x′, y)| + |Dγ(2)K(y,x)−Dγ(2)K(y,x′)| ≤
c(|x − x′|ε/|x −y|n+|γ|+ε) for 2|x − x′| ≤ |x −y| and |γ| = N.

If T ∈ CZO(N + ε) and its kernel K(x,y) = K(x −y) also satisfies

(C)
∫
R1<|x|<R2

K(x)dx = 0, for all 0 < R1 < R2 < ∞,
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then we say that T is a convolution CZO.
With necessary replacements for 0 < p ≤ 1 case, we obtain the following

statement.

Theorem 4.2. Let 0 ≤ α < 1, 0 < q < ∞, 0 < p ≤ 1, and W ∈ Ap. Suppose
α < ε < 1, N + ε > β/p − n, and T ∈ CZO(N + ε). Then T extends to be a
bounded operator on Ḃαqp (W), provided either of the following holds:
(1) T ∈ WBP , T1 = 0 and T∗(yγ) = 0 for |γ| ≤ max([β/p −n−α],−1); or
(2) T is a convolution CZO.

For the proof, just note that Theorems 9.8 and 9.14 in [19] show that T maps
appropriate atoms into multiples of smooth (δ,M,N)-molecules with δ, M and
N satisfying (M.i)-(M.iii) above.

Remark 4.3. Part (2) of Theorem 4.2 shows that the Hilbert and Riesz trans-
forms are bounded on Ḃαqp (W) if W ∈ Ap, not only for 1 < p < ∞ but also for
0 < p ≤ 1.

We conclude this section with the norm equivalence for wavelet transforms,
i.e., if the ϕ-transform coefficients are replaced with certain wavelet coefficients.

The following theorem is an extension of Theorem 10.2 and Corollary 10.3
in [19] to the case 0 < p ≤ 1. The proof is similar with the new norm equivalence
(1.5) and other replacements such as n/p′ = 0. In its statement, {ψ(i)}, i = 1,
. . . , 2n−1 denotes either Meyer’s wavelets on Rn (see [11] or [12]) or Daubechies
DN compactly supported wavelets (see [3]), for sufficiently large N (the size re-
quired for N is determined by the indices α, q, and p, in order for Daubechies’
wavelets to have the necessary smoothness and number of vanishing moments).

Theorem 4.4. Let 0 < p ≤ 1 and suppose W ∈ Ap. Also let α ∈ R and
0 < q ≤ ∞. Then

‖ ~f ‖Ḃαqp (W) ≈
2n−1∑
i=1

‖{〈 ~f ,ψ(i)Q 〉}Q‖ḃαqp (W).

5. DUALITY

In order to characterize dual spaces of matrix-weighted Besov spaces, we use the
technique of reducing operators, and then introduce a new notation in order to
express duals directly in terms of the matrix weight. When we say X∗ ≈ Y with
the pairing 〈x,y〉 = . . . , we mean that for every y ∈ Y , the map x → 〈x,y〉
is a bounded linear functional on X with norm equivalent to ‖y‖Y , and every
bounded linear functional on X is of this form for some y ∈ Y .

Reducing operators. Given a matrix weight W , we define

ρp,Q(x) =
(

1
|Q|

∫
Q
‖W 1/p(t)x‖p dt

)1/p
,
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for all dyadic cubes Q. For 1 ≤ p < ∞, ρp,Q is a norm on Cm. For 0 < p ≤ 1,
ρp,Q is a quasi-norm, which also satisfies that the pth power is sub-additive:

(5.1) (ρp,Q(x +y))p ≤ (ρp,Q(x))p + (ρp,Q(y))p.
We say that {AQ}Q∈D is a sequence of reducing operators of order p for W if
each AQ is a positive definite matrix satisfying ρp,Q(x) ≈ ‖AQ(x)‖, with equiv-
alence constants independent of x ∈ Cm and Q ∈ D. As observed in [29], for
1 ≤ p < ∞, any matrix weight has a sequence of reducing operators of order
p, by a theorem of Fritz John ([10], or see [17, Chapter 3]) that any norm in a
finite-dimensional space is equivalent to a norm of the form ρ(x) = ‖Ax‖, with
equivalence constants depending only on the dimension.

For the case 0 < p < 1, it takes a little more to prove the existence of reducing
operator sequences. Given W and hence ρp,Q, let C = {x ∈ Cm : ρp,Q(x) < 1}
be the unit ball associated to ρp,Q. Since ρp,Q is a quasi-norm, C may not be
convex. Let D be the convex hull of C. The key point is that D ⊆ (2m +
1)1/p−1C. Assuming this for the moment, let q(x) = inf{t > 0 : x/t ∈ D}
be the norm defined by the Minkowski functional of D. Then the unit ball of
q is D, and the containments C ⊆ D ⊆ (2m + 1)1/p−1C guarantee that ρp,Q
and q are equivalent, with constants depending only on p and the dimension m.
Applying John’s theorem to q yields the existence of the desired reducing operator
AQ. To prove the asserted containment, let x ∈ D. Since D ⊂ Cm ≈ R2m, a
classical theorem of Carathéodory ([2], or see e.g., [30, p. 55]) states that x can
be written as a convex combination of no more than 2m + 1 points of C, say
x =∑2m+1

j=1 αjxj . Then by (5.1),

(ρp,B(x))p ≤
2m+1∑
j=1

(ρp,B(αjxj))p =
2m+1∑
j=1

αpj (ρp,B(xj))
p <

2m+1∑
j=1

αpj ,

since each xj belongs to the unit ball of ρp,B . Applying Hölder’s inequality with
exponents s = 1/p and s′ = 1/(1− p), we obtain

(ρp,B(x))p ≤
2m+1∑
j=1

αj
( 2m+1∑
j=1

1
)1−p = (2m+ 1)1−p.

Any matrix-weighted space has a correspondent “reducing operator” space,
which is easier to study, since instead of dealing with matrix weights, we con-
sider a sequence of matrices constant on dyadic cubes, and establish properties of
Besov spaces with such sequences. Using the correspondence between the matrix-
weighted space and the reducing operator space, we obtain desired results for the
initial spaces. Denote byRSD (reducing sequences) the collection of all sequences
{AQ}Q∈D of nonnegative-definitem×m complex valued matrices.

Definition (Averaging matrix-weighted Besov space ḃαqp ({AQ})). Let
{AQ}Q ∈ RSD and α ∈ R, 0 < q ≤ ∞, 0 < p ≤ ∞. Define
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ḃαqp ({AQ}) =
{
~s = {~sQ}Q :

‖{~sQ}Q‖ḃαqp ({AQ}) =
∥∥∥{2να

∥∥∥ ∑
Q∈Dν

|Q|−1/2 ‖AQ~sQ‖χQ
∥∥∥
Lp

}
ν

∥∥∥
lq
<∞

}
.

For p > 1, ḃαqp ({AQ}) was defined and studied in [20]. Observe that

(5.2) ‖{~sQ}Q‖ḃαqp ({AQ}) = ‖{AQ~sQ}Q‖ḃαqp (Cm),

where ḃαqp (Cm) is the unweighted sequence Besov space, i.e., ḃαqp (W) with W =
I. The correspondence between sequence Besov spaces is as follows.

Lemma 5.1. If W is a matrix weight and {AQ}Q is a sequence of reducing
operators of order p for W , then for α ∈ R, 0 < q ≤ ∞, and 0 < p < ∞, we have
‖{~sQ}Q‖ḃαqp (W) ≈ ‖{~sQ}Q‖ḃαqp ({AQ}).

The proof is simple and follows as in [19, Lemma 7.1], for the case 1 < p <
∞.

Duality of discrete Besov spaces. Using reducing operators we can find the
dual of ḃαqp (W). We begin with the unweighted case. The continuous analogue
of the following result is standard, but the elementary proof in the discrete case is
not in the literature, as far as we know.

Lemma 5.2. Let α ∈ R, 0 < q <∞, 0 < p ≤ 1. Then

(5.3) [ḃαqp (Cm)]∗ ≈ ḃ−α+n(1/p−1),q′
∞ (Cm),

with the pairing 〈~s, ~t 〉 =∑Q∈D〈~sQ, ~tQ〉.
Proof. It suffices to consider the casem = 1. Let γ = −α+n(1/p− 1). For

the embedding ḃγq
′

∞ ⊆ [ḃαqp ]∗, observe that for s = {sQ}Q and t = {tQ}Q we
have

|〈s, t〉| ≤
∑
ν∈Z

∑
Q∈Dν

|sQ| |tQ|

=
∑
ν∈Z

∑
Q∈Dν

|Q|−1/2+1/p |sQ| |Q|−1/p+1/2|tQ|

≤
∑
ν∈Z

( ∑
Q∈Dν

(
|Q|−1/2+1/p |sQ|

)p)1/p
2νn(1/p−1) sup

Q∈Dν
(|Q|−1/2 |tQ|)

≤
∑
ν∈Z

2να
∥∥∥ ∑
Q∈Dν

|Q|−1/2sQχQ
∥∥∥
Lp

∥∥∥2ν(−α+n(1/p−1))
∑
Q∈Dν

|Q|−1/2tQχQ
∥∥∥
L∞

≤ ‖{sQ}Q‖ḃαqp ‖{tQ}Q‖ḃγq′∞
,
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by Hölder’s inequality for q ≥ 1 and the embedding ḃαqp ↩ ḃα1
p for q < 1.

For the other direction, suppose ` ∈ [ḃαqp (C)]∗. Because the sequences with
only finitely many non-zero components are dense in ḃαqp , there exists a sequence
t = {tQ}Q such that `(s) = ∑Q sQtQ for all s ∈ ḃαqp . Suppose first that 1 < q <
∞. From the definitions, we get that

‖t‖ḃγq′∞ (C) =
( ∑
ν∈Z

2−ν(α+n/2−n/p)q
′

sup
Q∈Dν

|tQ|q′
)1/q′

,

which we want to show is bounded by c‖`‖. For each ν ∈ Z we select one
k(ν) such that |tQνk(ν)| ≥ 1

2 supQ∈Dν |tQ|. We define a sequence s = {sQ}Q by
setting sQνk(ν) = 2−ν(α+n/2−n/p)q′ |tQνk(ν)|q′−1sgn (tQνk(ν)) if Q ∈ {Qνk(ν)}ν∈Z,
and sQ = 0 otherwise. Then

‖s‖ḃαqp =
( ∑
ν∈Z
(2ν(α+n/2−n/p)|sQνk(ν)|)q

)1/q

=
( ∑
ν∈Z
(2−ν(α+n/2−n/p)|tQνk(ν)|)(q

′−1)q
)1/q ≈ ∥∥t∥∥q′/q

ḃγq
′

∞
,

by the choice of k(ν) and the relation (q′ − 1)q = q′. Hence,

∥∥t∥∥q′
ḃγq

′
∞
≈
∑
ν∈Z

2−ν(α+n/2−n/p)q
′ |tQνk(ν)|q

′

= 〈s, t〉 ≤ ‖`‖‖s‖ḃαqp ≤ c‖`‖∥∥t∥∥q′/q
ḃγq

′
∞
.

Dividing and using the relation q′(1 − 1/q) = 1 yields ‖t‖ḃγq′∞
≤ c‖`‖, as de-

sired. (Strictly speaking, we should truncate s so that the sum over ν is finite,
apply the above argument to obtain an estimate as above for the correspondingly
truncated version of t, and then take the supremum over all truncations to obtain
the complete estimate.)

The case 0 < q ≤ 1 is simpler. Then ‖t‖ḃγ∞∞ (C) = supQ(|Q|−γ/n−1/2|tQ|).
Select P dyadic such that |P |−γ/n−1/2|tP | ≥ 1

2‖t‖ḃγ∞∞ . Let s = {sQ}Q satisfy
sP = |P |−γ/n−1/2sgn (tP ) and sQ = 0 for Q ≠ P . Then, by the definition of γ,
‖s‖ḃαqp = |P |−α/n−1/2+1/p|sP | = 1. Thus,

‖t‖ḃγ∞∞ ≈ |P |−γ/n−1/2 |tP | = 〈s, t〉 ≤ ‖`‖‖s‖ḃαqp = ‖`‖. ❐

Reducing operators allow us to reduce the calculation of [ḃαqp (W)]∗ to the un-
weighted case just considered.
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Theorem 5.3. Let α ∈ R, 0 < q < ∞, 0 < p ≤ 1, and let {AQ}Q ∈ RSD be
a sequence of reducing operators of order p for a matrix weight W . Then

[ḃαqp (W)]∗ ≈ ḃ−α+n(1/p−1),q′
∞ ({A−1

Q }),

with the pairing 〈~s, ~t 〉 =∑Q∈D〈~sQ, ~tQ〉.
Proof. By Lemma 5.1, it suffices to show

[ḃαqp ({AQ})]∗ ≈ ḃ−α+n(1/p−1),q′
∞ ({A−1

Q }).

This result follows easily from (5.2), Lemma 5.2, and the identity 〈~sQ, ~tQ〉 =
〈AQ~sQ,A−1

Q ~tQ〉. ❐

Our next question is whether it is possible to express ḃ−α+n(1/p−1),q′
∞ ({A−1

Q })
in terms ofW . However, we need to introduce a new notation for matrix-weighted
Besov spaces, since it seems we don’t yet have enough indices.

Definition (uncorrelated matrix-weighted discrete Besov space). Let W be a
matrix weight, α ∈ R, 0 < q ≤ ∞, 0 < r < ∞, and 0 < p ≤ ∞. The uncorrelated
Besov space ḃαqpr (W) consists of all vector-valued sequences ~s such that

‖~s ‖ḃαqpr (W) =
∥∥∥{2να

∥∥∥ ∑
Q∈Dν

|Q|−1/2 ‖W 1/r (t)~sQ‖χQ(t)
∥∥∥
Lp(dt)

}
ν

∥∥∥
lq
<∞.

Note that for p < ∞, ḃαqpr (W) = ḃαqp (Wp/r ), so in particular, ḃαqpp(W) =
ḃαqp (W) and

(5.4) ḃ−αq
′

p′ (W−p′/p) = ḃ−αq′p′p (W
−1),

where p′ is the conjugate index for p.
This notation will allow us to characterize duals of ḃαqp (W) in terms of matrix

weights. We begin with the following lemma.

Lemma 5.4. Suppose 0 < p ≤ 1,W ∈ Ap, and {AQ}Q is a sequence of reducing
operators of order p for W . Then for every Q ∈ D and every z ∈ Cm,

‖A−1
Q z‖ ≈ ess sup

t∈Q
‖W−1/p(t)z‖,

with equivalence constants independent of Q and z.
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Proof. For z ∈ Cm,

‖A−1
Q z‖ = sup

y∈Cm
|〈z,y〉|
‖AQy‖

= sup
y∈Cm

1
‖AQy‖

(∫
Q
|〈W−1/p(t)z,W 1/p(t)y〉|p dt|Q|

)1/p

≤ ess sup
t∈Q

‖W−1/p(t)z‖ sup
y∈Cm

(∫
Q
‖W 1/p(t)y‖p dt|Q|

)1/p

‖AQy‖
≈ ess sup

t∈Q
‖W−1/p(t)z‖.

On the other hand, for a.e. t ∈ Q,

‖AQW−1/p(t)‖ = ‖W−1/p(t)AQ‖ ≤
∥∥W∥∥pAp ,

since AQ and W−1/p(t) are self-adjoint operators. Letting z = AQy , we obtain

‖W−1/p(t)z‖ ≤ ∥∥W∥∥pAp‖A−1
Q z‖ for a.e. t ∈ Q,

or, equivalently,

ess sup
t∈Q

‖W−1/p(t)z‖ ≤ ∥∥W∥∥pAp‖A−1
Q z‖. ❐

Lemma 5.5. Let α ∈ R, 0 < q ≤ ∞ and 0 < p ≤ 1. If W ∈ Ap and {AQ}Q
is a sequence of reducing operators of order p for W , then ḃαq∞p(W−1) ≈ ḃαq∞ ({A−1

Q }),
with equivalent norms.

Proof. By Lemma 5.4,∥∥∥ ∑
Q∈Dν

|Q|−1/2 ‖A−1
Q ~sQ‖χQ

∥∥∥
L∞
= sup
Q∈Dν

|Q|−1/2 ‖A−1
Q ~sQ‖

≈ sup
Q∈Dν

|Q|−1/2 ess sup
t∈Q

‖W−1/p(t)~sQ‖

=
∥∥∥ ∑
Q∈Dν

|Q|−1/2 ‖W−1/p~sQ‖χQ
∥∥∥
L∞
.

Multiplying by 2να and taking the `q norm in ν yields

‖~s ‖ḃαq∞ ({A−1
Q }) ≈ ‖~s ‖ḃαq∞p(W−1). ❐
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We state the following characterization for the entire range of p.

Theorem 5.6. Let W ∈ Ap, 0 < p < ∞, α ∈ R, and 0 < q <∞. Then

(5.5) [ḃαqp (W)]∗ ≈ ḃγq
′

p′p(W
−1),

where γ = −α if p ≥ 1, γ = −α + n(1/p − 1) if p < 1, and p′ = ∞ for p ≤ 1,
with the pairing 〈~s, ~t 〉 =∑Q∈D〈~sQ, ~tQ〉.

Proof. For p > 1, (5.5) is a rephrase of Theorem A2 in [20] using a new
notation or (5.4). For 0 < p ≤ 1, it follows immediately from Theorem 5.3 and
Lemma 5.5. ❐

Duality of continuous Besov spaces. First we define the averaging Besov
spaces for p < 1.

Definition (Averaging matrix-weighted Besov space Ḃαqp ({AQ})). For α ∈ R,
0 < p ≤ 1, 0 < q ≤ ∞, {AQ}Q ∈ RSD, and ϕ ∈A, the Besov space Ḃαqp ({AQ})
is the collection of all vector-valued distributions ~f = (f1, . . . , fm)T with fi ∈
S′/P(Rn), 1 ≤ i ≤m, such that

‖ ~f ‖Ḃαqp ({AQ}) =
∥∥∥{2να

∥∥∥ ∑
Q∈Dν

‖AQ · (ϕν ∗ ~f )‖χQ
∥∥∥
Lp

}
ν

∥∥∥
lq
<∞.

We will see that this space is well-defined (i.e., independent of ϕ ∈ A),
if {AQ}Q is a sequence of reducing operators of order p for an a.e. invertible
doubling matrix weight.

We remark that if W is an a.e. invertible doubling matrix weight of or-
der p and {AQ}Q is a sequence of reducing operators of order p for W , then
‖AQνkA−1

Qν`‖p ≤ c(1 + |k − `|)β, for all ν ∈ Z and all k, ` ∈ Zn, where β is
the doubling exponent of W , and c is independent of ν, k, and `. In fact, more
general estimates involving different levels hold, but we will need only to observe
that for |ν − µ| ≤ 1,

(5.6) ‖AQνkA−1
Qµ`‖p ≤ c(1+ 2ν |xQνk − xQµ` |)β.

To see (5.6), let wy(t) denote the scalar measure ‖W 1/p(t)y‖p and observe that
‖AQy‖p ≈ wy(Q)/|Q|, by the definition of reducing operators. Hence, the
estimate ‖AQνky‖p ≤ c(1+2ν |xQνk−xQµ` |)β‖AQµ`y‖p, for all y ∈ Cm, follows
from the uniform doubling property ofwy (see (2.3) with µ(t) = wy(t)). Letting
y = A−1

Qµ`x yields (5.6).
The relation between the matrix-weighted Besov spaces Ḃαqp (W) and the av-

eraging spaces Ḃαqp ({AQ}) is as suggested by Lemma 5.1.
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Lemma 5.7. Let α ∈ R, 0 < q ≤ ∞, and 0 < p <∞. If W ∈ Ap and {AQ}Q
is a sequence of reducing operators of order p for W , then

Ḃαqp (W) ≈ Ḃαqp ({AQ}),

with equivalent norms.

Proof. For p > 1, this is proved in [20, Section 5]. Assume 0 < p ≤ 1.
Observe that for ~g ∈ Eν ,∥∥∥ ∑

Q∈Dν
‖AQ~g ‖χQ

∥∥∥p
Lp

≈
∑
Q∈Dν

∫
Q

∫
Q
‖W 1/p(s)~g(t)‖p ds|Q| dt

=
∑
Q∈Dν

∫
Q

∫
Q
‖W 1/p(s)W−1/p(t)W 1/p(t)~g(t)‖p ds|Q| dt

≤ ‖W‖Ap
∑
Q∈Dν

∫
Q
‖W 1/p(t)~g(t)‖p dt = ‖W‖Ap

∥∥~g ∥∥pLp(W).
Taking ~g = ϕν ∗ ~f , multiplying by 2να, and taking the `q norm over ν ∈ Z,
yields Ḃαqp (W) ⊆ Ḃαqp ({AQ}).

Similarly, for the other direction we need to prove that

‖~g ‖Lp(W) ≤ c
∑
Q∈Qν

∫
Q
‖AQ~g(t)‖p dt,

for ~g ∈ Eν , which we do by considering the ν = 0 case and then dilating. Using
the identity (3.4) for ~g ∈ E0 with k replaced by t, and thus, getting a similar
estimate to (3.6), we obtain

∑
k∈Zn

∫
Q0k

‖W 1/p(t)~g(t)‖p dt ≤ c
∑
`∈Zn

∫
Q0`

∫
Q0`

‖W 1/p(t)~g(y)‖p dt dy

≤ c
∑
Q∈Dν

∫
Q
‖AQ~g(y)‖p dy,

as desired, with ν = 0. ❐

We require analogues of Theorem 3.1 and Theorem 3.4 for the averaging spaces,
as follows.

Theorem 5.8. Let α ∈ R, 0 < p ≤ 1, 0 < q ≤ ∞, let W be a doubling matrix
of order p, ϕ ∈ A, and let {AQ}Q be a sequence of reducing operators of order p for
W .
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(i) Suppose {mQ}Q is a family of smooth molecules for Ḃαqp (W). Then∥∥∥ ∑
Q∈D

~sQmQ

∥∥∥
Ḃαqp ({AQ}) ≤ c‖{~sQ}Q‖ḃαqp ({AQ}),(5.7)

and ∥∥∥ ∑
Q∈D

~sQϕQ
∥∥∥
Ḃαq∞ ({A−1

Q })
≤ c‖{~sQ}Q‖ḃαq∞ ({A−1

Q }).(5.8)

(ii) For ~sQ = 〈 ~f ,ϕQ〉, we have

‖{~sQ}Q‖ḃαqp ({AQ}) ≤ c‖ ~f ‖Ḃαqp ({AQ}),(5.9)

and

‖{~sQ}Q‖ḃαq∞ ({A−1
Q }) ≤ c‖ ~f ‖Ḃαq∞ ({A−1

Q }).(5.10)

Proof. The proofs of (5.7) and (5.9) follow along the same lines as Lemmas
4.4 and 4.6 and Corollaries 4.5 and 4.8 in [20], with minor modifications. We
will only require (5.7) and (5.9) for the case where W ∈ Ap, in which case they
follow immediately from Theorems 3.1 and 3.4 and Lemmas 5.1 and 5.7.

To prove (5.8), define Bν = supQ∈Dν 2να|Q|−1/2‖A−1
Q ~sQ‖, so that

‖{~sQ}Q‖ḃαq∞ ({A−1
Q }) = ‖{Bν}ν∈Z‖`q .

Then for x ∈ Q, where `(Q) = 2−ν , we have

2να
∥∥∥A−1

Q

(
ϕν ∗

∑
P∈D

~sPϕP
)
(x)

∥∥∥ = 2να
∥∥∥ ν+1∑
µ=ν−1

∑
P∈Dµ

A−1
Q ~sP(ϕν ∗ϕP)(x)

∥∥∥,
because ϕν ∗ϕP = 0 unless `(P) = 2−µ satisfies |µ − ν| ≤ 1, by the support
assumption on ϕ̂ for ϕ ∈ A. Since ϕ ∈ S, we obtain the estimate |(ϕν ∗
ϕP)(x)| ≤ cM |P |−1/2(1 + 2µ|x − xP |)−M , for any M > 0, where xP = 2−µk if
P = Qµk. Hence, for x ∈ Q and M taken sufficiently large,

2να
∥∥∥ ν+1∑
µ=ν−1

∑
P∈Dµ

A−1
Q ~sP(ϕν ∗ϕP)(x)

∥∥∥
≤ c

ν+1∑
µ=ν−1

2(ν−µ)α
∑
P∈Dµ

‖A−1
Q AP‖2µα |P |−1/2 ‖A−1

P ~sP‖(1+ 2µ|xQ − xP |)−M

≤ c
ν+1∑
µ=ν−1

Bµ
∑
P∈Dµ

‖A−1
Q AP‖(1+ 2µ|xQ − xP |)−M ≤ c(Bν−1 + Bν + Bν+1),
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by (5.6). Therefore,

2να sup
Q∈Dν

ess sup
x∈Q

∥∥∥A−1
Q

(
ϕν ∗

∑
P∈D

~sPϕP
)
(x)

∥∥∥ ≤ c(Bν−1 + Bν + Bν+1).

Taking the `q norm over ν ∈ Z yields (5.8).
For (5.10), note that 〈 ~f ,ϕQ〉 = |Q|1/2(ϕ̃ν ∗ ~f )(xQ), where ϕ̃ν(x) ≡

ϕν(−x). Hence, the continuity of ϕ̃ν ∗ ~f guarantees that

sup
Q∈Dν

‖A−1
Q (ϕ̃ν ∗ ~f )(xQ)‖ ≤ sup

Q∈Dν
ess sup
x∈Q

‖A−1
Q (ϕ̃ν ∗ ~f )(x)‖.

Multiplying by 2ν(α+n/2) and taking the `q norm over ν ∈ Z yields

‖{~sQ}Q‖ḃαq∞ ({A−1
Q }) ≤ ‖ ~f ‖Ḃαq∞ ({A−1

Q },ϕ̃),

where the last norm is in the space defined with respect to the admissible kernel
ϕ̃. Using (5.8) as in [19, pp. 292-293], we can replace ϕ̃ with ϕ and obtain
(5.10). ❐

A more general version of (5.8), with appropriate molecules mQ in place of ϕQ,
can be proved with some extra effort, but we will not need this result. Also, as in
[19, pp. 292-293], we obtain the independence of the spaces Ḃαqp ({AQ}) from
the choice of ϕ ∈A.

Theorem 5.9. Let 0 < p ≤ 1, 0 < q <∞, α ∈ R, W ∈ Ap, and let {AQ}Q be
a sequence of reducing operators of order p for W . Then

[Ḃαqp (W)]∗ ≈ Ḃ−α+n(1/p−1),q′
∞ ({A−1

Q }),

with the pairing 〈 ~f , ~g 〉 = ∫Rn〈 ~f(x), ~g(x)〉dx.

Proof. By Lemma 5.7, [Ḃαqp (W)]∗ ≈ [Ḃαqp ({AQ})]∗. Let γ = −α+n(1/p−
1). We first prove the embedding [Ḃαqp ({AQ})]∗ ⊆ Ḃγq

′
∞ ({A−1

Q }).
Let ` ∈ [Ḃαqp ({AQ})]∗. For each Q dyadic and i = 1, 2, . . . , m, let ~ψ(i)Q

be the vector-valued function whose ith component is ψQ and all of whose other
components are 0. Define ~ϕ(i)

Q in the same way, with ϕ in place of ψ. Let

t(i)Q = `( ~ψ(i)Q ) and let ~tQ = (t(1)Q , t(2)Q , . . . , t(m)Q )T . Then for ~f ∈ Ḃαqp ({AQ}), the
ϕ-transform identity reads

~f =
∑
Q,i
〈 ~f , ~ϕ(i)

Q 〉 ~ψ(i)Q .
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Hence, taking ` inside the sum, which is permissible because the sum converges
in norm,

`( ~f ) =
∑
Q,i
〈 ~f , ~ϕ(i)

Q 〉`( ~ψ(i)Q ) =
∑
Q,i
〈 ~f , ~ϕ(i)

Q 〉t(i)Q

=
〈
~f ,
∑
Q,i
t(i)Q ~ϕ(i)

Q

〉
=
〈
~f ,
∑
Q∈D

~tQϕQ
〉
.

Therefore, ` is represented by the distribution ~g =∑Q∈D ~tQϕQ.
Letting ~t = {~tQ}Q, we have

‖g‖Ḃγq′∞ ({A−1
Q })

≤ C‖~t ‖ḃγq′∞ ({A−1
Q })
,

by (5.8). By the duality [ḃαqp ({AQ})]∗ ≈ ḃγq
′

∞ ({A−1
Q }) (see Lemma 5.1 and

Theorem 5.3),
‖~t ‖ḃγq′∞ ({A−1

Q })
≤ C · sup

‖~s ‖ḃαqp ({AQ})
≤1
|〈~s, ~t 〉|.

But

|〈~s, ~t 〉| =
∑
Q∈D

〈~sQ, ~tQ〉 =
∣∣∣∑
Q,i
s(i)Q t

(i)
Q

∣∣∣ = ∣∣∣∑
Q,i
s(i)Q `( ~ψ

(i)
Q )

∣∣∣
=
∣∣∣`(∑

Q,i
sQ,i ~ψ

(i)
Q

)∣∣∣ = ∣∣∣`( ∑
Q∈D

~sQψQ
)∣∣∣

≤ ‖`‖
∥∥∥ ∑
Q∈D

~sQψQ
∥∥∥
Ḃαqp ({AQ}) ≤ C‖`‖‖~s ‖ḃαqp ({AQ}),

using (5.7). Thus, we have that g ∈ Ḃγq′∞ ({A−1
Q }) with ‖g‖Ḃγq′∞ ({A−1

Q })
≤ c‖`‖, as

desired.
We now prove Ḃγq

′
∞ ({A−1

Q }) ⊆ [Ḃαqp ({AQ})]∗. Suppose ~f ∈ Ḃαqp ({AQ}) and

~g ∈ Ḃγq′∞ ({A−1
Q }). Then, using Lemma 5.1 and Theorem 5.3, we get

|〈 ~f , ~g 〉| =
∣∣∣〈 ∑

Q∈D
〈 ~f ,ϕQ〉ψQ, ~g

〉∣∣∣ = ∣∣∣ ∑
Q∈D

〈〈 ~f ,ϕQ〉, 〈~g,ψQ〉〉∣∣∣
≤ C‖{〈 ~f ,ϕQ〉}Q‖ḃαqp ({AQ}) ‖{〈~g,ψQ〉}Q‖ḃγq′∞ ({A−1

Q })

≤ C‖ ~f ‖Ḃαqp ({AQ}) ‖~g ‖Ḃγq′∞ ({A−1
Q })
,

by (5.9) and (5.10) (applied with ψ in place of ϕ), as desired. ❐

As in the discrete case, we need to extend the Besov space notation to four indices
to express the dual of Ḃαqp (W) explicitly in terms of W .
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Definition (uncorrelated matrix-weighted continuous Besov space). Let α ∈
R, 0 < q ≤ ∞, 0 < r < ∞, 0 < p ≤ ∞, and let W be a matrix weight. Then the
uncorrelated Besov space Ḃαqpr (W) is the collection of all vector-valued distributions
~f with fi ∈ S′/P(Rn), 1 ≤ i ≤m, such that

‖ ~f ‖Ḃ αqp r (W) =
∥∥∥{2να

∥∥∥W 1/r ·
(
ϕν ∗ ~f

)∥∥∥
Lp

}
ν

∥∥∥
lq
< ∞.

What is important for us is the following relation.

Lemma 5.10. Let α ∈ R, 0 < q ≤ ∞ and 0 < p ≤ 1. If W ∈ Ap and {AQ}Q
is a sequence of reducing operators of order p for W , then

Ḃαq∞p(W−1) ≈ Ḃαq∞ ({A−1
Q }).

Proof. As noted in the proof of Lemma 5.4, for almost every t ∈ Q, we have

‖W−1/p(t)AQ‖ = ‖AQW−1/p(t)‖ ≤ ‖W‖Ap .

Hence, for a.e. t ∈ Q,

‖W−1/p(t)(ϕν ∗ ~f )(t)‖ = ‖W−1/p(t)AQA−1
Q (ϕν ∗ ~f )(t)‖

≤ ‖W‖Ap‖A−1
Q (ϕν ∗ ~f )(t)‖.

Hence,

‖W−1/p(ϕν ∗ ~f )‖L∞ = sup
Q∈Dν

ess sup
t∈Q

‖W−1/p(t)(ϕν ∗ ~f )(t)‖

≤ ‖W‖Ap sup
Q∈Dν

ess sup
t∈Q

‖A−1
Q (ϕν ∗ ~f)(t)‖

= ‖W‖Ap
∥∥∥ ∑
Q∈Dν

‖A−1
Q (ϕν ∗ ~f )‖χQ

∥∥∥
L∞
.

Multiplying by 2να and taking the `q norm in ν yields

‖ ~f ‖Ḃαq∞p(W−1) ≤ ‖W‖Ap ‖ ~f ‖Ḃαq∞ ({A−1
Q }).

For the opposite embedding we use Lemma 5.4 and (3.5) to get, for ~g ∈ E0,
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∥∥∥ ∑
Q∈D0

A−1
Q ~g χQ

∥∥∥p
L∞

= sup
`∈Zn

sup
s∈Q0`

‖A−1
Q0`
~g(s)‖p ≤ sup

`∈Zn
sup
s∈Q0`

ess sup
t∈Q0`

‖W−1/p(t)~g(s)‖p

≤ c sup
`∈Zn

sup
s∈Q0`

ess sup
t∈Q0`

∑
m∈Zn

1
(1+ |m− s|)M

∫
Q0m

‖W−1/p(t)~g(y)‖p dy

≤ c sup
`∈Zn

sup
s∈Q0`

ess sup
t∈Q0`

∑
m∈Zn

(1+ |m− `|)β
(1+ |m− s|)M

∫
Q0`

‖W−1/p(t)~g(y)‖p dy

≤ c sup
`∈Zn

ess sup
t∈Q0`

∑
m∈Zn

(1+ |m− l|)β−M∥∥W−1/p(y)~g(y)
∥∥p
L∞

×
∫
Q0`

‖W−1/p(t)W 1/p(y)‖p dy

≤ c∥∥W−1/p ~g
∥∥p
L∞ sup
`∈Zn

ess sup
t∈Q0`

∫
Q0`

‖W−1/p(t)W 1/p(y)‖p dy

≤ c‖W‖Ap
∥∥W−1/p ~g

∥∥p
L∞ ,

by shiftingQ0m toQ0`, using (2.3), and takingM > β+n. By dilation, we obtain
a similar estimate for ~g = ϕν ∗ ~f ∈ Eν . Multiplying by 2να and taking the `q
norm over ν ∈ Z yields the result. ❐

Remark 5.11. With the same assumptions as in the above lemma, we also
have Ḃαq∞p(W) ≈ Ḃαq∞ ({AQ}). (The proof is similar to the proof of Lemmas 5.1
and 5.3 in [20].)

Obviously Theorem 5.9 and Lemma 5.10 imply the following result, which
expresses the dual of Ḃαqp (W) in terms of a space defined directly in terms of W ,
instead of indirectly via the reducing operators associated to W .

Theorem 5.12. Let W ∈ Ap, 0 < p ≤ 1, 0 < q <∞, and α ∈ R. Then

[Ḃαqp (W)]∗ ≈ Ḃ−α+n(1/p−1),q′
∞p (W−1),

with the pairing 〈 ~f , ~g 〉 = ∫Rn〈 ~f(x), ~g(x)〉dx.

6. INHOMOGENEOUS BESOV SPACES FOR 0 < p ≤ 1

Results analogous to those in this paper for the homogeneous Besov spaces Ḃαqp (W)
hold for the inhomogeneous Besov spaces Bαqp (W). The results either follow from
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the results in the inhomogeneous case, or are proved via standard modifications of
the proofs in this paper, along the lines of [19, Section 11].

A pair of kernels (ϕ,Φ) is admissible, (ϕ,Φ) ∈A′, ifϕ ∈A and Φ ∈ S(Rn)
satisfies supp Φ̂ ⊆ {ξ ∈ Rn : |ξ| ≤ 2} and |Φ̂(ξ)| ≥ c > 0 if |ξ| ≤ 5

3 . For
(ϕ,Φ) ∈ A′, α ∈ R, 0 < q ≤ ∞, 0 < p ≤ 1 (the case p > 1 is covered in
[19, Section 11]), and W ∈ Ap, we define the inhomogeneous matrix weighted
Besov space Bαqp (W) to be the set of all ~f = (f (1), f (2), . . . , f (m))T with each
f (i) ∈ S′(Rn), such that

‖ ~f ‖Bαqp (W) = ‖Φ ∗ ~f ‖Lp(W) + ( ∞∑
ν=1

(2να‖ϕν ∗ ~f ‖Lp(W))q
)1/q

<∞.

We consider sequences of the form ~s = {~sQ}Q∈D, `(Q)≤1. For α ∈ R, 0 < q ≤ ∞,
0 < p ≤ 1, and W ∈ Ap, we define the discrete matrix-weighted Besov space
bαqp (W) by restricting the `q norm in the definition of ḃαqp (W) to ν ≥ 0, as
in [19, Definition 11.2]. The inhomogeneous ϕ-transform is the map taking ~f
with components in S′(Rn) to {~sQ( ~f )}Q∈D,`(Q)≤1, where ~sQ( ~f ) is as above for
`(Q) < 1, and ~sQ( ~f ) = 〈 ~f ,ΦQ〉 if `(Q) = 1, where ΦQ(x) = Φ(x − k) for
Q = Q0k.

Theorem 6.1. Let α ∈ R, 0 < q ≤ ∞, 0 < p ≤ 1, and W ∈ Ap. Then

(6.1) ‖ ~f ‖Bαqp (W) ≈ ‖{~sQ( ~f )}Q‖bαqp (W).

The spaces Bαqp (W), for W ∈ Ap, are well-defined (i.e., independent of the
choice of (ϕ,Φ) ∈A′).

For p ≤ 1, we do not expect Calderón-Zygmund operators to be bounded on
Bαqp (W), due to the term ‖Φ∗ ~f ‖Lp(W) in the definition of the norm, and the fact
that such operators are not Lp-bounded (even in the scalar, unweighted case) for
p ≤ 1. So we do not have an analogue of Theorem 4.2.

The bαqp ({AQ}) and bαqpr (W) norms of a sequence ~s = {~sQ}Q∈D,`(Q)≤1 are
defined as for ḃαqp ({AQ}) and ḃαqpr (W), except that the `q-norm is taken over
ν ≥ 0. To define Bαqp ({AQ}) and Bαqpr (W), we consider ~f = (f1, . . . , fm)T with
fi ∈ S′(Rn), we replace ϕ0 with Φ, and take the `q-norm only over ν ≥ 0 in the
definitions of Ḃαqp ({AQ}) and Ḃαqpr (W).

Theorem 6.2. Let α ∈ R, 0 < q < ∞, 0 < p ≤ 1, W ∈ Ap, and let
{AQ}Q∈D,`(Q)≤1 be a sequence of reducing operators of order p for W . Then

[bαqp (W)]∗ ≈ b−α+n(1/p−1),q′
∞ ({A−1

Q }) ≈ b−α+n(1/p−1),q′
∞p (W−1),

with the pairing 〈~s, ~t 〉 =∑Q∈D,`(Q)≤1〈~sQ, ~tQ〉, and

[Bαqp (W)]∗ ≈ B−α+n(1/p−1),q′
∞ ({A−1

Q }) ≈ B−α+n(1/p−1),q′
∞p (W−1),
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with the pairing 〈 ~f , ~g 〉 = ∫Rn〈 ~f(x), ~g (x)〉dx.

7. INSUFFICIENCY OF THE DOUBLING CONDITION

In this section we give an example which shows that the doubling condition is not
in general sufficient to guarantee the norm equivalence (1.5). This example was
shown to us by Fedor Nazarov.

Theorem 7.1. Define the matrix weight W on R with values in the 2 × 2 non-
negative definite matrices by

W(t) =
(

cos2 t cos t sin t
cos t sin t sin2 t

)
.

Then W satisfies the doubling condition of order p for all p ∈ (0,∞), but there exist
ϕ ∈A and f ∈ S(R) such that the inequality

(7.1) ‖{〈f ,ϕQ〉}Q‖ḃαqp (W) ≤ c‖f‖Ḃαqp (W)

fails for every α ∈ R, 0 < q ≤ ∞, and 0 < p <∞.

Proof. A calculation shows that for any z = [ z1
z2

] ∈ C2, we have

(7.2) 〈W(t)z, z〉 = |〈z, et〉|2, where e =
[

cos t
sin t

]
,

which demonstrates the non-negative definiteness of W(t). Note that W(t) is
unitarily similar to the matrix A =

(
1 0
0 0

)
; in fact W(t) = UtAU−1

t where

Ut =
(

cos t − sin t
sin t cos t

)
.

It follows that W(t)r = W(t) for every r > 0.
To see that W is doubling of order p, we can assume y is real (because W is

real) and ‖y‖ = 1 in (2.1), say y = (sinα, cosα)T . Then

‖W 1/p(t)y‖2 = ‖W 1/2(t)y‖2 = 〈W(t)y,y〉 = |〈y, et〉|2
= |y1 cos t +y2 sin t|2 = | sin(t +α)|2.

Thus, (2.1) reduces to
∫
B2δ(z) | sin(t + α)|p dt ≤ c

∫
Bδ(z) | sin(t + α)|p dt. Since

z is arbitrary, we may assume that α = 0, and this amounts to showing that
w(t) = | sin t|p is a doubling measure on R. This is elementary: we only need
to consider δ very small, and then we need only consider z very close to 0. But
in this region sin t is well approximated by t, and the estimates follow from the
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standard fact that w(t) = |t|p is doubling (which holds for p > −1). From the
case z = 0 and δ → 0, we see that the doubling constant of order p is at least
2p+1.

We will select our test functions ϕ and f such that ϕν ∗ f = 0 for ν ≠ 0,
hence ‖f‖Ḃαqp (W) reduces to ‖ϕ0 ∗ f‖Lp(W) = ‖W 1/p(ϕ0 ∗ f)‖Lp(R). We will
choose f so that

ϕ0 ∗ f =
[

sin t
cos t

]
γ(t),

where γ ∈ S(R). Then sinceW 1/p = W , a direct calculation shows thatW 1/p(t)(ϕ0∗
f)(t) = 0 for every t (or, note that

‖W 1/p(ϕ0 ∗ f)‖2 = ‖W 1/2(ϕ0 ∗ f)‖2 = 〈W 1/2(ϕ0 ∗ f),W 1/2(ϕ0 ∗ f)〉
= 〈W(ϕ0 ∗ f), (ϕ0 ∗ f)〉 = |〈(ϕ0 ∗ f), et〉|2 = 0,

by (7.2)). Hence, the right side of (7.1) is 0.
We will select ϕ such that ϕ = ϕ̃, so the pth power of the left side of

(7.1) will reduce to
∑
k∈Z

∫ k+1
k ‖W 1/p(t)(ϕ0 ∗ f)(k)‖p dt, because 〈f ,ϕQνk〉 =

2−ν/2(ϕ̃ν ∗f)(2−νk) = 2−ν/2(ϕν ∗f)(2−νk), which is 0 for ν ≠ 0. Notice that

‖W 1/p(t)(ϕ0 ∗ f)(k)‖2 = ‖W 1/2(t)(ϕ0 ∗ f)(k)‖2

= 〈W(t)(ϕ0 ∗ f)(k), (ϕ0 ∗ f)(k)〉

=
∣∣∣∣∣
〈[
− sink
cosk

]
γ(k), et

〉∣∣∣∣∣
2

= |(− sink cos t + cosk sin t)γ(k)|2
= | sin(t − k)γ(k)|2.

Hence, the pth power of the left side of (7.1) is

∑
k∈Z

∫ k+1

k
| sin(t − k)γ(k)|p dt =

∑
k∈Z

|γ(k)|p
∫ 1

0
| sin t|p dt.

Since γ is of small exponential type and not identically 0, we must have γ(k) ≠ 0
for some k (γ is determined by {γ(k)}k∈Z by the Shannon sampling formula,
as in the first line of the proof of Lemma 3.3). Hence, the left side of (7.1) is
non-zero.

It remains to choose ϕ and f as described. We can select ϕ so that ϕ̂ is
real (hence ϕ̃ = ϕ) and ϕ̂ is identically 1 in I−1 = (−1 − δ,−1 + δ) and I1 =
(1 − δ,1 + δ) for sufficiently small δ. From the condition

∑
ν |ϕ̂(2νξ)|2 = 1,

it follows that ϕ̂ν = 0 on I−1 and I1 for ν ≠ 0. We let γ ∈ S be such that γ̂ is
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supported in (−δ,δ). We then set

f =
[
− sin t
cos t

]
γ(t).

Then the second component f2 of f satisfies

f̂2(ξ) = (cos tγ(t)) (̂ξ) = 1
2
[(eit + e−it)γ(t)] (̂ξ) = 1

2
(γ̂(ξ − 1)+ γ̂(ξ + 1)).

Hence, f̂2 is supported in I−1 ∪ I1, so ϕ0 ∗ f2 = f2 = γ(t) cos t, as desired, and
ϕν ∗ f2 = 0 for ν ≠ 0. The argument for the first component of f is similar. ❐

Observe that the matrix W(t) is singular for every t, hence, W ∉ Ap for every p.
Moreover, because the doubling exponent βp of order p for W is at least p + 1,
we see that the condition p > βp of Theorem 1.6 in [19] fails in this example for
all p.
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