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THEORY OF THE RADON TRANSFORM

The development of this section is based primarily on [3], and to a lesser extent on [1] and [2]. The alternate inversion
formula comes from [4] and [1].

The Radon Transform, often called the X-ray transform for its obvious connection to X-ray imaging and its central
importance in X-ray computed tomography (CT), also plays a role in MRI. Although the most common method of creating
an image in MRI is to collect Fourier transform data, some machines instead collect two- or three-dimensional Radon
Transform data in what is called the projection reconstruction (PR) method.

1. DEFINITION AND BASIC PROPERTIES

Recall from our discussion of polar notation that S™~! is the set of vectors in real n-space with norm 1; in particular,
St is the unit circle in the plane. For a particular w € S* and r > 0, let I,.,, = {z € R? : 2 - w = r}. If we choose a unit
vector wt orthogonal to w such that

w1 w2
=1.
det ( g )

(There are two vectors orthogonal to w in R?. For the purposes of simply defining the Radon transform it matters not
which we use—see exercises—but for some of the theorems it is useful to consistently choose w to point in the same
direction relative to w.) Note that this line can be parameterized by the function [ : R — R?,

I(t) = rw + twt.

Definition 1. Let f be a bounded, piecewise continuous function with compact support in R?. The Radon Transform of
f is the function Rf : R x L! defined by

Rf(r,w):/l f:/Rf(rw—i—twl)dt.

Remark 2. Clearly, by linearity of the integral, the Radon transform is linear. Also, because the inner product is linear,
it follows that I, ., = [_, _, so that the Radon transform is even. Finally, it is clear from the formula as an integral that
if f >0, then Rf > 0. The support properties of Rf follow from the definition: if f(x) =0 for || > R, then Rf(r,w) is
zero whenever |r| > R.

Thus far, we have confined our definition of the Radon transform to bounded, piecewise continuous functions. In fact,
it can be defined for all L' functions, with the caveat that it need only be defined for almost every (r,w) pair.

In order to simplify the arguments below, we will associate with each w € S! a (unique) angle 6 € [0, 27) that w makes
with the positive z axis, and write §(w) and w(f) when convenient. We will also assume (with some justification from
the geometric definition of a radian) that with this identification, the measure o on S* is equivalent to ordinary Lebesgue
measure on [0, 27).

Our goal is to show that R is a continuous linear map on L'; in the process we show that it is well-defined for each L'
function, except possibly on a set of measure zero. In addition, for continuity, there are two sensible norms that we could
use on S! x R. The first is the ordinary L' norm,

2m
[Rel = [ [ RiG@ldrio)= [ [ [Rf.(0)drd.
st Jr o JRr
The second is a mix of the L' norm and the sup norm,
Rl = sup, [ (Rl
wesSt JR

It turns out that the Radon transform is continuous using either norm on the range:

Proposition 3. The Radon transform defines a continuous linear map from L*(R?) to L'(S x R), under both the norms
I-lly and [-;.., -

Proof. Let T(0,s,t) = sw(0) + tw*(0), which for any given 6 is a rotation, rotating a point (s,t) € R? counterclockwise
around the origin by an angle of 6. To be thorough, we check that the s,¢ Jacobian matrix of T'(6, .,.) is

D, T(0,5,t) = < 511((90)) Z;((Ha)) )
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which is by definition an orthogonal matrix, confirming that 7" is a rotation. Then, for a fixed 6, f o T is measurable and
|foT(0,.,.)|l; =Ifll; by the change of variables formula. Since, by definition,

Rf(r,w) = /RfoT(G(w),r, s)ds,

it follows that for each w, the Radon transform is well-defined for almost every s. It also follows from monotonicity of the
integral that

oT(0(w),r,s)ds

//foT )
= e, )l =l

Taking the supremum, we get that R is bounded if we use |-||; , on the range. Boundedness under the ordinary 1-norm

/|Rf(7",w)|dr = dr
R

dsdr

follows easily, since o(S!) = 27, so that

IRfll, <27 HRle,u

Recall that the convolution of two measurable functions f and g on R" is defined by

frg(x) = o [z —y)g(y)dy,
assuming that the integral converges for almost every x.
Proposition 4. Let f,g € L'(R) (recall that this ensures that f * g is well-defined). Then
R(f *g) =Rf *ass Ry,

where xq ¢ indicates convolution in the affine parameter, that is,
Rf *apy Ry(r,0) = / Rf(r —t,0)Rg(t,0)dt.
R

Proof. The proof uses Fubini’s theorem to change the order of integration and invariance of integrals under translations.
In the fourth line, we make a change of variables ¢’ =t — y - w® in order to move y - w into the coefficient of w in the
argument. In the sixth line, we use the orthonormal change of variables from R? to R x R given y = sw + twPerp, and
the fact that when we make this change, y - w becomes s. Let w = w(f). Then,

R(f*g)(r,0) = /f*g(m+twi)dt
= / sz (rw + tw™ — y)g(y)dydt

/R 2 / Frw + 1wt — y)g(y)didy

= / /f r—y-ww+ twh)dt'dy

= [ swRI( = y-w).00y
= //g(sw—&-qu)Rf(r—s,O)dudS
RJR

= /’Rg(s,@)Rf(r —s,0)ds
R
= Rf *apf Ry(r,0).
(Il

The following fundamental fact about the Radon transform comes from the fact that, due to the fact that the integration
defining R f is along a line orthogonal to w, any function of the inner product x - w remains constant in the integration.
The motivation for this theorem comes from the fact that the Fourier transform is defined as an integration against a
bounded function



THEORY OF THE RADON TRANSFORM 3

Theorem 5. (GENERAL PROJECTION SLICE THEOREM) Let h : R — R be any bounded measurable function. Then for
any r = rw € R?

f@)h(rw - x)dx = / Rf(t, w)h(rt)dt.
R2 R
Proof. Fixing 0 = 0(w), let T =T(6,.,.) be as in Proposition 3. Then, by the definition of T', it follows that
hT (z1,22) - w) = 21.

Using the orthogonal change of variables given by T, that is, T'(x) = tw + sw', along with Fubini’s theorem, we have

. f@)h(rw-x)de = ] foT(x)h(rw-T(x))dx

R

/ / f(tw + swh)h(rt)dsdt
R JR

/ RS (tw)h(rt)dt,

R

where in the third line, we used the fact that rw - (tw + swt) = rt. O
By the comments made before the theorem, we get the following corollary:

Corollary 6. (FOURIER SLICE THEOREM) If we let f denote the 2-dimensional Fourier transform of f and RNf denote
the 1-dimensional Fourier transform of Rf in the affine (radial) direction, then for each (r,w) € R x S,

frw) = Rf(r,w).

Since the Fourier transform of an L! function is unique, it follows that if f,g € L! and Rf = Ryg, then f = g (as
always, up to a set of measure zero), and hence, the Radon transform is injective.

Combining this with the Plancherel formula for the Fourier transform, and a change of variables to polar coordinates,
we also get a Plancherel formula for the Radon transform: if f is both integrable and square-integrable, then

2
/ /‘Rf‘ lr| drdow = 47 || f]], -
St JR

Interestingly, this shows that we cannot extend the Radon transform to a continuous linear map from L?(R?) to
L?(R x S'), because the presence of |r| in the integral at left leads to the operator not being bounded. See Epstein for
more discussion.

2. BACKPROJECTION AND INVERTING THE RADON TRANSFORM

The Fourier slice theorem leads directly to one formula for inverting R :

f = fﬂg21fRRf~
That is,
1 — .
flx) = 5/51 /RT\’,f(t,w) 7| e2mr“"”drdo(w), (1)

where the % comes from the fact that we are integrating on all of R in the affine parameter, rather than just [0, c0).

In some settings, this leads to satisfactory inversion algorithms with actual data; methods based on this formula are
sometimes used in MRI. But in X-ray CT, the inversion algorithms are usually based on an alternative inversion formula
that makes use of the backprojection operator. The two formula are equivalent in an analytic sense, but they lead to

different approximate inverses when applied to finite data, and the backprojection method generally gives superior results
in CT.

Definition 7. We define the backprojection operator R* : L*(R x S1) — L'(R) by
Rige) = [ gla-wwido(w).
S1

Note that the backprojection operator g(z) is just the average of g on all lines that intersect x. In some sense, we might
expect such an operator, which offers a very approximate inverse to the Radon transform (see Epstein for a graphical
example), to be involved in the inversion formula.

The notation R* comes from the standard notation for the adjoint, or dual, of a linear operator.
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Definition 8. Let A be a linear operator X — Y for inner product spaces X and Y. A linear operator A* : Y — X is
called the adjoint or dual of A if, for each x € X and y € Y,

<Azay>Y = <I7A*y>X'

Because the term dual has a different meaning in functional analysis, we will use the term adjoint here. It is worth
pointing out that, from elementary linear algebra, if A is an operator between finite-dimensional spaces, and hence,
representable by a matrix, then its adjoint is represented by that matrix’s conjugate transpose, which is also denoted A*.

Proposition 9. If we restrict the Radon transform to the space of square-integrable functions so that the L? inner product
is defined on the domain, then the restricted range is also square-integrable, and R* is the adjoint to R.

Proof. Let f € LY(R?*) N L%3(R?), g € L*(R x S') N L?(R x S'). Using the definitions and using Fubini’s theorem to
interchange the order if integration, we find that

REDpesy = [ [ REGw)aw)drds

/ flrw+ swh)g(r,w)dsdrdw
st JR2

/ flrw + swh)g(r,w)dwdsdr
RrR2 J g1

We now let s = rw + sw™, so that » = z - w, to get

<Rfag>L2(RX51) = /Rz . f(8)g(z - w,w)dwdx
(f, R*(Q»Lz(Rz) .

Note that, if we insert parentheses around the inner integral in equation (1) to get

r@) =5 [ | [Rite e aoo) )
Then the outer integral has the same form as the backprojection operator, so we can rewrite the inversion formula as
f=R*'GR{,
where

1 [ — )
GRf(r,w) = 5/Rf(zt,w)ez’”’“t |t| dt
R

is called the filtered Radon transform. Approximate inverses based on this formula have two advantages over Fourier
reconstruction methods.

This first is that the fast Fourier transform can be used only on data from uniform rectilinear samples of the Fourier
transform, and in finite settings Radon transform data will lead to samples of radial slices of the Fourier transform—that
is, lines through the origin—which means that the data have to be interpolated to a grid, in a process inventively named
‘eridding,” before they can be used to reconstruct the objective function. Approximations to the filtered back projection
formula never call for a two dimensional Fourier transform, so they avoid this issue.

The second is that, unlike in Fourier reconstruction, the data from each view can be mostly processed while the
measurements from other views are still underway, which speeds up the reconstruction. This is because the filter only
acts in 7, so each view can be filtered independently of the others. The only step that requires data from all views is the
back-projection step, which is relatively quick. The filter is shift-invariant, so it can be approximated using a discrete
convolution, which, via the fast Fourier transform method, is relatively efficient.

3. RADON TRANSFORM IN HIGHER DIMENSIONS AND AN ALTERNATIVE INVERSION FORMULA

We can also define the Radon transform in higher dimensions, as a map from L'(R") — L*(R x S™"~!). The proofs of
results in this section are left to the reader.

Definition 10. For r € R and w € S"71, let .., be the n — 1 dimensional hyperplane
{reR":z-w=r}.

Example 11. In R?, [, plane perpendicular to & located r units from the origin. In dimensions higher than three, it
is more difficult to visualize, but is still the hyperplane orthogonal to w located 7 units from the origin.
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Definition 12. The n-dimensional Radon transform L*(R™) — L'(R x S™"~!) is defined, for f € L'(R"™), by

Rf(rw) = / f(x)dz,

W

where we use a measure on the hyperplane that is equivalent to Lebesgue measure on R* 1.1

Definition 13. The higher-dimensional Radon adjoint, that is, the higher-dimensional backprojectiton operator, which
maps functions on R x S97! to functions on R, is defined for h € L}(R x S471) N L2(R x S9~1) by

R*(z) = / h(z - w,w)do(w).
Sd*l

Remark 14. The formula above is equivalent to the following, more explicit formula: if w € S*~!, then choose {cu]l i =
2,..,n} so that the wjl’s and w form an orthonormal basis for R™. For r € R, we can write

Rf(r,w) = / flrw + zowit + ... + zpw)dey...dz,.
R7—1
We leave it to the reader to verify that the projection-slice theorem continues to hold for the n dimensional Radon
transform that the back-projection operator, this time with the integral over S™~!, is still its adjoint.
The case of R? allows for a convenient alternative inversion formula, not based on the Fourier inversion method we used
to develop filtered backprojection. This inversion formula makes use of the Laplace operator, or Laplacian, a differential
operator that plays a role in the heat and wave equations.

Definition 15. Suppose f : R? — R. We define the Laplace operator of f, denoted Af, by

L OPf OPf *f
Af(a?)—aix%-l—aix%-i-...—‘ra?%.
Proposition 16. Let f € S(R®). Then
1 .
f =~ ARRS). 6

We leave the proof to the exercises. The formula holds in a distributional sense if f is not twice differentiable, but in
the exercises we will only ask the reader to prove it when f is Schwarz.
We can extend this method of inverting the Radon transform by defining positive powers of the Laplace operator:

Definition 17. We define (—A)? on &'(R%) by
(=A)*f = ((2r[¢)*f)"

(Here ~ and " indicate the unitary Fourier transform and its inverse. The 27 does not appear if we use the angular Fourier
transform.)

We leave it to the reader (see assignments) to verify that, when s is a positive integer, so that A® would already have
been defined as a composition of A with itself, the two definitions are equivalent.

Equipped with this definition of A®, we can prove an inversion formula analogous to Equation 3 for the n-dimensional
Radon transform, whose proof is again left to the exercises:

Proposition 18. If f € S(R"™), then

f= W(—A)(”‘”/z(R*Rf)
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Lsince Lebesgue measure is invariant to translations and rotations, there is no ambiguity; we can treat any point in I, ., as the origin—it is

conventional to use the point rw, which our more explicit formula implicitly does—and choose orthogonal axis any way we wish.



