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Two norms ‖·‖1 and ‖·‖2 on X are said to be equivalent if there are positive constants m
and M such that

m ‖x‖1 ≤ ‖x‖2 ≤ M ‖x‖1

for all x ∈ X.
In class we will show that the relation ∼ defined by ‖·‖1 ∼ ‖·‖2 is an equivalence relation on

the set of norms on X. For that we will need to show reflexivity, symmetry, and transitivity.
1. Show that equivalent norms on X define the same ‘topology’. In other words, prove

that a set which is open under some norm is open under any equivalent norm.

Recall that we discussed Fatou’s Lemma.
2. Construct a counter example that if liminf is replaced with limsup, then the resulting

statement of Fatou’s Lemma does not hold.

3. Show that the following “Reverse Fatou’s Lemma” holds: If there exists an integrable
function g (this means that

∫ |g| < +∞) such that gn ≤ g for all n, then∫
lim sup

n→∞
gn ≥ lim sup

n→∞

∫
gn.

Hint: Apply Fatou’s lemma to the non-negative sequence given by g − gn.
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