494/598 Fall 2008
ASSIGNMENT 12: KEY

Problem 1. Describe and draw the following planes:
(a) lo,(1,0,0) or (Z,(1,0,0)) =0,
(b) lo,(0,—1,0) or (%, (0,—1,0)) =0,
(C) l—2,(1,0,0) or <.’f, (170,O)> = —2.

SOLUTION:

(a) The y — z plane.

(b) The x — z plane.

(c) The y = z plane, translated two units in the negative x direction.

Problem 2. Write the plane passing through the following 3 points (1,0,0), (0,1,0) and (0,0, 1)
in the form (¥, &) =t (i.e., find ¢ and &J, and then find 6 and ¢ such that & = J(0, ¢)).

SOLUTION: The easiest way to proceed is to find the intersection point of the plane and
the ray defined by & in R3 first, and then derive the solution. We know from geometric
considerations that the plane is normal to the (non-unit) vector (1,1,1), so the intersection
point (z,y, z) will satisfy the equations

rT=y=2z
and
z+y+z=1
The solution, then is (1/3,1/3,1/3). Since we need & to be a unit vector, the plane given is

l; 5, where w = v/3/3(1,1,1) and 72 = 3(1/3)2 = 1/3,s0 7 = %

Expressed in terms of § and ¢, & is &(cos™!(1/v/3),m/4), where the second argument is
obvious from geometric considerations and the fist comes from solving for # in the formula

z =rcosf, where z is 1/3 and r = 1//3.

Problem 3. Prove the 3d Central Slice Theorem for f € L!(R3):

Rf(r,&) = /_ h Rf(t,&) e " dt = f(rd).

SOLUTION: Fix orthogonal unit vectors 4y and s perpendicular to J. Below, we use an
orthogonal change of variables x = t&J + s1u; + sotlo in the second line, along with the fact
that, given that change of variables, we have r& - ¥ = rt.

f(f)e_im'fdx = / f(td + sty + 82ﬁ2)6_irtdsld82dt
R3 R JR2
= / Rf(t,w)e dt,
R

The same proof, incidentally, works for the unitary Fourier transform.
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Problem 4. Show that the Radon adjoint on R? is, in fact, the adjoint of the Radon Transform.
For simplicity, assume that f is bounded and rapidly decreasing on R? and h is
bounded and rapidly decreasing in the affine parameter on R x S2. Show that

<Rf> h>L2(]R><SQ) = <f7 R*h>L2(]R3) .

SOLUTION: Just for demonstration, we provide a proof for the general d-dimensional proof
here. The special case d = 3 is proved the same way as the general case.

Between the second and third lines below, we make a change of variables ¥ = t&J + s1u1 +
...84_1Uq_1, so that Z-J = t. In the fourth line line we interchange order of integration between
o(dJ) and the other variables, which we can do using Fubini’s theorem and the hypotheses
that f and g are L':

(Rf,9)pyga-1 = / /_OO Rf(t,w)g(t,w)dtdo(w)

gd—1

= / / / fltw + s1ur + ...84—1uq—1)g(t,w)dtds; ...dsq_1do(w)
Sd—1 700Rd71

= [ [ @9t ww)drdow)

= <f> R*g>]Rd

Problem 5. Show that the Filter part of the Radon inversion formula is an affine second derivative
of the Radon transform:
- 1 = — ir (.0 62 —
(GR)F(t. D) i=wa) = 5- / R (r,@)r? "9 dr = — 5 RI(1,3)|=(.3)-
21 J_ o ot
SOLUTION: -
Fix w, and let g(t) = Rf(t,&) to simplify notation. Then we have Rf(r,d) = g(r), and
our goal is to show that
_ . 0?
F 1(7’29(7'))(t) = —@g(t),

which is equivalent to
82
# (gt = ao)
This is simply the formula relating the Fourier transform to derivatives, gotten by applying

the first order derivative twice, under the assumption that the function is twice weakly
differentiable with both the first and second order derivatives L'.



