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2. Fourier Transform

1. FIRST ATTEMPT TO FOURIER TRANSFORM.
Consider the Fourier Series on [—m,7) or [a,a + 27), a € R. Any f € L*(—m, )
can be represented in terms of the Fourier Series

1) @) =3 enein,

nez
where

(2) e = o

27
=5 flz)e ™ dx = (f,e™).
T Jo

This comes from the fact that {ﬁeim}nez is an o.n. sequence in L?(—m, 7). The

completeness of this sequence comes from the density of trigonometric polynomials
in L?(—m,7), refer to the textbook.

Our goal is to consider functions on L?(R) and obtain something similar to (1)
and (2) for such functions, i.e.,

fl) ~ / £(6) e de
with
fo) ~ [ e an,

The obstacles arising right away are
e {€™} can not be an o.n. set in L%(R), since the set is uncountable, moreover,
ez:v£ ¢ LQ(R)

e the integral / f(x)e~™® dz does not converge absolutely for f € L2(R)

So instead we define the Fourier Transform for integrable functions only (i.e. on
LY):

Definition 2.1. For f € L*(R) define f : R — C by
fie) = [ flayeaa.

Note that here the integral converges absolutely.

2. CONVOLUTION.
Consider f,g: R — C and suppose that

/ fwglx —y)dy < 0o for a.e. z € R.
R

Define f * g, the convolution of f and g as f*g = / f)g(z—y)dy (and fxg=0
R

on the set where the integral is infinite).

3. PROPERTIES OF CONVOLUTION.
(a) fxg=gx*f (this comes from the change of variables)
(b) [f gl < IIfllrzllgllrz  (apply Cauchy-Schwarz)

(©) If*gllir < [ fllzillgllzr, provided f,g € L.
To prove this, note

Jisa@iars [ [1re-nllswiacar < ( [15e10) ([ i),

where the first inequality uses Fubini’s Theorem and second change of variables
z=x—y.
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(d) If *gllze < 1fllz2llgll L1, provided f € L* and g € L.
To prove we need the integral version of Minkowski’s inequality (see Lecture
1) (which is just a triangle inequality for norms, not in a discrete sum but in
continuous way - integral):

(@ 2m>U134<AQﬂx—wMAme)U2@.

Remark: This inequality can be generalized to f € LP, 1 < p < oc.
(e) (fxg) =f-g, for f,ge L'(R)
Switch the order of integration (Fubini’s Theorem): (f * g) (€) = //f(a: -

t/f@—ymwww
R

A~

ymwm4“QMx:/Q@m4%(/f@—yw4wﬂﬁm)dxzf@w@»

The next property gives an approximation of an L' function by convolution with
an “identity”. First we need definitions.

4. APPROXIMATE IDENTITY. Suppose a function g has the following properties:

. /g(m) dr =1,

R
_c
(1+ [z[)*
Note that g € L'(R).

1
Denote g¢(z) = 79 (%) for t > 0. Observe that §.(§) = §(t£).

Also note that / gt(x)dx = / g(u)du = 1.
R R

* lg(z)| <

Definition 2.2. The family {g:}:+~0 is called an approzimate identity if g satisfies
the above two properties.

5. APPROXIMATION OF AN L! FUNCTION BY CONVOLUTION.

Lemma 2.3. For f € L' and {g;} an approzimate identity, we have

(gt % f)(z) = f(z) a.e. onR.

lim
t—0+
In order to prove this Lemma we need a Lebesque point notation:

Definition 2.4. The point x is a Lebesque point of function f if
1 h

lim —
h—0+ 2h —h

[f(z—y) = f(z)|dy =0

Remark. If f € LY(R), then almost every point is a Lebesque point of f. (HW
Ex 5.1.11).

Proof. Fix a Lebesque point x and ¢ > 0. Then there exists H such that for
0 < h < H we have
1 h
4 il
(4) oh ),
(not to get very technical we will specify € in terms of € at the end of the proof).

We will show that at every Lebesque point = of f we have (g, * f)(x) — f(z) as
t— 0, ie.

[fz—y) - fz)|dy <¢€

[ Ve =9 = @) ool dy = o
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Split this integral into two: f|y| <p and f\ylz ;- Then for the second integral (when
y is large) we use

|gt(y)| < ﬁ <—5 < —.
Thus,

/ @ —y) - F(@)] )| dy < / @ = )] o) dy
ly|>H ly|>H

4 2

since the first term can be made as small as possible as t — 0 and the second term
decreases to 0, since the area of the “tail” of g;(x) vanishes as ¢ — 0 (the bulk of
g¢(x) is inside of |y| < H).

Now for the first term fl > We can assume that t < H, since t — 0. Choose an

HI@I [ la@ldy < flflee 15 [ < G g< g

integer M such that 2]\?“ <t< 2M Consider % < |ly| < H. Then

l9:(y)| <

¢ 2
t+ %2~ HY

we have |g:(y)| < % For the “last” interval

H

In general, for 2,6% < |yl < oF

lyl < gt we get [gi(y)] < .
M+1

Now, subdivide the integral / into Z + /
ly|<H k=1 2k+1 <|y‘S% ly|<

k
Eilic / f(x—y) - f(z)] dy

¢ z—1vy)— f(z)| dy.
+/|y< @ —y) — f()] dy

t
M+1

Then
M+1

[l - s@llawld < 3 52
ly|<H k=1

Using the Lebeque point estimate (4), we obtain

/ fla—y) — f(o)|dy < 22€

Y| <lyl< 2% ok
and so we get the following bound on the first integral
M+1 - M+1

2Ftc2HE ¢ 2HE cte L
L < E + - E 2% + 2ce
/y|<H k=1 H? 2 £ 241 k=1

"
< %4 oM | 90k < 6eE < ¢/2,

M

H t2
where we used M1 <1 and T < 1 by the choice of M (note that we need to

choose € < 15-).
Combining both estimates, we obtain

[ \re =) = r@l ol dy < e
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6. GAUSSIAN DISTRIBUTION.
An example of an approximate identity is Gaussian distribution which is defined
as

1 —z
G’(az):me °,

It is a bell shaped curve with maximum at x = 0 and decaying at infinity.
Properties of G(x).

° / G(z)dxr = 1 (in order to calculate this (Ex 5.2.2) multiply two integrals
oo

in x and y variables, then switch to polar coordinates; since dx dy = r dr df,
change of variables will give the answer)

e For each N > 0 there exists a constant ¢y > 0 such that
CN
(L+ =)V

(exponential decay is faster than any power N).

o G(¢) = e /2 (or G = 27Q).
To prove this, consider the ODE

|G(z)] <

_ —2?/2
G'(z) + 2G(x :—me_xQ/z—i—xe =0.
(z) (@) = - ors
Taking the Fourier transform, we get
i€G(¢) +iG'(§) =0,
which is
dG
G = —¢de.
solution of which is
G(&) = G(O)e_§2/2, where G(0) = / G(z)dx = 1.
o

1
Define Gy(z) = EG (%) The family {G};~0 is an approximate identity and

Gy* f — f a.e. ast — 0. Note that / Gy(z)dx = / G(x)dx =1.
R R

7. FOURIER INVERSION.

Definition 2.5. For g € L*(R) define

V(x) = — /IR 9(£)ei" de.

- 27
Note that the integral converges absolutely.

Hope: (f)V = f (so we would have the chain f -~ f -5 f), and thus,
1 L
) fl@) = 5 [ Fle)e< e

Theorem 2.6. Suppose that both f € LY(R) and f € LY(R). Then (5) holds a.e.
on R.
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Proof. By the property of an approximate identity using the gaussian distribution,
we have

lim (Gy * f)(z) = f(z) a.e.

t—0+
Consider the convolution term G¢(z — y) more carefully:

e =30 () =i () =t ()

1 Ly—x ~ .
=—— | G(s)eTv 7 *® ds/ G(et)e W= ge|
—= [ ) [ e ;
where we used properties of GG, also G being even and change of variables s = &t.
Then the convolution between G; and f can be expressed as

[ swcia=nan= [ 1| [ Gleneeen<ag) ay
/Gft “‘5[/]” —wﬁdy]dg /f Get)ei™ de — /f £)ei€ de,

by using Fubini’s theorem to switch the order of integration and Lebesque dominated
convergence theorem (LDCThm) to bring the limit on ¢ inside the integral as well

R 242
asG(té) =e 2 —last—0. O

Remark. By LDCThm we have %in(l) ét(g)f(g) = 1(¢) which suggests looking for

a function g such that §(§) = 21i1r1% Gi(€) = 1, i.e. can we have a function g such

1 .
that g = 1V? Write g(z) = o / ¢ d¢, examine it and observe that it does not
T JRr

converge. In the theory of distribution it is possible to define a “delta function” §
which is a distribution such that § = 1. (See later lectures for distributions.)

. UNIQUENESS OF THE FOURIER TRANSFORM ON L!(R).

Suppose that there exist f, g € LY(R) and such that f = § a.e. Define F = f—g.

Then £ = f —§ = 0, and so, F¥ = 0¥ = 0 a.e. Thus, the Fourier Transform is
unique on L(R).

9. ConNECTION WITH L%(R).

Observation #1.

Observation #2.

Observation #3.
Observation #4.

Question:

If f,f € LY(R), then f, f € L2(R).

Proof. [ |f()Pd¢ = [ f( df < SUPgeR|f )l fR|f Nds < [ fllpw) -
I f | 21 (r), by using the first property of the Fourier transform. Repeat the same
calculauon for f and use inverse Fourier transform properties. O

(£.9) =2m(f.9).

Proof. /f df_/f / mﬁdazdg—/ /f €)e™8 de dx =

27 (f, g), where we used Fubini’s theorem to switch the order of integration. [J

I fllz2r) = 27| fl| L2(w) (apply above to g = f).

If f € L'(R), then f is bounded and continuous on R; moreover, if f € L'(R),
then (f)v is bounded and continuous. Thus, if both f and f € L'(R), then
f= (f)v a.e. and f is bounded and continuous a.e. on R.

Can we have a function such that f, f € L'(R) at the same time?
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Observation #b5.

Observation #6.
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Let f € C%(R),i.e. twice continuously differentiable and has a compact support.

Then obviously f € L*(R), f is bounded and using mtegratlon by parts | f &) <
1 :

‘f/ f(z)e 8 dx "(x2)e” " da| < @ (boundary values vanish
S JR

because of the compact support of f). Hence, f € L'(R).

By observation #1 it follows that f, f € L?(R)!

Suppose f € L*(R). We want to choose a sequence {f,} € L'(R) such that

fn — f in the L? norm and fn € L'(R). Then our goal would be to consider
lim,,—oo fn and possibly define the Fourier transform of an L? function.

Proposition 2.7. Any f € L%(R) can be approvimated by a sequence of func-
tions from C%(R).

Proof. Any f € L?*(R) can be approximated by a step function, say, g(z) =
N
Z CkXag,by] (T) 80 that ||f —g|z2 < €/2 for any € > 0 (this comes from the real

analysis, for example see Rudin’s or Royden’s “Real analysis”). Next, smooth
out the corners of g so that h € C?(R) would be close to g: |lg — hl|2 <
€/2. (One can do that for example by considering a step function of the unit
interval g(z) = X[o,1(7) and a new “smoothed out” function hs(z) = 1+ /5 —
= sin(2m(z+6)/8) for =6 <z < 0,1for0 <z <1,1—(1—2)/6— 5 sin(2r(1+
§ —x)/d) for 0 < x < & and zero otherwise. Show that it is C? and close to g
if 6 > 0 is small.) O

Proposition 2.8. Let f € L?(R). Suppose fp, fn € L'(R) for each n € N and
fn — [ in the L*(R) norm. Then lim f, exists a.e. and unique, i.e. does not
n—oo

depend on a sequence {f,} converging to f.

Proof. (By the previous proposition we can choose f,’s to be C2.) We have
I fn = fllzz = V27| fa — fllzz — 0 and so {fn} is Cauchy in L2. Hence,
(L? is complete) there exists F' € L? such that fn — F. Suppose some other
sequence {g,} — f and g, # f,. Denote by G the limit of g,’s. Then ||[F—G| =
IE = full + Il fn = 9nll + |lGn — G|, where each term goes to 0 (the second one
is equal to V27| fn, — gnll — 0 as n — o0). Thus, F = G a.e. O

10. FOURIER TRANSFORM ON L2(R).

Definition 2.9. Let f € L?(R). Take a sequence {f,} € L*(R) such that f, — f
in the L? norm and f, € L'(R). (One can construct such f,’s using the above two
Lemmoas.) Define the Fourier transform of f by

f: lim fna
n—oo

where limit is understood in the L? sense.

Similarly, define the inverse Fourier Transform f¥ = lim f.
n—oo

Remark. All the properties of the Fourier transform on L' can be extended to the
L? functions (such as Parseval and Plancherel identities) by using the convergence
argument. Moreover, note that : L?(R) — L?(R) is one-to-one and onto, with the
inverse defined above.



