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Abstract. In this chapter we describe a classroom instructional activity that integrates 
the use of CAS in a manner aimed at engaging high school students in substantive 
mathematical reasoning. The activity draws on students’ prior knowledge of 
factoring and pushes them to use and develop this knowledge beyond the usual for 
high school-level algebra. In particular, we discuss the attendant design and 
mathematical principles of the activity at some length, explicating the intended role 
of the CAS. We then highlight aspects of engagement and student reasoning that 
emerged with the unfolding of the activity in a high school mathematics classroom. 
Three features of the design of the activity are considered to have played important 
roles in the further development of students’ conceptual and technical knowledge of 
factoring: reconciling the forms generated by the CAS in relation to the forms they 
had generated with paper and pencil, reflecting on the objects they had reconciled, 
and proving the relations they had generalized. 

 
 

Theoretical Framework 
 

One of the recent contributions of the French didactique research 
community (e.g., Artigue, 2002; Guin & Trouche, 1999; Lagrange, 2000) 
has been the notion that both conceptual and theoretical knowledge can co-
develop within mathematical activity involving technological tools, as long 
as the technical aspects of that activity are not neglected. According to 
Verillon and Rabardel (1995), tools exist as both artefacts (physical objects) 
and instruments (psychological constructions). These researchers suggest 
that, when students appropriate tools for themselves, and thereby transform 
artefacts into instruments, they are not simply learning tool-techniques in 
response to given tasks. They are actually developing conceptually while 
they are perfecting their techniques with the tool. 
                                                
1 The authors express their appreciation to the Social Sciences and Humanities Research Council 
of Canada, which funded this research, and to the other members of the research team who 
collaborated in the design of the tasks: André Boileau, José Guzmán, Fernando Hitt, Denis 
Tanguay, and also Michèle Artigue who served as consultant on this project, and the participating 
classroom teachers who provided feedback on a regular basis throughout the successive cycles of 
task development. 
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Lagrange (2003) has described research in which French teachers 

initially used Derive in their algebra classrooms with the intention that the 
symbol manipulation software would lighten the technical load, and so they 
emphasized conceptual activity. The result, however, was that neither the 
conceptual nor the technical developed. The research team began to look 
upon techniques in a different light and to view them as a link between tasks 
and conceptual reflection. Further, Lagrange points out that: 
 

A technique is generally a mixture of routine and reflection. It plays a 
pragmatic role when the important thing is to complete the task or when 
the task is a routine part of another task. Technique plays an epistemic 
role by contributing to an understanding of the objects it handles, 
particularly during its elaboration. It also serves as an object for a 
conceptual reflection when compared with other techniques. (p. 271) 

 
But, for technique to be a link between tasks and conceptual reflection, 

an immediate question arises: What is the nature of the tasks that support 
this potential conceptualizing role of technique?  
 
The Nature of Task-Situations2 that Provide for the Co-Development of 

Conceptual and Technical Knowledge 
 

CAS-Related Literature 
 

In the Derive study mentioned above, Lagrange noted that the easier 
calculation afforded by the tool did not automatically enhance students’ 
reflection and understanding. Teachers had “encouraged students to jump 
directly from tasks to conceptual reflection … not seeing that techniques 
specific to the use of symbolic computation are useful, that the techniques 
are not obvious to students, and that these techniques may be a topic for 
reflection” (Lagrange, 2003, p. 271). In contrast, two experienced teachers 
(Mounier & Aldon, 1996), who assigned to their class of 16- to 18-year-old 
college students the long-term problem of working on the factorization of xn 
– 1, did recognize the epistemic value of developing techniques of 
factorization with Derive. According to the teachers, as reported by 

                                                
2 We shall use the term task to refer to a single question (with possibly one or two sub-questions) 
and the term task-situation or activity to refer to an extended set of questions related to a given 
central task or mathematical idea. 
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Lagrange, the students learned a great deal at a conceptual level about 
finding a general factored form that is true for every integer n. 

 
But how to make “techniques a topic for reflection”? What kinds of 

situations, which embed a task such as the one above, could potentially lead 
to the co-development of both conceptual and technical aspects of 
mathematical activity? This was a central question we faced as we began our 
CAS research project last year and were confronted with the need to design a 
set of CAS task-situations for use by 10th graders within their algebra course 
of study. Of equal import to us as researchers was our need to ensure that 
these tasks would also function as a productive vehicle for generating rich 
data on the co-development of the conceptual and the technical. 

 
 We combed the CAS research literature regarding the nature of tasks 

susceptible of playing this dual role, looking specifically for design 
frameworks, or basic principles, for constructing such tasks. Hoyles (2002) 
had emphasized that a focus on the design of task situations is at the heart of 
the “transformative potential of [technological] tools in activities” and that, 
with this focus, “knowledge and epistemology are brought back to center 
stage” (p. 284). But the search for design frameworks proved elusive. In fact, 
Zbiek (2003) found that the “absence of detail in research reports causes 
difficulty in using the reports to develop deeper insights into the kind of 
CAS-related mathematical experiences that best support student learning. 
Writers who wish to have a greater impact on classroom practice should 
consider ways to include in their research reports more information about the 
mathematical tasks and CAS activities used in the classroom” (p. 212).  

 
However, we were able to glean relevant information from various 

research reports that provided a basis for getting started on our own task 
construction. For example, Drijvers (2003) emphasized that, “While 
designing instructional activities, the key question is what meaningful 
problems may foster the students’ cognitive development according to the 
goals of the hypothesized learning trajectory, …three design principles 
guided the design process: guided reinvention, didactical phenomenology, 
and mediating models” (p. 26). Especially useful was Drijvers’ suggestion 
that more attention needed to be paid to the role of both paper-and-pencil 
work throughout CAS activity and focused classroom discussions. Artigue et 
al. (1998) provided several examples of novel CAS tasks, pointing out that 
they had used three types of situations in their study: guided manipulation, 
problem solving, and teaching of a specific notion – each with different 
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degrees of teacher intervention. Artigue (2002) also pointed out that some of 
the levers that can be capitalized on with respect to CAS activity playing an 
epistemic role include “the surprise effect that can occur when one obtains 
results that do not conform to expectations and that can destabilize erroneous 
conceptions, and the multiplicity of results that can be obtained in a short 
space of time when exploring and trying to understand a certain 
phenomenon” (our translation, p. 344). Guin and Trouche (1999) added that 
situations should aim at fostering experimental work (investigation and 
anticipation). 

 
Zehavi and Mann (2003) described how they set out to develop tasks 

that, in their view, could not be dealt with practically and effectively without 
CAS -- tasks that had the potential of intertwining student work, CAS 
performance, and student reflection The tasks were to highlight the 
fundamental ideas within a mathematical topic, and were to extend the topic 
at hand by connecting it with previously learned topics or with topics that 
would be learned at a later stage. Often they were based on the identification 
of persistent learning difficulties in current non-CAS practice, and 
sometimes involved replicating and completing examples. Ball and Stacey 
(2003), who raised the question as to what students should record when 
working in CAS environments, suggested that, “Our goal is to shift the focus 
of students’ written records from principally providing the detail to 
principally providing the overview and emphasizing the reasoning” (p. 290). 
Finally, Lagrange (1999), as might be expected from the remarks above, 
proposed that task situations ought to be created in such a way as to “bring 
about a better comprehension of mathematical content” (p. 63) via the 
progressive acquisition of techniques in the achievement of a solution to the 
task. 

 
Relevant non-CAS-Related Literature 
 

In addition to the research cited above, which deals specifically with the 
design and implementation of CAS-based tasks, another perspective on 
instructional design, relevant to the present discussion, is that developed by 
Thompson (2002). His is a more general perspective that involves 
conceptual analyses of mathematical ideas and their contribution to the 
design of mathematical learning experiences that aim to support learners’ 
conceptual advances. In Thompson’s view, doing conceptual analyses entails 
imagining students having something in mind in the context of discussing 
that something.  
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Toward this end, according to Thompson, instructional activities should 

be designed with two central aims in mind: 1) to create opportunities for 
students and teacher to discuss particular things, objects, or ideas that need 
to be understood and to discuss how to imagine such things; and 2) to create 
opportunities for the instructor to ensure that specific conceptual issues will 
arise for students as they engage in discussions with her or him. When goals 
1 and 2 above are realized with regard to a particular idea, they can end up 
producing instructional conversations (interactions) around that idea.  

 
At the core of this design perspective, then, is a vision of students 

purposefully participating in conversations engineered and choreographed to 
foster reflection on some mathematical thing—an object, an idea, or a way 
of thinking. Thompson (2002) employs the term didactic object to refer to “a 
thing to talk about that is designed to support reflective mathematical 
discourse involving specific mathematical ideas or ways of thinking” (p. 
210). In our view, a didactic object is akin to a tool for a designer or a 
teacher who conceives using it in ways that enable student engagement and 
conversations that foster productive reflection on specific mathematical 
things.  

 
Drawing on the notion of didactic object, we view the CAS as a 

didactical tool in that we intended it be used in our task-situations as a 
means for leveraging the kinds of instructional interactions envisioned by 
Thompson. More specifically, the things generated by the CAS in the 
context of the activity within which it is integrated—for example, the 
expressions it produces and displays as a result of students’ interaction with 
it in the context of some goal-directed sequence of activities—could be 
taken as objects of explicit and substantive reflection and classroom 
discussions.  

 
Designing CAS Task-Situations: An Example from Factoring 

 
With the above prior experiences of other CAS researchers as a pool 

from which to draw, and with Thompson’s perspective of didactic objects in 
mind as a background instructional design heuristic, the members of our 
research team began to think about the nature of the task-situations that 
might be integrated into our own study of 10th grade algebra classes. It was 
clear to the team from the outset that CAS technology was not intended to 
replace paper/pencil work as a technical tool. Nor would it be simply a 
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means for checking paper/pencil work. It was, however, seen as a didactical 
tool for pushing students to come to grips with underlying theoretical ideas 
in algebra.  

 
Some of the components of our activities that were intended to make 

CAS a didactical tool were questions that used the machine to occasion 
discussions that don’t normally happen in mathematics classes. Tasks that 
asked students to write about how they were interpreting their work and the 
related CAS displays aimed to bring mathematical notions to the surface, 
making them objects of explicit reflection and discourse in the classroom, 
and clarifying ideas and distinctions, in ways that simply “doing algebra” 
may not require. The design team decided that, if CAS is to be effective at 
the high school level, it is precisely this kind of usage that needs to be 
considered – usage that involves a mix of paper-and-pencil work, CAS 
activity, reflection questions, and classroom discussions of a substantive 
nature where the teacher draws out from the students the ideas they are 
reflecting upon. 

 
One of the several task-situations that we developed was an elaboration 

of the xn – 1 factoring task referred to above in the Lagrange (2003) report.3 
We shall use it as the vehicle for presenting the principles we drew upon as 
we designed the various questions of the task-situations, a process that 
involved several refinement loops. (See the Appendix for the task-situation 
in its entirety – Activity 6: Factoring.4) After presenting the aims and design 
principles of each of the main parts of the factoring task-situation, we briefly 
describe some of the highlights of its unfolding within one of the classes that 
we observed and conclude by pointing toward those design principles and 
features of CAS that supported students’ engaging in substantive 
mathematical reasoning and the co-developing of their conceptual and 
technical knowledge.   

  
Overview of the Task-Situation and its Design Principles 
 

The particular task-situation discussed here as an illustrative example is 
one that involves seeing patterns in the factorization of an expression. We 
                                                
3 We wish to acknowledge in particular the contribution of Fernando Hitt to the design of 
the elaborated version of the basic task reported by Lagrange (2003). 
4 Every activity that was developed had a student version, a teacher version that included 
ideas for classroom discussions, and an answer key that could be given to students after 
we had collected their activity sheets for use as one of our data sources. 
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designed the task-situation with the intention that students would engage in 
the following meta-level processes of mathematical activity: anticipating, 
verifying, conjecturing, generalizing, and proving (Kieran, 1996). We 
structured the situation so as to unfold in phases of student work that would 
correspond more or less with these processes.   
 

 Students had already learned to factor the difference of squares (e.g., x2 
–1) and the sum and difference of cubes (e.g., x3 – 1). As a first design 
principle, we wished for them to link their past work involving these 
identities with the generalization that they would be working toward 
regarding the factoring of xn – 1. We aimed to support students’ noticing a 
factoring pattern that they might not have noticed before when using only 2 
and 3 as values of n.  

 
An additional design principle involved students’ predicting a 

factorization for xn – 1, using the symbol n for the exponent, rather than 
specific numerical values. This principle, which reflected our intention that 
students would move toward an algebraic formalization of the patterns they 
noticed, would be invoked within the context of yet another principle – that 
of focused substantive classroom discussion where the teacher attempts to 
draw out student thinking rather than giving answers a little too quickly.   
 

Then, activity with the systematic replacement of n by ever-increasing 
integral values in xn – 1 was intended to provide an arena for making 
conjectures and working toward and refining the generalization taking place. 
To facilitate both the process of generalization and the identification of the 
constraints on the form of the complete factorisation of xn – 1, we elaborated 
as a design principle the student practice of reconciling the factored form 
obtained by paper and pencil with the unexpected form of the CAS output. 
This design principle is described more fully in Part II below. 

 
The last design principle to be called upon was one that we adapted for 

use with CAS task-situations that aim at supporting the development of 
conceptual knowledge within technical activity. It involves the mobilization 
of the emerging conceptual knowledge within the multi-faceted activity of 
proving – an activity that has only rarely figured explicitly in CAS research 
at the secondary school level. 

 
We now present some details of the three main parts of the factoring 

task-situation. We also include brief reference to the suggestions offered for 
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teacher intervention so as to give some indication of the classroom context 
that we attempted to provide for. 
 
Part I of the Task-situation: Anticipating and Verifying 
 

The activity begins with a brief review of paper-and-pencil factoring of 
differences of squares and cubes, accompanied by CAS verification (see 
Question 1a of the Appendix). The activity entails prompts to suggest that 
this preliminary work be followed by the teacher asking students to look at 
the factored forms of x2 – 1 and x3 – 1 to see if they detect some signs of a 
pattern. Students might remark that (x – 1) is a factor of both. The teacher 
could then write the factored forms on the board, while posing the question, 
“So what do we obtain when we multiply out these factored forms?” – 
thereby helping students to relate explicitly both the factored and expanded 
forms of the two examples: 

(x-1)(x+1) = ____________ and (x-1)(x2+x+1) = _____________ . 
 

Students then return to the activity sheets (Questions 1b, 2a – 2d) where 
they are asked to write the result they anticipate for (x-1)(x3+x2+x+1), 
without doing any paper-and-pencil or CAS manipulation. They then verify 
their anticipation by means of CAS. They are asked subsequently to note 
what the three expressions [(x-1)(x+1), (x-1)(x2+x+1), and (x-
1)(x3+x2+x+1)] have in common, as well as to explain why it is that a 
binomial results as the product in all three cases. The next section of Part I 
(Questions 2e – 2g) presents a question requiring prediction: “On the basis 
of the expressions we have found so far, predict a factorization of the 
expression 15 −x ,” followed by a few more questions of an 
anticipatory/explanatory nature. 
 

The classroom discussion that brings this first part of the activity to a 
close focuses on whether students have been able to anticipate a general 
factorization of the expression xn – 1, for integral values of n. We considered 
it important that students try to generate the general formulation themselves, 
tackling issues such as representing decreasing powers of the variable with a 
general notation. At this point, we suggested that the discussion could 
address the importance of the factor ( )1−x  and the fact that in multiplying 
this binomial by any polynomial of the form 1221 +++++ −− xxxx nn

… , the 
result is the sum of the first and last terms of the product. This result is 
obtained by distributing the factor x, then the factor –1, throughout all the 
terms of the second polynomial, thereby leading to the pair-wise cancellation 



   

 9 

of all “inner” terms. In sum, for integral values of n we have 
( )( ) 111 221 −=+++++− −− nnn xxxxxx … . 
 
Part II of the Task-Situation: Conjecturing and Moving Toward a More 
Refined Generalization 
 

The second part of the activity focuses, first, on the systematic 
replacement of n by the integers from 2 to 6 in xn – 1. Students are asked to 
fill in a table, of which only the first line is shown below, according to the 
following instructions: 
 

Part II: Toward a generalization (activity with paper & pencil and with calculator). 
II(A) In this activity each line of the table below must be filled in completely (all three 
cells), one row at a time. Start from the top row (the cells of the three columns) and 
work your way down.  
If, for a given row, the results in the left and middle columns differ, reconcile the two by 
using algebraic manipulations in the right hand column. 

Factorization using  
paper and pencil 

Result produced by  
FACTOR command 

Calculation to reconcile  
the two, if necessary 

=−12x  
  

 
We anticipated that students might factor x4-1 as (x-1)(x3+x2+x+1), 

according to the pattern they had generalized up to this point, not realizing 
that the second factor could be further factored. In fact, several students 
might be initially surprised by the factored form produced by the CAS for 
x4-1, until perhaps noting that they were dealing with a difference of squares 
or that the second factor could be refactored by grouping. Thus, a 
reconciliation of the versions they had produced with paper-and-pencil and 
with CAS would be in order. We also considered it important that the 
reconciling be done after each example of xn – 1, which explains why 
students are asked to fill in all three cells of a given row before moving 
down to the next row of the table. 
 

We conjectured that the reconciling part of the activity would be a 
crucial factor in students’ evolving conceptual development. Not only was 
the completely-factored CAS output intended to provoke them into thinking 
more deeply about what it meant to be “fully factored,” but also how they 
might be able to tell, or test, whether a given expression could be factored 
differently or whether the “factors” they had produced could be further 
factored. Indeed, the prompt to reconcile is that part of the activity that aims 
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to engage students in the act of reflecting on the “things” (forms, in this 
case) generated by the CAS in relation to the forms generated by them.      
 

After filling in the table for x2-1 up to x6-1, students are asked to do some 
conjecturing (Question II.A.2): “Conjecture, in general, for what numbers n 
will the factorization of 1−nx : (i) contain exactly two factors? (ii) contain 
more than two factors? (iii) include ( )1+x  as a factor? Please explain.”  
 

The discussion following this first section of Part II was intended to 
touch upon the different ways of factoring x6 – 1, that is, an expression 
where n is a multiple of both 3 and 2, before asking students about the 
conjectures they had made regarding the factorization of xn - 1. We 
anticipated that students would first distinguish the cases of n even and n 
odd. We also thought that many of them would (incorrectly) conjecture that 
there are more than two factors for even numbers n > 2 and only two factors 
when n is odd. At this point, it was suggested that the teacher might want to 
offer 

€ 

x 9 −1 as a counterexample to this conjecture, for which the factored 
form contains three factors. Then students would be urged to work either 
individually or in groups, in order to revise their conjectures. They would 
then be prompted to go on to the second section, which involves filling in a 
table as before, but this time for x7-1 up to x13-1. 
 

The same conjecturing-question is repeated after students have 
completed the table with the extended integral values for n, in order to give 
them the opportunity to revise and elaborate on their initial conjectures 
(Question II.B.2). The final question of Part II involves applying the 
generalizations they have formed to a few numerical examples (Questions 
II.C.1 – II.C.3): “Does 12004 −x  (followed by 13003 −x , and then 

€ 

x 853 −1)  (i) 
contain more than two factors? (ii) include ( )1+x  as a factor? Please 
explain.” 
 

The aim of Part II is to incite students to discover the general 
relationship: ( )( )111 221 +++++−=− −− xxxxxx nnn

… , for integral values of n.  
More specifically, we intended to encourage the realization that for n prime, 
the factorization will be of this form; while for n even, the form of the 
complete factorization, which involves a refactorization of the second factor, 
will include both (x – 1) and (x + 1) as factors. In the discussion following 
the first section of Part II, the counter-example 
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( )( ) ( )( )( )111111 23623456789 ++++−=++++++++−=− xxxxxxxxxxxxxxx  
aims at promoting distinctions among the cases of n prime, even n > 2, and 
odd n not prime (see Figure 1 for examples of the cases of n prime and even 
n > 2). 
 

If n is even and n > 2, then ( )1−x  and ( )1+x  are two factors of the 
factored polynomial. 

( )( ) ( )( )( )111111 2224 ++−=+−=− xxxxxx  
( )( ) ( )( )( )( )1111111 22336 +−+++−=+−=− xxxxxxxxx  
( )( ) ( )( )( ) ( )( )( )( )1111111111 42422448 +++−=++−=+−=− xxxxxxxxxx  
( )( ) ( )( )( )
( )( )( )( )1111

111111
234234

52345510

+−++−+++++−=

+++++−=+−=−

xxxxxxxxxx
xxxxxxxxx  

If n is a prime number, the factored expression contains only two 
factors: 

( )( )1112 +−=− xxx  
( )( )111 23 ++−=− xxxx  
( )( )111 2345 ++++−=− xxxxxx  

=−17x ( )( )11 23456 ++++++− xxxxxxx  
( )( )111 23891011 +++++++−=− xxxxxxxx …  

Figure 1. Factoring xn – 1 for cases of n prime and even n > 2  
 
Part III of the Task-Situation: Proving 
 

Part III contains a single question: “Explain why (x + 1) is always a 
factor of 1−nx  for even values of n ≥ 2.” When we set this question, we were 
not sure what 10th graders would be able to do with it. They had not had any 
prior experience with proofs such as the following: 

xn – 1 = x2k – 1  (for n even) 
= (x2)k – 1 
= (x2 – 1)(x2

€ 

k− 1

 + x2

€ 

k− 2

 …  + 1) 
= (x + 1)(x – 1)(      …       )  

 
What we observed was a surprise, both to ourselves and to the classroom 
teacher.  
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Some Highlights of the Unfolding of the Factoring Activity 
Within One of the Classes 

 
The activity unfolded over two one-hour class periods occurring on 

consecutive days. Students engaged in the activity, following the intended 
structure that we elaborated in the previous section, each part concluding 
with a whole class discussion of ideas addressed within that part. Our aim in 
this section is not to provide a detailed research report of what transpired 
within this unfolding. Rather, we focus on two highlights that illustrate how 
engagement with the activity brought issues of substantive mathematical 
reasoning to the fore and pushed students to reason in seemingly new 
directions. The first highlight, emerging in the classroom discussion at the 
end of Part I, concerns issues related to the symbolic formalization of the 
general relationship that we intended students broach. The second highlight 
concerns a creative and elegant proof of the general relationship, advanced 
by a particular pair of students at the activity’s conclusion. 

 
The emergence of these highlights was driven by students’ attending to 

the subtle but important requirement, built into particular parts of the 
activity, that they reconcile the forms produced by the CAS with their own 
paper-and-pencil factorizations of expressions of the form xn – 1 for 
increasing integral values of n. By helping to orient students toward 
constructing complete factorizations of these expressions, the reconciling 
requirement thus played a central role in pushing them to conjecture, 
generalize, and formalize a proof. 
 
Dealing with n’s in the General Formulation 
 

After the students had shared their thinking with respect to the three 
given examples of Question 2c in Part I [(x-1)(x+1), (x-1)(x2+x+1), and (x-
1)(x3+x2+x+1), along with their expanded forms], the teacher asked them to 
predict the factorization of xn – 1. It seemed clear to the researcher-observers 
that this was the first time that the students had been asked to deal with a 
general formulation of a factored form. 
 

One student started with the suggestion, “(x – 1)(xn-1 + xn-2 ” [but then 
stopped and said: “but I don’t know how far to go.”]. This was echoed by 
several others in the class. The teacher then offered: “down to x2 + x + 1, as 
with the others.” On examining the proposed factored form for xn - 1, 
another student wondered whether (x-1)(xn-1 + 1) would be the same as 
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€ 

x −1( ) xn− 1 + x n−2 +… + x2 + x + 1( ).  We noted that even the knowledge of how 
to multiply x by xn-1 seemed precarious at this moment. One student 
suggested adding the exponents, 1 and n-1. In the background, however, 
remained the question of “how far to go” in the second factor; it had not yet 
been satisfactorily attended to. The student asked again, “If it’s decreasing, 
how far down do you go?” to which the teacher responded, “You go all the 
way to x0, which is 1.” However, the link between x0 and xn-n  was not made, 
and the student in question seemed still unsatisfied.  
 

Even though the issue was still not resolved, the teacher asked the 
students to move on to Part II. So, midway through Part II, when the rest of 
the class had begun to work on the factoring of x7 – 1, and its successor 
expressions, the same student went up to the board to repeat his question to 
the teacher: “When you go like this, going down even to n-1, n-2, n-3, how 
far do you go with the n’s, when will this (circling the –3) be zero?” “It 
depends on n,” offered the teacher. Not yet convinced, the student added that 
he didn’t like the dots either (referring to the second general factor where the 
middle terms were represented by three dots). 

 
Had the students not been asked to predict a general factorization for xn – 

1 and to express it in general notation, we would not have witnessed the 
difficulties that are inherent in such polynomial notations involving non-
numerical exponents for students of this age and particular algebraic 
experience. It suggested an interesting area for further study. 
    
Proving that (x + 1) Is Always a Factor of 1−nx  for Even Values of n ≥ 2 
 

After having given the class about 15 minutes to try and generate a proof 
of this phenomenon – that (x + 1) is always a factor of 1−nx  for even values 
of n ≥ 2 -- and having circulated around the classroom during this time in 
order to see what kind of proofs the students were attempting, the teacher 
invited selected students to come to the board, one at a time, to present their 
proofs. 
 

One of the first “proofs” that was proposed was as follows: “When n is 
an even number greater than or equal to 2, x2 – 1 is always a factor, and so 
(x+1) is a factor.” However, he could not really show why x2 – 1 is always a 
factor. Then another student came forward with what he proposed as a 
counter example, x12 – 1, which he manipulated so as to have a sum of cubes 
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and not a difference of squares, and which still yielded (x + 1) as a factor. 
So, the presence of x2 - 1, he argued, was perhaps not so crucial after all.  

 
But the really quite remarkable attempt appeared when Jane was invited 

to come forward to present the proof that she and her partner had constructed 
(see Figure 2). Theirs was a generic proof (Tall, 1979), in that the argument 
was presented as an example that embodied the structure of a more general 
argument. Their proof was based on noticing that for even n’s in xn – 1, the 
number of terms in the second factor was even. Thus this second factor 
could be grouped into two’s, yielding a common factor of (x + 1). See 
Figure 3 for the written work underpinning, and extending, the presentation 
at the board. Part of a more general notation for the proof was added by the 
teacher (see Figure 4), but the elegant simplicity of the proof had already 
been appreciated by many in the class – as well as by the teacher and the 
researcher-observers.  
 

 
Figure 2. The beginning of the proof based on the idea of grouping the even 
number of terms in the second factor 
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Figure 3. Written work illustrating the proof that (x + 1) is always a 
factor of 1−nx  for even values of n ≥ 2 

 
 

 
Figure 4. Part of a more general notation for the “grouping” proof 
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Concluding Remarks 
 

We offer the activity described here as an illustration of a productive 
way to integrate CAS into mathematical activity that at once draws upon 
students’ prior knowledge and skills and pushes them to reflect on and use 
these in a manner that goes beyond the usual for the high school context. 
From our perspective, in this activity the CAS functioned as a generator of 
factorizations of expressions of the form xn-1, for different values of n.  

 
This function together with the important requirement that students 

reconcile their own paper and pencil work with the results produced by the 
CAS, provided an impetus for their generating conjectures about the form of 
the complete factorization of xn-1. This, in turn, oriented students to 
elaborate a general relationship and to formalize that relationship. It also led 
several of them to find a way of proving that (x+1) is always a factor of xn – 
1 for even values of n≥2, with novel methods that intertwined both the 
conceptual and technical knowledge that had been developed throughout the 
activity. 

 
The coupling of students’ attention to the forms produced by the CAS in 

comparison to their own productions, we argue, helped constitute these 
forms and their structure as objects of explicit reflection and classroom 
discussion. We hasten to add that this function was not inherent to the CAS, 
but rather was imposed on it within the context of the total intended activity. 
In other words, that the CAS served this function was very much an intended 
design feature of the activity. It is in this way that we view the CAS as a 
didactical tool. 
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APPENDIX 
          

Activity 6: Factoring 
 

Part I (Paper & pencil, and CAS): Seeing patterns in factors 
 

1. (a) Before using your calculator, try to recall the factorization of each algebraic 
expression listed in the left column of this table:  

 
Factorization using paper and pencil  Verification using FACTOR (show result 

displayed by the CAS) 

=− 22 ba   

=− 33 ba   

=−12x   

=−13x   

 
Classroom discussion of Part I, 1a 

 
 

1. (b) Perform the indicated operations (using paper and pencil) 
( )( )=+− 11 xx  

 

( )( )=++− 11 2 xxx  

 
 
2. (a) Without doing any algebraic manipulation, anticipate the result of the following 
product: 

 

( )( )=+++− 11 23 xxxx  

 
2. (b) Verify the anticipated result above using paper and pencil (in the box below), and 
then using the calculator. 
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2. (c) What do the following three expressions have in common? And, also, how do 
they differ? 

( )( )11 +− xx , ( )( )11 2 ++− xxx , and ( )( )11 23 +++− xxxx . 
 
 
 
 
 
 
 
 
 
 
 
 

2. (d) How do you explain the fact that the following products result in a binomial: 
two binomials, a binomial with a trinomial, and a binomial with a quadrinomial? 
 
 
 
 
 
 
 
 

 
 

Classroom discussion following Question 2d 
_________________________________________________________________
_ 
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2. (e) On the basis of the expressions we have found so far, predict a factorization 
of the expression 15 −x .  

 
 
 

 
 
2. (f) Explain why the product (x –1) (x15 + x14 + x13 + … + x2 + x + 1) gives the 
result x16–1 ?  

 
 
 
 
 
 
 
 

 
 
 
2. (g) Is your explanation (in (f), above) also valid for the following equality: 
 

(x –1) (x134 + x133 + x132 + … + x2 + x + 1) = x135–1 ? 
 Explain: 
 

 
 
 
 
 

 
 
 
 

Classroom discussion of Part I, #1 #2 


