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Introduction and those by Steger and Warmif], van Leer[7], and Walters

A phenomenon of interest in free-surface film flows under ce(ra-t glln[CSe] Zt]reucstrl: ;ﬁgvs-r\]/vtangrﬂgéu\;gr?; iﬂcgrggsgrgggg/ ag?.being
tain conditions_is the _formation of a s_ud_den discontinuity _in thﬁonhomogeneous functions of the primitive variables, the appli-
dep_th O.f a fl_owmg liquid; i.e., a_t_hydraullc Jump, as the flow in th.ecation of FVS schemes to the solution of these equations has been
radial direction makes a transition from supercritical to a subCritfiniteq ‘mainly due to the difficulty in finding the proper split of

cal regime. Significant back-flow may be present at the jump Igse fiyx vectors. However, a number of numerical studies for the

cation with a corresponding loss of mechanical energy due to tg|ow-water equations using schemes based on the FDS method

abrupt change in depth. In general, the region of increased fifBye peen carried out. Examples include the study of flow in a

thickness corresponds to a zone of substantially amplified turtithannel of infinite width,[9], the simulation of open channel

lence. From a thermal standpoint, the location of the hydrauligpws coupled with flux limiters[10], and the analysis of two-

jump is critical because of the degraded transport characteristifithensional free-surface flow equations employing a high-order

that exist there. This region is unsteady, and depends heavily @8dunov-type scheme based on monotone upstream-centered

the drainage configuration downstream. scheme for conservation lawd1USCL) variable extrapolation
Thin film flows can be characterized as shallow-water flows iand slope limiters[11], among others.

which the vertical dimension is much smaller than any typical In the current work we are interested in the analysis of free-

horizontal length scale. Important applications of the shallovgurface thin film flows, for which a hydraulic jump may exist,

water equations include the prediction of weather, simulation oking the shallow water equations as mathematical model. To this

tidal flows, storm surges, river flows, and dam-break waves. end, we use a finite difference scheme based on a new split of the
For engineering applications numerical solution of the goverilux vector to solve the governing equations. A first-order upwind

ing equations is a useful tool for aiding in the prediction of locadlifferentiation is enforced at the location of the shock whereas a

flow properties of the fluid. From a numerical standpoint, a majdvigher order upwind differentiation is employed elsewhere. A

difficulty in analyzing the hydraulic jump stems from the disconstraight forward formulation of the governing equations is pre-

tinuity of the fluid depth across the jump, which must be accigented followed by a discussion of the split of the flux vector that

rately captured by the numerical method. accounts for the inhomogeneity of the shallow-water model. The
Due to the similarity between the depth-averaged equations #féects of the FVS on the accuracy and consistency of the spatial

the two-dimensional compressible Navier-Stokes equations, tigcretization are studied next. Finally, three thin film problems

methods developed to solve the compressible flow may also (¢ one-dimensional dam break proble(@) radial flow without

used to study the shallow water equations and therefore to anal{#®P. and(3) radial flow with jump, are investigated with empha-

hydraulic jumps in thin flows. sis in the capability of the technique to capture discontinuities in
Several finite difference schemes have been developed for g flow field.

simulation of gas dynamics equations and are available in the

literature. The main difference among them is the way they ad-

dress the problem of shock waves formation, which is of fundajgthematical Model

mental importance in the overall accuracy of the calculations.

These techniques are based either on central-difference formulaGoverning Equations. We present the governing Navier-

tions, [1,2], or on upwind-difference discretizations. Though th&tokes and c_ontinuity equations for incompressible fluid with con-

earlier schemes give fairly accurate results in the case of smo&tant properties,

and weak-shocks, the precision given by the latter methods, even

for problems containing strong shock waves, is supe&r,Rep-

resentatives of upwind schemes are those by[Rband Yee and

Harten[5], based on flux difference splittingFDS) techniques,

V-u=0 1)
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represents the Cartesian velocity vector compongritsthe pres- Table 1 Boundary conditions for the shallow-water equations
sure; v is the kinematic viscosityp is the density, andj is the
gravitational acceleration. In the following, the physical space will Nou[ﬂﬁ)virré’f vatfnrjm “é‘gggg;ff
be denoted byx, y, ), and the computational space & 7, ). y

: ’ . h . Case Condition Characteristics Characteristics Conditions
Assuming that vertical acceleration, wind stresses and Coriolis

effects are negligible, the bottom slope is small, and considering ~ U.<-ay&+& 0 3 3
that the friction losses can be computed using uniform steady flow ——a&Z+£<U.<0 2 2
formulas,[12], the set of equationgl)—(2) can be vertically av- 3  0<U.<a\&+& 2 1 1
eraged to obtain the two-dimensional unsteady shallow flow equa# U.> —aJ?XTgyfv 3 0 0

tions. The depth-averaged equations of motion can be written-n
conservation law form as

JQ JE oF
X Ty () vectors. If we defineU,=&U+&V, Vo=nU+nV and a
=./gh, the characteristic directions in theand z-coordinates,
where respectively, can be written as
A hu hv N=Uc, Npz=UctaVé+é ®)
h? huv v
Q=|hU|; E= hU2+97 . F= NE 71=Ve, vaa=Veravmty 9)
hv HUV2 hV2+ % whereU. andV, are the characteristic velocities.
Boundary Conditions. The system of equation&) cannot
0 be solved without assigning appropriate initial and boundary con-
oz 7 ditions. For a hyperbolic system the required number of boundary
—gh=tb_ Ibx conditions is related to the behavior of the characteristics. At any
S= X p |. (4) point on the boundary one must specify as many conditions as
gz T there are characteristic planes entering the region. The character-
fgha—f = istic directions of propagation are given in E¢8)—(9). Consid-
y p ering the radial velocity as positive if the flow is outward, we may

Hereh is the water depth measured vertically,and VV are the have the situations shown in Table 1. Cases 1 and 4, in the table,
Cartesian depth-averaged velocity componenyss the channel are concerned with supercritical flow,>F1. where Fr=U/\[gh is
bottom elevationt is time, g is the gravitational acceleration, andthe Froude number. Supercritical flows do not occur very often.
Thx @nd 7,y are the bottom shear stress components. The bottdrflr the more frequent cases, 2 and 3<Ej), we must specify
stress is an unknown quantity in the shallow water equations afigher one or two boundary conditions depending on whether the
has to be expressed in terms of the other variables in orderfi@w is directed outward or inward. N

“close” the system. In the current formulation the effective stress For supercritical flow (F+1), the boundary conditions used
components are neglected and the shear stress on the botto¥YGES: (&) upstream boundary: the longitudinal veloclty trans-
approximated using the Chezy formulas verse velocityV and the deptih are specified and do not change
during computations, ang) downstream boundary: all the vari-
ables, i.e.U, V, andh are extrapolated from the interior points.
For subcritical flow (F« 1), the corresponding boundary condi-
tions are(a) upstream boundary: the depthis specified and the
whereC is the Chezy constanf13]. The advantage of this ap- longitudinal velocityU is extrapolated from the interior points,
proach(assuming the pressure distribution to be hydrostaiic and (b) downstream boundary: the velocitigsandV are speci-
that leads to a considerable simplification in both the mathemafied and the depth is extrapolated from the interior points.

cal formulation and the numerical solution without degrading the

accuracy of the overall solution, for most engineering applica-

tions, [14]. o _ _ Splitting Scheme
Equation(3) can be written in generalized coordinates as

9 9
Tox= gz V(U VA 7y =5 V(U2 VA2 (5)

The splitting of the flux vector& and F, in Eq. (6), can be
a0 E 9F . accomplished in a number of ways. The most common choice is
o + a_g + o= S, (6) in accord to the sign of the eigenvalues of the system, where the
K flux vectors can be split into subvectors. Each subvector is asso-
where represents the standard form of the conserved variabl&tated with the positive or negative eigenvalues of the flux matrix
Because of the particular structure of these equations, it is pd@cobian. ThusA can be split asA=A"+A~ where A*

sible to write =E,A'E ' andA-=E,A"E, !, where the elements ¢t and
. R . . A~ are the positive and negative eigenvalues, respectively. Simi-
sza_Q and f:é‘?_Q 7y larly B=B"+B", whereB*=F I""F ' andB =F I'"F "
9¢ & an an’ In the case of the Euler equations, the fluxes associated with

these Jacobians are obtained from the property of homogeneity of
the flux vectorE(®Q). If the flux vectorE is an homogeneous
function of degree one i), one ha€£=AQ. In a similar fashion,

F can be written as-=BQ. The property of homogeneity was
L ; X N : used by Steger and Warmiii§] to split the flux vector into for-
d]rectlon of propagatlon of the |nformat|on IS determined _by thﬁ/ard ar):d bagkward contriblrjﬁt?(])ns. TFt)we eigenvalues of the Jacobian
sign of the eigenvalues of the Jacobian matrieesndB, which mayrix of the full flux were split into non-negative and nonpositive
are all real. ForA andB a similarity transformation exists suchgroups. An alternate flux splitting with continuously differentiable
that A=E,AE, * andB=F,I'F %, whereA andT are the diag- flux contributions that lead to smoother solutions at sonic points
onal matrices of eigenvalues, akg andF, the associated eigen- was introduced in van Legi7]. An important remark to be made

where ,5: and P’ are the flux Jacobian matrices, i.edy;
=0E;/9Q; andBj;=dF;/dQ;. The elements of Eq$6)—(7) are
shown in the Appendix.

The system of equation) is hyperbolic and therefore the
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is that the concept of flux splitting as previously defined, is totally

dependent on the fact that the fluxes are homogeneous functions ET=A"Q and E"=A"Q, (10)
of degree one iQ. and

Although the system of equatior() is hyperbolic and has
some similarities with the Euler equations for compressible flows, E+ :§+Q and E- :E—Q_ (11)

there are some differences: the Jacobian matcasdB of the
shallow-water equations are not homogeneous functions of degfieethis end, we introduce the modified Jacobian matn%md
one |nQ Thence, the flux vectors of E¢6) cannot be expressed &
asE=AQ, andF=B0.

It is possible to use the FVS method to solve the shallow-water

B, where

= _a = A -1
equations by splitting the flux vectoEsandF in Eq. (6) accord- A=EAE, (12)
ingto E=E*+E~ andE=F*+F~, where with the diagonal matrix of eigenvalues
|
[ ng2+ ng?, 0 0 ]
Q:
= 0 Q2 t £,Qa 1 1/2Q:VQu9(&c+ £)) 0
A= o : (13)
0 0 £Qat £,Qs— 1/2Q1VQu9(&+ &)
i Q1 |
and the corresponding expression for the modified Jaccﬁbian
B=F [ 1, (14)
with the diagonal matrix of eigenvalues
[ 73Qa+ 77yQ3 0 0 ]
Q:
P 0 7xQ2+ 17,Q3+ 1/(22Q1\/Q19( it 7y) 0 . (15)
1
0 0 75Qz+ 7yQ3—1/2Q,VQ19( ne+ 7732,)
I Q1 |

It is now possible to obtain a well-behaved solution by splitting
the spatial derivatives in two parts associated with the character- AQ" "+
istic speeds. The flux vectors can be split into subvectors, such
that each subvector is associated with positive or negative eigen-

01A T

1+0 [(A++A )nAQn+l]

8¢

4 R+ L R—\NAAN+1
+5—n[(B +B7)"AQ™ ]

values of the modlfled Jacoblan matrlx Therefdker;an be spllt
according  to A A*+A where A+ E A*EA , and A Ar

=E,A"E, . The elements of the diagonal matrick$ and A~ C1+6,
are the positive and negative eigenvalues of the modified Jacobian

n

9 + +
5§[E +E ]+—[F +E7]

matrix. Similarly, we write for thencoordinate§=§*+§’ _(AF0)AT,, 01A7A3n71 01 (A=

+
+ + +
whereB* FITF ! andB- =F I F L 1+ 62 1+ 6, 1+6,

A andF were modlfled from the original eigenvalues of the
Jacobiand\ andB (see the Appendixo introduce a new splitting
of the flux vectorsE andF. In a later section we will discuss the
effect of modifying the characteristic speed on the consistency antlere the difference approximations fa¥(E*+E~)/8¢ are
accuracy of the scheme. shown in the next section. For the numerical simulations pre-

sented here, an explicit scheme is chosép<0 and §,=0) to
solve Eq.(16).

(16)

Spatial Differencing Scheme. The upwind differencing of
. . the convective terms is based on the flux splitting technique,
Discretization Schemes where the spatial derivatives Bf" andE ~ are approximated with
The governing equation&) are solved by marching in time backward and forward difference operators, respectively. Combin-
from some known set of initial conditions. The general form oing the standard first and second-order backward/forward differ-
the time-difference approximation is given by ences the spatial derivatives can be expressed as
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obtained with the discretized forms of Eq4.7)—(18), and Eq.

( 5E*(Q)) _(Ei+_éi+—l) N & (B —E ) A comparison of numerical results for the dam-break problem,
I

6¢ Ag 2A¢ (22) will be presented in the section of numerical experiments.

¢i11(|§i+71_|§i+72) Accuracy and Consistency Analyses. We now analyze the
By v— (17) impact on the order of accuracy and consistency of the scheme
§ due to the modification of the characteristic spe@genvalues
and of the modified Jacobian matricédsandB of our flux-splitting.
. oA Al Al Consider for simplicity the one-dimensional shallow-water
oE (Q)) _(E4i—F )+ b (Eii1—Ep) equation
o/, A¢ 2A¢

_ ¢i++1(éi_+2_éi_+1)
2A¢&
Equation(17) can also be written as

18) QB E
ar + 9é * Fr

0 (25)

discretized in space and time with the following first-order

5|A5+) _ B 1o El 1
i

5¢ A¢ (19) scheme as
with
- . . AT . . . .
Ei++1/2:Er_¢7l(Ei+_Er—1); (20) in+l_Qin:_A_§ (B —E)+(E i —ED]
which is equivalent to obtaining the value iBfat the center of the AT

— R =+ £—\1n
cell followed by a forward extrapolation. The parametesippear- T Aé (B B ) (B tEDN (26)
ing in Egs.(17)—(18) limits the higher-order terms by acting as a
nonlinear switch¢ enhances shock capturing by dropping from a
second-order to a first-order scheme near discontinuities so thaf) | expressing the absolute value &f as |E|=E*—E~
oscillations in large gradient regions such as in the vicinity of a % . % 4 Fay s Foa F A

shock are suppressed. The spatial differencing is second-order TdA|Q, where|A|=E,|A|E, ~, and usinge=A"Q+A"Q with

#=1 and first-order foip=0. The value of¢ is determined lo- A*Q=E* andA-Q=E", we can recast Eq26) as
cally from

2|AQiV:Qill+e "

(21) At

(AQ)*+ (VeQ)*+e A?“‘QP:_E(Ewl—éi—l)n
where € is a small numbelO(10 ®), [8], and n is a positive
number (6<n=<1) used to capture the shock profile. The opera- AT . . . n
tors A, andV; are the standard forward and backward difference + X§(|E|i+l_z|E|iJr IEli-0)", @7)

operators, respectively.

A spatial-discretization alternative is first, to extrapolate nodal
point values ofQ toward the face of the cell, and then to obtai
E* at the interfaces. This is implemented as a flux balance acr
the cell and leads to the following approximation:

Mo show an artificial viscosity term proportional to the second
Yetivative of the absolute flux valy&|. It can be noticed from
Eq. (27) that the consistency of the scheme is maintained.
SE(O) After a Taylor expansion of |El;,,—|E|;) and (E];
( 5E ) —|E[i-1), we can transform Eq27) in a form that explicits the
I

absolute value of the modified Jacobid; e.g.,
:[F?(Qijrl/z)* EN(Q 1) +E (Q 1) —E(Q )]

Ag

(22) |E|i+1_|E|i:|R|i+(l/2)(éi+1_Qi—1)+O(A§)(Qi+1_Qi—:L()2vs)
whereE*(Q7) denotesE™ evaluated a*, and

P ] o y
Qi1 =Quit - (1= wd Vet (1 kdi)AAQL (23) Bl El1= Ak -0 (Qr11~ Q-0 +OAD(Qu Qi)

. . o .
Q1= Qg =~ (A& DA (1= kb ) VeI Qs
(24) Using Egs.(28)—(29), Eq. (27) becomes, to the first-order accu-

rac
The aforementioned method, developed by van LL&gris often y

referred as the MUSCL-type approach. In E(3)—(24), « de-

termines the spatial accuracy of the difference approximation. For At A

fully upwind differencing, the choic&=—1 is used whereas = An+1_ An_ _ A _F  n T Al A _H.
=1/3 corresponds to the upwind-biased third-order schemg,' Q 2A§(E'+l Bi-g)™t 2A§[|A|'+(1’Z>(Q'+l Qi)
[15,16]. Analogous expressionsA(<17)—(22) may be obtained for ~ o A

the gradient of the fluxes(F* +F~)/ 5. —Ali—12(Qi = Qi—) 1"+ O0(AQ?). (30)
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Equationg26) and(27) are equivalent formulations of the first-dam-breaking, the second corresponds to a radial flow within a
order conservative upwind schert@b) for smooth variations of supercritical region in the domain for which no hydraulic jump
Q. One can write Eq(26) in terms of the numerical flux, as exists, and the third is a radial flow in the presence of supercritical

Ar and subcritical regions which induce a hydraulic jump.

Q= — E(EiH/Z_ 12" (31) One-Dimensional Dam-Breaking Problem. This problem
A Ay Al consists of a dam located at the origin={0) in a rectangular
with E;1,=E; +E;} 1, or up to second-order accuracy as channel, that extends ttieo, in which fluid is initially at rest on
R 1. . 1~ R R R both sides. The-coordinate is in the downstream direction of the
Eiﬂl,z):E(EiJrEHl)— EAH(uz)(QHl—Qi)+O(AQ2)- cha_mnel. The_ initial heigh_t of the fIL_Jid on the Iefx{_O) is1lm
(32) while the height on the rlghtx(_>0) is 0.8 m. For this problem,
[17] developed an exact solution based on the theory of charac-
It can be observed that the modification of the characteristic spegfstics to analyze the behavior of the fluid after the dam breaks.
does not affect the order of accuracy of the scheme, as it is partfe numerical simulations were carried out using the proposed

an artificial dissipation terrfil6]. FVS along with four different schemes: a first-order upwind, a
. . second-order upwind, and two different schemes that use slope
Numerical Experiments limiters.

Three problems are solved in order to examine the proposedrigures 1a)—1(d) illustrate comparisons of the results obtained
FVS. The first is the analysis of the well-known one-dimension&élom the numerical procedure with the exact solution at time
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g f g F
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Fig. 1 Water depth of the dam-break problem in a rectangular channel at time t=0.10 second and 440 grid points. (a) Exact

solution; — < — first-order scheme. (b) Exact solution; — O- second-order scheme. (c¢) Exact solution; — V- scheme based on
flux extrapolation E  with limiter. (d) Exact solution; — A— scheme based on variable extrapolation Q (MUSCL) with limiter.
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0.060 - 3 [.L*
: 3 2
0.055 - Zi
5 . |7
: : 0| G
9 0.050:— —: v,
g : ;
w - ]
0.045 E- -: r
0.040 - < Fig. 3 Schematic of the experiment layout of Sadler and Hig-
n ] gins [18]
0.035 4
E. T T T T .5 of Sadler and Higging18]. A layout of their experimental setup is
0.030, 200 400 600 800 1000 1200 Shown in Fig. 3; the reported geometrical parameters and flow

rates are presented in Table 3 as case 1. It consists of a 2(84 m
N ft) square sheet of Plexiglas mounted horizontally on a 15.26cm
in) diameter vertical pipe. Both Plexiglas and pipe were fixed to a
structure. Water was discharged from a nozzle, from below, onto a
20.3 cm(8 in) diameter disk located at a height of 5 nii16 in
above the sheet of Plexiglas. The water was then collected through
a series of drains arranged in a circular fashion located at a dis-
. ) tance of 68.6 cm27 in) from the center. In the experiment, the
=0.10 seconds using 440 mesh points. It can be observed fre@pth of the flow was measured with a point gauge mounted on an
the figures that, in general, the discontinuities are captured by aHn under steady-state conditions.

the schemes, but some differences in accuracy are evident. FoEgr sjmulation purposes, we use a flow rate @,
instance, Fig. () shows that the first-order upwind scheme has  gogg mi/s (0.345 cf3, as reported by Sadler and Higgiiis],
good properties of monotonicity, however it suffers from severg, 5 value of the Chezy constadt= 80, [19], which is in the
inaccuracies because of the high level of truncation error. On t| ge commonly used for practical en’gineéring calculations. It
other hand, the second-order upwind scheme, shown in B. 1 ) st pe noted that a simplification of the problem can be obtained
yields low levels of numerical dissipation, but steep gradients projce the flow is axisymmetric, so that a one-dimensional version
duce an oscillating behavior due to its numerical dispersion. i} ihe shallow-water equations in cylindrical coordinates may be

Fig. 1(c) the slope limiter technique based on extrapolation of theseq * Nonetheless, we consider a two-dimensional discretization
flux vectorE shows a substantial reduction in the amplitude of the

oscillations at the discontinuities but cannot be completely sup-
pressed. Finally, the results obtained from coupling FVS with the
MUSCL technique indicate that the method is able to capture ]
discontinuities in a sharp way, avoiding any unrealistic oscillation
as illustrated in Fig. (). Case r;(m) ro(m zm Q, (MY Experiment
The maximum relative error ih, €, at the points of discon- —
tinuity and time of 0.10 s is plotted in Fig. 2 as a function of mesh1 0102 0686 5x10°%  0.0098  Sadler and Higgir48]
refinement, for the MUSCL scheme. Similar results were obtained® ~ 0:082 0914 8x107°  0.0170 Ahmad21]
for the velocityU. A uniform grid was used in the computation.
The time-step was refined proportional to the grid spacing. Figu~~ g 0o6
2 shows that the present method is first-order accurate at the sh
locations. The maximum relative error lnat time 0.10 s away
from the shock is presented in Table 2 as function of mesh refir
ment. The experimentally established orders or accuracy are &
shown in this table as function of mesh refinement. In our con
putation, we usea = 1/3 which corresponds to the upwind-biasec 9.004
third-order schemd,15].

Radial Flow Without Jump. We simulate the radial flow =&
with the proposed flux vector splitting method coupled with th
MUSCL technique and compare the results with the experimer

Fig. 2 Maximum relative error of h as a function of mesh re-
finement for the dam-break problem on a rectangular channel
at time t=0.10 s at the points of discontinuity

ble 3 Conditions from experiments for the solution of the
allow-water equations

[m]

0.002
Table 2 Convergence test results for the dam-break problem
away from the discontinuity region
N €max (M) Order 0.0000 0'2 014 016 0.8
100 - - r [m]
200 2.2589392& 107 ° 1.9716
300 8.5893934% 10°© 2.3847 Fig. 4 Comparison of numerical solutions and experiments
400 3.5893936( 10 © 3.0327 for Q,=0.0098 m%/s (0.345 cfs); -V- (121X121) grid points;

-O- (241X 121) grid points; < Sadler and Higgins [18]
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Fig. 5 Schematic of the experiment layout of Ahmad ~ [21] Fig. 7 Evolution of the eigenvalues and appearance of the hy-

draulic jump; — O— N3; —D>— v3; — height h. FVS with slope
limiter solution; (241X121) grid points.

of the domain in order to illustrate potential applications of the

method for nonaxisymmetric f_Io_V\_/EZO]. The upstream values th nk of diameter 2.29 n(7.5 ft). A ring of 1.83 m(6 ft) inside
h, U, andV are assigned as initial conditions for the numericaj. meter, 2.14 ni7 f) outside diameter, and 2.5 cff in) thick-
runs at all the grid points. The upstream boundary condition is B o<\ a5 placed on the plywood disk to control the downstream
the Dirichlet type(case 1 of Table )1 Since the flow is superecriti- depth and consequently the location of the jump. A 10.24iim)
cal within the domain, the boundary condition downstream corr fameter pipe was used to convey the water o.nto th'e disc. The
sponds to the Neumann type. Therefore the values of the variables - - -« potween the nozzle and the disc was kept at QLetﬂ:6-
are extrapolated using the values at the interior points. In t
azimuthal direction periodic boundary conditions were imple- #or the numerical simulation we use the flow conditions re-

mented. The numerical scheme was tested until grid independ Bted by Ahmad21] which are presented as case 2 in Table 3.

ZOI‘If]t'OnS tvhverfgln?bhta!nﬁtd fb?’t\sﬂl;c%?f‘?s'rvi'ty retflnlr;%hehmes:t. F'_? fhce the flow is supercritical in the upstream region, the variables
shows the 1i eight for two ditterent Sets of mesh points. h@,v, andh, once specified, remain unchanged during the iteration

FVS-based model was run until steady state was reached. tocess. At the downstream boundaty, and V are defined

fro'?n ﬁﬁ?p?gsggegeév\yge%etg% dn:erert'ﬁsl eialé:ﬁﬁgg{]:i rc()eztl?lltrs] ereadh is extrapolated from the interior points. Periodic bound-
prop P conditions are prescribed in the azimuthal direction. For the

S%i:li;aggeﬂﬁg?r:gglf%;ﬁ mgsﬁqgtgg I:n';I?H:.Szltjfzcvéat?(;fﬁgrgﬁ &esent case, the value of the Chezy constant was chos€n as

P . X profil =90, [19], and the time-step\7 was restricted to a CFE0.5.

experimentally for the current analysis are shown in thl%
)

figure. The numerical results displ ) d aqreement esults from this run are shown in Fig. 6. The values of the speed
el%eeri.mer?ts umerical results display a very good agreement wi propagation(eigenvalues\; and y3) are shown in Fig. 7 as a

function of the radial position. From Fig. 7, it is clear that the
Radial Flow With Jump. The radially spreading flow of a change of sign of the eigenvalug coincides with the location of

thin liquid film is simulated in the presence of supercritical anthe jump, as expected. It is also important to note that the location

subcritical regions. The shock-capturing capabilities of our Fvgf the jump coincides at a location where the characteristics inter-

method are tested and the results are compared with the laborag&ggt. In our test, we start from an initial condition and stop the

test data obtained H21]. A schematic of the experimental layoutcomputation when the change in water depth reaches a prescribed

is shown in Fig. 5. It consisted of a 2.14 (M ft) diameter by 2.5 tolerance ofe=1.0x10"> m.

cm (1 in) thickness circular plywood disc placed in a circular steel The computed results from the proposed scheme and the mea-

surements of Ahmad21] are shown in Fig. 6 for comparison.

From the figure it can be observed first that the film heights from

0 0.2 0.4 0.8 0.8 the simulations using a mesh of 12121 points, are almost iden-
0.040 7 T T T 0.040  tical when increasing the number of grid points in the radial-
0.035 - o O 0.035 azimuthal directions to 244121, for the same initial conditions
indicating grid independence. Moreover, when comparing the nu-
0.030 | 40.030 merical simulations with the experimental measurements becomes
0.025 | p do.02s clear tha_t t_he method simu_lates the supercritical_flow accurately,
T . and that it is able to determine the location of the jump. The sharp
=0.020 - Jo.s20 transition from supercritical to subcritical flow is clearly shown in
© Fig. 6. In the region of transition from supercritical to subcritical
0.015 10.018  flow, the computed water-depth magnitude is very close to the
0.010 - Jo.010 measured height reported in the expgriment. In the_ subcritical re-
: ‘ gion where the flow is turbulent, the difference in heights between
0.005 4e0.008 Simulations and experiments becomes larger. These differences
M%%—GL may be due on one side to experimental uncertainties which are
0.000, 0.2 od 9% 0.8 0.000  increased in the turbulent region, and on the other, to the energy

riml dissipated at the location of the jump, which is not accounted for

in the shallow-water formulation.
Fig. 6 Comparison of water surface profile of a hydraulic jump

for Q,=0.0170 m%s (0.60 cfs) between experiments and nu- Concluding Remarks

merical solutions for different number of grid points: — A— o ) o
(121X 121) grid mesh; — O— (241X 121) grid mesh; ¢ observed The hydraulic jump is an intriguing complex phenomenon com-
by Ahmad [21] monly found in nature. The complexity stems from the change in
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the character of the flow at the jump location with the correspontniversidad Iberoamericana, Lofor access to computer facili-
ing production of distorted free surfaces and flow separation. Bies. We are grateful for the helpful comments of the anonymous
cause of its important role in engineering applications, e.g., theferees which improved the quality of the manuscript.
design of water courses, energy dissipators, etc., it is crucial to
determine accurately the characteristics of the jump such as p03|-
tion and thickness. Appendix
e e T 1 Expande Vectors. Vie presnt next he expanded form of

d P y P {he expressions often encountered in solving the shallow-water
ing the location of shocks, at which the height of the free surfa(‘é

Eéuatlons The flux vectors are given by

and the mean fluid velocity are discontinuous. In contrast to the

compressible fluid flow equations, the shallow water equations do Q. h
not posses the property of homogeneity and hence common FVS A _ h
cannot be used to solve them. In this work we have introduced a Q= 3 Q2 =7|hy (33)
new FVS that allows the analysis of thin film flows, in particular, hVv
the formation of hydraulic jumps within the flow domain using the
shallow-water theory. The proposed splitting of the flux vectors ng2+§yQ3
was obtained by modified Jacobian matrices that account for the EQ3+ nyzQs éx
inhomogeneity of the system. Details of the methodology and ry Ql
theoretical analyses have been included to illustrate its implemen- (34)
tation, consistency and accuracy. ng2Q3+ ngg gy )
The usefulness of the proposed FVS is tested by coupling the Eng
method to several finite difference schemes, two of them with
slope limiters, that yield high-order accuracy away from the loca- 7xQ2+ 17yQ3
tion of the shock. The numerical predictions have shown favor- n
able comparisons with the theoretical solution of the dam-break ’7XQ2 ”yQ2Q3 ﬂ 9Q?
problem. When the proposed FVS is used in conjunction with ! (35)
MUSCL, the resulting scheme is more efficient and produces ac- Q Q Q2
curate results in the location of the discontinuity and the height of x2esT My S+ 77y Ql
the flow, avoiding unrealistic oscillations. An excellent agreement
with laboratory experiments and analytical solutions confirmed
the efficiency of the method. The technique proposed here has
been successfully applied to analyze axisymmetric and nonaxi- 9z, 9 Qo ——
symmetric density current§20]. s 1| 79 2oz Q2 2 VQ2+ Q5 (36)
3 .
dzy g Qs
Acknowledgments _ ngW, o Q2+ Q2
The authors would like to thank Prof. Kyle Squires for helpful 1
discussions on this work and to Prof. Miguel Angel Arredondo ofhe Jacobians of flux vectors are
|
i 0 éx &y i
3 £Q3+£6,Q:Q0:—9Q1  26Q,+£,Qs £Q2
. JE - >
A= Q? Q Q . (37)
Q
L 6QQs+£Q5-9Q1  6Qs £QaT24Qs
i Qf Q Q
The diagonal matrix of eigenvalues is
[ ng2+ ng3 0 0 ]
Q1
4 I \/ﬁ
A= 0 £xQ2+ Q3+ Q1VQ19(&5+ &) 0 (38)
Q:
0 0 £Q2+ ,Q3~ Q1V Q9§+ )
I Qs ]
and the corresponding set of eigenvectors can be written as
0 1 1
f Q. EVEFE)IA Q, &V(E+E)9Q
E=l 7 u (&g Qu &+ | (39)
Ce Q, HVEFEI Qs EVIE+E)0Q

Q. (&+E) Q; (&+E)

The inverse of the left eigenvectors is expressed as
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o Q2§y7 §XQ3 gy _ gx ]
Qu(E+8) (E+8) (E+8)
e | §Qs— Q£+ £)9Q+6Q. éx &
o 2QuV(&+€)9Q 2V(E+EDIQ 2V(E+E)9Q
ngS"‘QlV( §+§§)9Q1+§:XQ2 _ éx _ fy
2Q:V(&+€)9Q 2V(E+E)9Q  2V(&+€)9Q |
The Jacobians of flux vectors are
[ 0 7x 7y i
£l Q3+ 7,QQ3—9Q1  27,Q,+ 7,Qs 7,Q,
B=—= Q? Q Q
9Q 2_ 3
B 7xQ2Q3+ 7y,Q3—9Q;] 7xQ3 7xQ2+27yQ3
_ Qf Q Q
The diagonal matrix form of the Jacobians of flux vectors can be written as
[ 7,Q2+ 7/yQ3 0 0
Q1
fo 0 7Qz+ 7,Qat Q1VQug( 7t 7)) 0
Q;
0 0 7Q2+ 7,Q3— Q1VQ19( e+ 7))
I Q:
The set of eigenvectors corresponding to the eigenvalues is
0 1 1
. . 2N+ 1)9Q Q. m(+ 79
FE=l 7 & (75t 75) Q. )
L %l NOiF7)9Q1 Qs myV(mct 7)9Q
o (5+75) Q. (75t 7y)
The inverse of the set of eigenvectors is
[ Q277y 77XQ3 77y 77x ]
Qu( e+ ) (75t 7)) ()
e - 7yQ3— Q1 V( i+ ﬂy)gQ1+ 7xQ2 Mx 7y
v 2QuV(nc+ 7y gQs 2V m9Qr  2V(nit 99
7,Qa+ Q1 (7 + 75)9Q1 + 74Q; 7y 7y
2QuV (75 + 79 29 2R e
In order to show that the shallow-water equations do not have the property of homogeneity we write
ng2+ nyB 1
£Q5+£,Q2Q3
s ooy 1 TR gQ2
(BE\AE Q=75 Q1
£Q2Q3+§,Q3
g 690
1 -
7Qo+ 7]yQ3
7Q5+ 7,Q2Q3
£ FE-LNA_ 1 Xz—y+77ngi
(F,IF,HQ=3 Q. :
7xQ2Q3+ 7,Q3
- Ql 4 2 + 77yg Qi

which are different from{34) and (35).
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Nomenclature x = x-direction, first derivative in the-direction
A A ) ) y = y-direction, first derivative in thg-direction
A, B = Jacobian matrices 7 = zdirection
A, B = modified Jacobian matrices + = positive eigenvalues
A", B = Jacobians corresponding to positive eigenvalues — = negative eigenvalues
A~, B~ = Jacobians corresponding to negative eigenvaluespbreviations
a = speed of propagatiofm/s) _ —
C - Chezy constn i 2 Copram ErecnchLeyy mumber
E, F, Q, S = vectors in the physical domain per St
E, F, ©, S = vectors in the computational domain FVS = flux vector splitting
' é‘+ I'A:Jr — oplit fi P i L FDS = flux difference splitting
' = Spl't ux vector corresponding to positive eigen-  \jyscL = monotone upstream-centered scheme for conser-
-, values _ o vation laws
E~, F~ = split flux vector corresponding to negative eigen-
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