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Abstract

Theoretical analysis of ordered power-of-two Fast
Fourier transforms (PO2FFT) demonstrates that the
most efficient algorithms for hypercube archilectures
may not always use nearest-neighbor communication.

The ordered PO2FFT which uses nearest-neighbor
(distance 1) communication, requires d interprocessor

communications for r/2 > d and 2d — |r/2] interpro-
cessor communications for r/2 < d, where 2" = N,
In this paper we show that an ordered PO2FFT can
be obtained with just d interprocessor communications
for any r if the resiriction that all communications
are distance one is removed. This new algorithm uses
/2| distance one and d — |r/2]| distance two inter-
processor communications. Packets of size N/29t! are
transmitled in both of the ordered PO2FFT algorithms.
The time complexity of both the distance one and dis-
tance two algorithms is discussed.

1. Introduction

The Fast Fourier Transform (FFT) is one of the
principal tools for scientific computing. Recently, the
design of parallel machines and the decreasing cost of
computer hardware have made parallelism not only
feasible but also attractive. Thus, in this paper we
address the interesting topic of the design of efficient
parallel FFTs.

Our work is motivated by the solution of partial
differential equations by the pseudospectral method
[4]. In particular, we consider the power-of-two (PO2)
FFT since this is the natural candidate for considera-
tion on the hypercube due to its power-of-two topol-
ogy. Furthermore, Swarztrauber et al. [9] have shown
that Bluestein’s FFT [1] for transforms of arbitrary
length maps quite well onto the hypercube since it re-
places the arbitrary length transform by an unordered
PO2FFT. For transforms of length N = 500 it has
been shown that Bluestein’s FFT is superior to ma-
trix multiplication for the discrete Fourier transform
(DFT). The PO2FFT pair presented in [5] further im-
proves the efficiency of Bluestein’s FFT.
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There are several criteria that must be satisfied
when developing an efficient parallel algorithm. Re-
ducing the transmission time is of major importance
for minimizing execution time of the parallel algo-
rithm. The crucial factors for reducing the transmis-
sion time are minimal transmissions, minimal trans-
mission distances, minimal transmission packet sizes,
and good data assignment. There are usually some
tradeoffs among those requirements since the trans-
mission time depends not only on the algorithms but
also on the hardware. The algorithms we present here
are designed to reduce the transmission time by con-
sidering all of these criteria.

The algorithms we describe here are all based on as-
signing the data in a wrapping around order across the
cube. This method of data assignment was first pre-
sented by Woo [11]. For the unordered PO2FFT, the
algorithm requires d nearest neighbor interprocessor
communications on a d-dimensional cube and for each
transmission the packet size is length 2"~9~! where
2" is the length of the transform. Renaut and Woo
[6] compared this algorithm with Swarztrauber’s [8)
algorithm and Chamberlain’s algorithm [2]. Each of
these assign the data to the cube sequentially. The
comparison demonstrated that the wraparound data
assignment is superior.

Now, most of the previous research on the design
of efficient PO2FFTs for hypercube architectures has
assumed that nearest neighbor communication is es-
sential. In this paper we extend the ideas used in the
development of the unordered FFT to an ordered FFT
and by consideration of two algorithms for an ordered
PO2FFT we demonstrate that it may be, in fact, bet-
ter to drop the restriction that all communication is
between nearest-neighbors, distance one apart. Both
of these algorithms assign data in wraparound fashion
but for the first algorithm all communication is dis-
tance one while for the second some distance two com-
munication is allowed. The distance one algorithm re-
quires d communications for r/2 > d and 2d— |r/2] for
r/2 < d. This result was also derived independently



by Tong et al. [10] but the specifics of the algorithm
vary from that presented here. For the distance two
algorithm there are a total of d communications in all
cases but d — |r/2] of these are distance two while the
remainder are distance one. Experimental evidence
indicates, furthermore, that transmission times for
data over distances one and two are very close on the
Intel iPSC2 and iPSC2/860. Thus, we might conclude
that the distance two FFT is more efficient than the
distance one FFT.

In Section 2 the Cooley-Tukey FFT algorithm is
briefly described and the index map as a means for
introducing the recursion relation for the FFT is re-
viewed. Then in Section 3.1 the interleaved-sequence-
to-processor map is introduced and general implemen-
tation considerations for the design of efficient parallel
algorithms are discussed. As a means of introducing
the ideas for parallel FFTs the unordered PO2FFT is
reviewed in section 3.2. Then, in Sections 3.3 and 3.4
the distance one and distance two ordered PO2FFTs
are introduced. In Section 4.1 expressions for the time
complexity of all the preceding PO2FFTs are derived.
Numerical experimentation on the Intel iPSC/860 is
used in Section 4.2 to determine values for the param-
eters in these complexity expressions. We conclude
that with the current iPSC/860 architecture using the
release 3.3 operating system the distance-one FFT is
still superior but that if the message-passing system is
improved the distance-2 algorithm may be the optimal
choice.

2. The Cooley-Tukey Algorithm

The FFT, which is an algorithm for computing the
discrete Fourier transform of a series of length N in
O(N log, N) operations instead of O(N?) operations
as required by the direct method, was introduced by
Cooley and Tukey in 1965 [3]. In the general case
the length of the series is any arbitrary N which can
be written as a product of primes. Here we consider
the PO2FFT where N is taken to be a power of
two. The discrete Fourier transform of the series
{zn:n=0,...,N -1} is given by

N-1
—ink2®
Xk=§ Tpe” N

n=0

where N = NoNi...N,_; and r is the number of
possible factorizations which yield the Cooley-Tukey
FFT. For the PO2FFT N; = 2,i =0,... ,» — 1. The
FFT recursion can be defined relative to the index map
n = I(ig,%1,... ,ir—1) introduced by Swarztrauber [8]
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where the index function is defined by
I(0,81y. .« yipm1) = G0+ 20y + -+ 27" Vi, q.

The index function k = I(k,_1,... , ko) is defined sim-
ilarly. For the PO2FFT both k; and i; are either O or 1
where j = 0,... ,r—1. Then for the multidimensional

arrays
z(ig,41,-.. yir—1) = &5 and

X(kr—l)kr—27 R )kO) = Xk

repeated factorization yields the recurrence

(2.1) X@(o, ... ipmgei,kpmsy-nr ke_1)

1
= Z X(s—l)(ica'-- ,ir—s;kr—s+1;~-' ’k'r-l)

frmgs=0

X wiomy 27 e akes

which is initialized with

Xo(ig,. .o ,i,._l) = x(io, e )ir—1)~
Here s=1,...,r, N =2 and w = e~ ¥, The output

of the FFT is then given by the digit-reversed ordering
’ kr—l)-

For example, in the case of N = 8 = 2% 22 (2.1)
yields

Xk = .’L‘(k’,-_l, o ,ko) = X(r)(ko, e

X(O)(i()’ ily iZ) = z(iO; il) i2)

1
XW(g, iy, k) = Z XO(ig, iy, in)wti2kat2irkatioks

=0

1
—_ w(io+2i1)kg Z X(O)(io, il) i2)w4i2k2

l’g:O

1
X (ig, k1, ky) = Z X (g, iy, kg)wirkr+2iok:

;=0

1
= Wk 3= XM (i, iy, kaJwirhs

$,=0

1
X®(ko, ky, k) = E X (i, ky, kg )wiioke

io:ﬂ

2 = 2(ka, k1, ko) = X®(ko, k1, k2).

We observe the following properties of a PO2FFT of
length 27:
(1) » butterflies are required per FFT, where a but-
terfly is the process from X®) to XC+1 and
i=0,...,r



(2) After r butterflies have been processed, the re-
sulting data id is the bit reverse of the original
data id.

(3) One switch stage, which can be performed before
or after the butterflies, is needed to reorder the
data ids.

Hence, a total of » butterflies and one switch stage
are required per FFT. If the data is then transformed
back out of the Fourier domain the switch stage can
be eliminated if a forward-inverse FFT pair is designed
for which the input of the inverse FFT is precisely the
output of the forward FFT.

3. Parallel FFT algorithms
3.1 Implementation considerations

On the hypercube architecture, the major issue in
speeding parallel algorithms is reducing the transmis-
sion cost. The cost depends on the number of data
transmissions, the distance the message travels, and
the length of the data transmission in bytes.

All the FFT algorithms we consider here satisfy the
in-place property, i.e., data from two different pro-
cessors are exchanged and combined with the result
staying in the original two processors. This is a very
important property for an efficient parallel algorithm
since it is inefficient to combine data from two different
processors and then put the result into a third proces-
sor. Thus, extra interprocessor communication results
if the in-place property does not hold.

In order to satisfy the in-place property, however,
we have to pay the price that the order of the data is
scrambled. Thus, for ordered FFTs the output data
must be reordered. This reordering is a nontrivial op-
eration and can lead to extra expense if implemented
naively.

The distribution of the data points is also very
important since a naive distribution may also increase
cost. All the algorithms we present here are based
on the same idea of data assignment. Assume that
each processor has its own name, me, and consider
a transform of 2" data points on a d-dimensional
hypercube. Then the data are distributed such that
the ids of the data in processor me are given by

dataid =me + P -j, i=0,...,2779 1,
where P = 29 is the number of processors. This is
commonly referred to as a wraparound data assign-
ment. Then, in order to implement our PO2FFT al-
gorithms the interleaved sequence-to-processor map as
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introduced by Renaut and Woo [5] is used:
Tpn = (id, e ,i,-_.l I io, e ,id—l)-

Here n = i,_;...7p (binary) and the partition | has
been introduced to separate the address on the left
from the processor number on the right. With this
notation the element z, has address ¢, - -- 44 in pro-
cessor 141 + - - ig. For the PO2FFT algorithms the con-
cept of the partial-exchange i-cycle is also needed [5].

Definition. The partial-exchange i-cycle is an index
permutation of z,; in which the pivot is exchanged only
with any other digit in the processor number.

In this definition the pivot is any element in the
address. This means that if the digit ¢; is inside
the address, then no exchange occurs. If i; is in
the processor number, then the exchange is carried
out. For the interleaved sequence-to-processor map
this means that if j is greater than d — 1 there will be
no exchange and otherwise there will be an exchange.

For an ordered FFT algorithm, the i-cycle which
was introduced by Swarztrauber [8] will be used.

Definition. An i-cycle is an index-digit permutation
of z,, in which the most significant digit of the address
(called the pivot) is exchanged with any other digit,
either in the address or the processor number.

These two definitions and the interleaved sequence-
to-processor map will be used to develop PO2FFT
algorithms. Note that both the partial-exchange i-
cycle and the i-cycle have the same properties:

(1) The transmission distance is equal to the number
of different bits in the processor id (in binary
form).

(2) Any element in the address position could be the
pivot

(3) Any exchange in address only means that the
data point sequence in each processor must be
rearranged and no interprocessor communication
is involved.

In most cases, the FFT is performed many times:
for example, in the Fourier method for finding the solu-
tion of a partial differential equation. Recomputation
of the powers of w in each processor then becomes very
desirable, especially when the ratio N/ P becomes large
where P is the number of processors. Chamberlain [2]
demonstrated that the precomputation of the powers
of w does indeed reduce the time for the FFT over
many iterations. Also, this precomputation recovers
some of the load imbalance in the amount of work that
each processor has to compute in each butterfly. But,



extra storage for the precomputation is needed. This
drawback limits the size of problem we can solve. The
trend, however, is for hypercubes with more power-
ful processors and larger local memories which should
cope with these storage requirements. Thus, in gen-
eral, we consider algorithms in which the powers of w
are precomputed.

3.2. The unordered FFT algorithm

Many parallel FFT algorithms have been developed
by using binary divide-and-conquer strategies. Cham-
berlain [2] showed that a PO2FFT requires d interpro-
cessor communications with packets of length N/P.
Swarztrauber [8] presented an unordered PO2FFT for
which d 4 1 interprocessor communications with pack-
ets of length N/(2P) are required. Obviously, for
Swarztrauber’s parallel FFT (PFFT) algorithm, we
pay the cost of one more interprocessor communica-
tion at the gain of halving the packet size. It is hard
to decide which algorithm should be better since the
efficiency depends on the number of processors used,
the start-up time per interprocessor communication,
and the per-byte transmission cost.

Woo [11], however, has developed a more efficient
unordered PO2FFT on the Intel iPSC1 which uses
only d interprocessor communications with packets of
length N/2P. This algorithm is clearly an improve-
ment on both of these algorithms in that it mini-
mizes the packet size and the number of transmis-
sions. Numerical and theoretical comparisons were
shown by Renaut and Woo [5]. The algorithm differs
from Swarztraubers’s and Chamberlain’s algorithms in
the way that the data points are distributed to the
processors: the interleaved pattern is used instead of
the natural order distribution. As opposed to Swarz-
trauber’s (8] map any element in the address can be
used to be the pivot. In this way, r — d different un-
ordered FFT algorithms which have different sets of
output data point sequences in each processor are ob-
tained. In fact, Swarztrauber could also use any ele-
ment in the address of the processor for the pivot.

Furthermore, the FFT algorithms defined with re-
spect to the partial-exchange i-cycle have different sets
of output data points in each processor compared with
those obtained from the i-cycle. Thus, in total we
have 2(r — d) different FFT algorithms, all of which re-
quire only d interprocessor communications and data
lengths N/2P per transmission.

The question naturally arises as to which algorithm
we should choose from this set of 2(r — d) algorithms.
We require not only an efficient algorithm but also one
that is portable for a cube of any dimension. With
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this requirement it is simplest to choose the pivot to
be either the leftmost or the rightmost digit in the
address. In this way no ambiguity will occur as to
which pivot to choose for r 3> d. Thus, four choices
for the PO2FFT are left.

Examples of the four PO2FFT algorithms for d = 6
and 7 = 2 are illustrated in Tables 1 to 4. Since
the interprocessor communication occurs only when
there is a change in the processor id, each of these
four FFTs requires the same number of communica-
tions. In the above example each one performs two in-
terprocessor communications per FFT. However, the
partial-exchange i-cycle will be preferred since the i-
cycle requires reordering of the indices in the address.
It 1s not important whether we use the leftmost or
rightmost digit of the address to be the pivot.

Thus an unordered PO2FFT of length 2" can be
obtained with d nearest-neighbor communications of
length 27/29+1 = 9r—d-1  What is the best we can
achieve with an ordered PO2FFT?

Table 1. Unordered FFT for 64 data points,
4 processors and pivot element ¢ using the i-cycle
x(izigiais | f0i1) = XD (igisiais | igi1)
XD (ksizigiz | doir)
X ®(kyisksia | ioi1)
X®(k3kyksia | ioiy)
XD (kykyksks | d0iy)
XO)(kyksksks | ioks)
X O (kokgksks | kyks)
bit reversed

.’L‘(kskl kokg l k4k3)

Table 2. Unordered FFT for 64 data points,
4 processors and pivot element i, using the
partial exchange i-cycle

2(izigiais | ioiy) = X O (igiziais | ioiy)
X (iqigisks | o)
X®(igigksks | ioi1)
X® (izkskaks | ioiy)
XD (kokskyks | i0iy)
X (kykaksks | ioks)
X O (kokskaks | kiks)

bit reversed

1'(’65’62 k1 ko ] k4 k3)



Table 3. Unordered FFT for 64 data points,
4 processors and pivot element iy
using the i-cycle

2(igiaiqis | f0t1) = X O (iaisiais | ioi1)
XM (igigisks | giz)
X @ (igigksky | i0é1)
X®(igkgksks | ioi1)
XD (kskaksks | i0i1)
X (kgkaksk, | ioks)
X (kskaksko | k1 k)
bit reversed

x(k2k1k0k5 I k4’€3)

Table 4. Unordered FFT for 64 data points,
4 processors and pivot element i5
using the partial-exchange i-cycle

2(iaisisis | doi1) = X O (igisiqts | ii1)
XM (iyizigks | 50i1)
X®(igigksks | i0i1)
X (igkskaks | j0i1)
XD (kokskyks | i0i1)
XONkokskaky | ioks)
X O (kykskako | kiks)
bit reversed
2(kskakiks | kako)

3.3 The Distance-1 Ordered PO2FFT algo-
rithm

The distance-1 ordered PO2FFT we present here
is also based on the interleaved sequence-to-processor
map. For this algorithm, d interprocessor communica-
tions are required for § > d and 2d— | §] interprocessor
communications are required for § < d. All the trans-
missions involve only neighboring nodes.

In all cases, we apply the partial-exchange i-cycle
during the first r — d butterflies which introduces no
interprocessor communications. For the following d
butterflies of the FFT, the algorithm depends on the
number of processors and the number of data points.
The algorithm for generating the distance-1 ordered
PO2FFT with the interleaved sequence-to-processor
map is shown in Table 5. As with the unordered
PO2FFT, it is not important whether we choose the
leftmost or rightmost digit as the pivot. The rightmost
digit is used here. In Table 5, processing the (r—idz)th
butterfly by the i-cycle means that the pivot element is
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Table 5. The Distance-1 ordered PO2FFT algorithm with the
interleaved sequence-to-processor map

* Assume there are 27 processors and 2" data points
*Casel r2>=d
*

IF r/2 >= d THEN
FOR idx=r-1,-1,0
IF idx >=d THEN
Process the (r-idx)th butterfly by partial-

exchange i-cycle (idx)
ELSE
Exchange the pivot element with k,_,, (idx a)
Process the (r-idx)th butterfly by i-cycle (idx)
ENDIF
ENDFOR
Reorder the sequence k. in the address into the descending
order ( No transmission needed here ) (idx d)
ENDIF
*Case2(r+1)/2=d
*
IF (r+1)/2 =d THEN
FOR idx=r-1,-1,0
IF idx >=d THEN
Process the (r—idx)th butterfly by partiat-
exchange i-cycle (idx)
ELSEIF idx = d—1 THEN
Exchange k,_1 with io (idxi b)
Process the (r—idx)th butterfly by i-cycle (idx)
ELSEIF idx > 0 THEN
Exchange the pivot element with & __, | (idx a)
Process the (r~idx)th butterfly by i-cycle (idx)
E
Exchange the pivot element with £, | (idx a)
Process the rth buiterfly by i-cycle (idx)
ENDFOR
Reorder the sequence ch in the address into the descending
order ( No transmission needed here ) (idx d)
ENDIF
*Case3 (r+1)/2<d
*
IF (r+1)/2 < d THEN
CRPOINT = [Zd_'Jw-d
IF idx >= d THEN
Process the (r—idx)th butterfly by partial-
exchange i-cycle (idx)
ELSEIF idx >= CRPOINT THEN
Exchange the pivot element with Icp where p is
the largest index in the address position (idx a)
Exchange the pivot element with{,_, oo no (idx b)
Process the (r-idx)th butterfly by i-cycle (idx)
ELSE
Exchange the pivot element with kr o (idx a)
Process the (r-idx)th butterfly by i-cycle (idx)
ENDFOR
Reorder the sequence kj in the address into the descending
order ( No transmission needed here ) (idx d)

ENDIF

exchanged with the digit 7;4. and then 7;4. is replaced
by kigr which is exactly the (r — idz)th butterfly in
the FFT. Processing the (r — idz)th butterfly by the
partial-exchange i-cycle means i;4, is replaced by k;4,
and neither interprocessor communication nor index-
ing reordering is needed. The notation (idz) indicates
that the ¢dzth butterfly is processing which is exactly
the superscript of the step X(*9%) Further, the no-
tation X(*9%9) indicates that one butterfly is process-



ing, index rearrangement occurs and no interprocessor
communication is needed. X (*%*®) means one interpro-
cessor communication but neither i-cycle nor partial
exchange i-cycle and X(9%°) is a distance two com-
munication while one butterfly is processing. X(*4=4)
indicates index rearrangement, no interprocessor com-
munication and no butterfly computation. The * after
X (#4) indicates an interprocessor communication oc-
curs. Examples for d = 3,4,5,6 and r = 7 are given
in Tables 6 to 9.

Table 6. Distance-1 ordered PO2FFT for 128 data
points (r = 7), and 8 processors (d = 3)
z(igisisis | foiria) = X O (isigtsis | iiria)
XM (igigisks | d0iriz)
XD (igigksks | igiria)
X® (igksksks | ioi1ia)
XD (kaksksks | ioi1iz)
X0 (kgkeksky | igi1ia)
X O (ksksksks | ioirks)*
X ) (ksksks | oi1ka)
X O (kakekaky | ioksks)*
X (kakykzke | iokska)
XD (kakykoko | keksks)*
XD (kskykiko | koksks)
bit reversed

a:(lc3k4k5 ks | ko kl kz)

Table 7. Distance-1 ordered PO2FFT for 128 data
points (r = 7), and 16 processors (d = 4)
(igisic | foirizis) = XO(igisis | ioi1iata)
XDigisks | ioiriais)
X®(igkske | ioi1i2i3)
X®(kqksks | ipi1iaiz)
XU (koksio | ketyiziz)*
X®D(kqksks | keirizio)
X0 (kgksky | keiriaio)
X O (kzksks | keiykaio)*
X6 (kgkyks | keirkqio)
X (kgkok; | kekskaio)x
X (kykoks | kekskqio)
XD (kykako | kekskaks)*
XD (kokyko | kekskaks)
bit reversed
2(kqkskg | kokykaks)

Table 8. Distance-1 ordered PO2FFT for 128 data

points (r = 7), and 32 processors (d = 5)

.....

Table 9. Distance-1 ordered PO2FFT for 128 data

XG0 (kgiq | keiyiataia)*
X®)(ksky | keiyiziaio)*
X4 (kyks | ksiyiziaio)
X0 (kgiy | keksizizio)*
XD (kyks | ksksiziiio)
X G (k3ky | ksksiairio)
X G (kaky | kskskqizio)*
X6 (koks | keksksirio)
X O (koky | kskskqkaio)
X9 (kyky | kskskakaio)
XD(kyko | kekskaksks)
bit reversed
(ksks | kokikoksks)

points (r = 7), and 64 processors (d = 6)

......

XOO(4; | keksiziziaio)*
X®)(ky | keksigiziyig)*
X (iy | kgkskaizirio)*
XD (kg | kekskaiziyio)*
XO)(ky | kekskakaiyio)
X O (k; | kskskakakaio)
XD (ko | kekskakakzk)x
bit reversed
z(ke | kok kokakyks)

3.4 The distance-2 Ordered PO2FFT algorithm

The interleaved sequence-to-processor map is also
used to implement a distance-2 ordered PO2FFT. For
this FFT d — | §] communications are over a distance



Table 10. The Distance-2 ordered PO2FFT algorithm with the interleaved
sequence-to-processor map

* Assume there are 2¢ processors and 27 data points

*Casel r2>=d

*

iF r/2 >= d THEN
FOR idx =r-1,~1,0
IF idx >= d THEN
Process the (r—idx)th butterfly by partial-
exchange i-cycle
ELSE
Exchange the pivot element with k it
Process the (r—idx)th butterfly by i-cycle
ENDIF
ENDFOR
Reorder the sequence kj in the address into the descending
order ( No transmission needed here )
ENDIF
*Case 2(r+1)/2=d
*

(idx)

(idx a)
(idx)

(idx d)

IF (r+1)/2 = d THEN
FOR idx=r-1,-1,0
IF idx >= d THEN
Process the (r—idx)th butterfly by partial-
exchange i~cycle
ELSEIF idx =d -1 THEN
Replace k_, by i, and then replace by,
within 1 step in order to process the (r—idx)th
butterfly (distance-2 communication needed here)
ELSEIF idx > 0 THEN
Exchange the pivot clement with k_,
Process the (r—idx)th butterfly by i-cycle
ELSE
Exchange the pivot element with k, |
Process the rth butterfly by i-cycle
ENDFOR
Reorder the sequence ki in the address into the descending
order ( No transmission needed here )
ENDIF
* Case 3(r+1)2 <d
*

(idx)

(dx ¢)
(idx a)
(idx)
(idx a)
(idx)
(idx d)

IF (r+1)/2 < d THEN

2d-r

CRPOINT=|-

IF idx >= d THEN
Process the (r-idx)th butterfly by partial-
exchange i-cycle

ELSEIF idx >= CRPOINT THEN
Exchange the pivot element with k]p where p is

the largest index in the address position

Repiace the pivot element by by idx CRPOINT
thenreplace i, ;oo DY iy, Within 1
step to process the (r—dx)th butterfly
(distance-2 communication)
ELSE
Exchange the pivot element with k_ges
Process the (r—idx)th butterfly by i-cycle
ENDFOR
Reorder the sequence kj in the address into the descending
order ( No transmission needed here )
ENDIF

J+r—d

(idx)

(idx a)
and

(idx ¢)

(idx a)
(idx)

two and [ 5| are over a distance one. The total number
of transmissions is thus again only d. Of course, if the
cost for communication over distance two is twice that
for distance one, this algorithm would not represent
a saving since the total bandwidth would then be
2(d - |5)) + L5] = 2d - |5]. In section 4.2 it is
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shown, however, that the distance two cost is less than
twice the distance one cost for some parallel machines
such as the Intel iPSC2 and iPSC/860. Furthermore,
the packet length is again N/2P. This algorithm,
therefore, is optimal in achieving the minimal number
of transmissions at the cost of losing the nearest-
neighbor transmission property.

The distance-2 PO2FFT algorithm is shown in Ta-
ble 10. Again, the partial-exchange i-cycle is applied
during the first r — d butterflies and no interprocessor
communication is involved. For § > d the algorithm
is exactly the same as the distance-1 PO2FFT. The
distance-2 transmission occurs when idz > CRPOINT
and the idrth butterfly is being processed, where
CRPOINT = [24=2| 4 r —d.

Examples of the Distance-2 algorithm for d = 4,5,6
and r = 7 are given in Tables 11 to 13. For the d = 3
and r = 7 case the algorithm is exactly the same as
Table 6. In all cases, a total of d interprocessor commu-
nications of length N/2P are required. The number of
distance-2 butterflies equals 1 for the case of d = 4 and
r=1T, 2 for the case of d = 5 and r = 7, and 3 for the
case of d = 6 and r = 8. This agrees with the conclu-
sion that only d— I_%J transmission involving distance 2
are required. Notice that exactly half of the nodes need
to send messages twice to different processors (one is
distance 2, the other is distance 1) at the same butter-
fly step. A signal flow graph of the distance-2 PO2FFT
and also the algorithm for the case of r = 4,d =3 is
shown in Appendix A. This clarifies how the inter-
leaved sequence-to-processor map, partial-exchange i-
cycle and i-cycle relate to the PO2FFT algorithm.

Table 11. Distance-2 ordered PO2FFT for 128 data
points (r = 7), and 16 processors (d = 4)

XO(igisis | dotriziz) X (kakoks | keiikaio)*

X (igiske | ioiriaiz) X (kakoky | kekskaio)*

X (igkske | ioirizis) X7 (kikoks | kekskaio)

X ®(kyksks | doiriaiz) XD (kykoko | kekskaks)x
XU (kyksks | keivizio) ¥+ XTD(kokiko | kskskaks)
X G (kgkgky | keiyizio) bit reversed

XN kaksky | keirkaio) *  z(kaksks | kokykoks)



Table 12. Distance-2 ordered PO2FFT for 128 data
points (r = 7), and 32 processors (d = 5)

X O (kgky | kgiyizizio) ¥ x X T(kyky | kkskakaio)
XU (kyks | koirinizio) X7 (kiko | kekskaksks)s
X(4)(k4k3 | keksiziyio) * *  bit reversed

X5 (kgky | kksizizio) a(ksks | kokykoksks)

Table 13. Distance-2 ordered PO2FFT for 128 data
points (r = 7), and 64 processors (d = 6)

X @) (ky | kksizigiiio) * *

X (kg | kekskaioiyio) *

X Ok | kokskakaiiio)*

X O (ky | kekskakakaio)

X (ko | kekskakakaks )
bit reversed

.’l?(ks | kok1k2k3k4k5)

4. Comparisons and Conclusions

4.1 Theoretical Analysis of Both Unordered
and Ordered FFTs

The precomputation of the powers of w is assumed
for all the PO2 FFT. N = 2" trigonometric function
evaluations are required for this computation in all
cases. Thus, the complexity of the precomputation is
the same for all the PO2PFFTs and is not included
in our calculation of the computational complexity. A
complex multiplication and two complex additions are
needed at each stage of the PO2FFT, i.e., ten compu-
tational cycles are needed. In total 5N log N/P in-
terprocessor communications are required per FFT.
The computational complexity is the same for all the
PO2PFFT algorithms we present here. They differ in
the communication costs. Thus the relative efficiency
of these algorithms is determined by the communica-
tion costs.

Communication costs on the hypercube can be
modelled by an expression of the form a5/, where a is
the startup cost (in flops), b is the per-byte transmis-
sion cost (in flops), and ! is the packet length in bytes.
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As discussed in Section 3.2, the unordered PO2FFT
requires d interprocessor communications with pack-
ets of size N/2P. The data is stored in complex form
and thus eight bytes are needed per data point. There-
fore, the total execution time for the unordered FFT
without preprocessing is given by

5N log, N

b1x N
Tu(N,P) = P )

+d(a+T)—*8

where bl is per-byte transmission cost for the neighbor-
ing-node communication.

For the ordered PO2FFT, the communication costs
can again be modeled by the form a + bl, but for
distance-2 transmission the form a + 2! is used where
b2 is the per-byte transmission cost for the distance-2
transmission. The communication cost of the node for
distance 2 transmission can be evaluated as follows:
max{a + “;},N *8 a+ 6+ % * 8}, where § is the
time delay before the distance one isend or csend is
initiated due to starting the distance two transmission
first. Since the transmission times, b1, 2 and the value
6 depend on the hardware, it is hard to decide which
factors dominate. Also, when some nodes are exe-
cuting the distance-2 transmission, sending the hop-
2 transmission first followed by a hop-1 transmission,
the remaining nodes are performing a hop-1 transmis-
sion at the same time. Thus, the execution times for

bath ordered FFTs are given by
r
* 8) ’2-

+(2d— |5]) (a+ 2575 +8) 5 < d

T4, (v,pP)
b1+ N
—}1-)—(5Nlog2N)+d* (a+ 2

>d
2P -

(5N logy N)

Ta,(N,P)

= {%(5Nlog2N)+d* (a+ BN

r
- >
*8)2_(1

b1x N
2P

2P

*8

{%(5Nlog2N)+ o]+ (a+

b1+ N
2P

b1x N r
T*S}}, ‘2'<d

Let TS1 be the total transmission time for 1 hop
per interprocessor transmission and TS2 be the worst

+(d—|_§])*max{a+ x8,

{ b2+ N
maxs a +

5P *8,a+ 6+




transmission time for the node which sends two mes-
sages at the same time, a message in 2 hops followed
by a message in 1 hop. The difference of the time
complexity is then given by

”
Tay,vp) — Tapv, Py = (d - L-2-J) * {2%TS1-TS52}

where
b1+ N
TSl1=a+ 2P * 8,
b2« N blx N
TS2_max{a+—2F—*8,a+6+ 5P *8}

and the condition T'S1 < T'S2 is assumed. Let F =
2% TS1 — TS2. When F 0, it implies those
two algorithms have the same execution time which
happens when TS1 = 2% TS52. If F > 0, then the
distance-1 algorithm is slower, otherwise the distance-
2 algorithm is slower. F is evaluated for the iPSC/860
in the next section.

4.2 Comparisons on Intel iPSC1, iPSC2 and
iPSC2/860

In order to compare these two PO2FFT algorithms,
it is necessary to see how close the communication time
for 1 hop is to the time for multiple hops. The Intel
technical report [13] shows the communication times
over 1 hop and 5 hops, recv not pending, on the iPSC1
Release 3.2 and iPSC2 Release 1.0. To examine F,
however, the time for 2 hops is needed. But in this case
it is sufficient to assume that the time for 2 hops is not
slower than that for 5 hops as this will give a worst case
evaluation of F'. Note of course that the evaluation of
F from this data, which assumes no contention and
é = 0, may be optimistic but at least allows some
means for comparison with the newer architecture of
the iPSC/860. Thus, in order to compare similar
data, communication times for 1 hop and 2 hops on
the iPSC/860 were found for cubes of dimension 3,
4, 5 and 6. These results are presented in [12] and
were obtained by averaging results over several runs
of the same program. Examination of these results
shows that the iPSC/860 is indeed much faster than
the iPSC2 and that, for a given message length, the
time is virtually independent of cube dimension. In
Figure 1 graphs of F' calculated from the data in [12]
and [13] are given. The distance-2 algorithm should
be most efficient when F' > 0 which is true for the
iPSC/860 and iPSC2 and also for the iPSC1 except

when the message length is less than 4K.

For a more realistic determination of F', values of
TS1 and TS2 are needed. The timing tests for TS1 and
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TS2 were arranged so that the communication pat-
terns of the distance-1 and distance-2FFT’s, respec-
tively, were simulated. As for the results in Figure 1
the data was obtained by averaging results over many
runs of the same program. These tests were performed
on the iPSC/860 with the latest release, Release 3.3.
In each case the transmission of messages was achieved
using csend and crecv. Although csend and crecv are
used for transmission with blocking until completion
we have found that this pair is faster than the isend
and irecv pair (transmission without waiting for com-
pletion) for small sized messages [11]. In initial tests
we evaluated TS2 by simulating one node alone per-
forming a distance-two followed by distance-one trans-
mission. Evaluation of F' from these results indicated
that F > 0 for the iPSC/860. The results with the
complete simulation of the FFT, however, give F < 0.
Thus contention causes the distance-two FFT to be
less efficient than the distance-one FFT for the cur-
rent iPSC architecture.

- Figure 1
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4.3 Conclusions and Future Work

Our numerical and theoretical results indicate that
a parallel PO2FFT algorithm for a hypercube archi-
tecture can be designed with just d communciations
on a cube of size d for any messages of any length
provided that the restriction that all messages occur
over distance 1 is removed. In particular, an algorithm
which allows some distance 2 transmission is described
here. If the contention problem of multiple hop trans-
mission can be solved by hardware, parallel PO2FFT
algorithms using larger transmission distances may be
useful. For example, the ordered PO2FFT can be ob-



tained by using d — 1 neighboring communications and
1 communication over distance d. In [7] the communi-
cation performance of the CM2 using the NEWS com-
munication facility is evaluated. These results are en-
couraging since they suggest that F' > 0 for the CM2.
Note that here F is not calculated from simulation
of the distance-one and distance-two FFTs and so we
cannot be sure that F is accurately predicted. We
consider, however, that the new algorithm does have
potential for SIMD architectures.

In future work we will evaluate the relative ef-
ficiencies of the distance-2 PO2FFT, the distance-1
PO2FFT, and the distance 2 PO2FFT described by
Chamberlain [2] using messages of size N/P for a
SIMD architecture such as the Connection Machine
(CM).

For SIMD or MIMD architectures, it is also worth
considering whether in the case 7/2 < d it might be
more efficient to do the FFT on a cube of smaller
dimension d, for which »/2 > d. In this way the
FFT can be implemented as distance 1, but note
that in most practical situations for which data are
stored on the cube of dimension d this would introduce
communication to put the data on the smaller cube.
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Appendix: The Distance-2 PO2FFT algorithm for r=4andd =3
XO Gy iy iy i)
XD (ki iy i
XD (k, Ly iy iy
X (k, 1 ky ky ig)*
X (ko 1k, Ky k)

)**

XOx®

in bit reversed order



