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Abstract

Algorithms for unordered Parallel Fast Fourier transform
(PFFT) pairs with radices 2 and mixed radix (4-2) for dis-
tributed memory machines are presented. Distributed mem-
ory versions using distance one and distance two communica-

tions are derived. Theoretical estimates of the computation’

costs in each case demonstrate that the higher-radix FFT
is more efficient for parailel implementation. Furthermore,
distance-two communication strategies can minimize com-
munication cost when certain architecture dependent param-
eters are saiisfied.

Introduction. In this paper, power-of-two (POZ2) Fast
Fourier transforms are considered for implementation on
the power-of-two topology hypercube. PO2 FFTs can be
classified into two groups: unordered and ordered. The
unordered PO2 PFFT algorithms produce an output data
sequence which is the bit-reverse of the input data sequence.
The ordered PO2 PFFT algorithms generate identical input
and output data sequences. In this paper we focus on PO2
unordered PFFT algorithms, and, in particular, unordered
PFFT pairs consisting of a forward and inverse transform. It
has already been demonstrated by Woo and Renaut [6] that
the most eflicient radix-2 PFFT algorithms minimize the
number of communications, the communication distance,
and the data packet size. ’

It is known that, in scalar mode, radix-2 FFT algorithms
require more computation than radix-4 and mixed-radix
(4-2) FFT algorithms. Is this still the case in parallel
mode? Furthermore, as commonly assumed, is distance two
communication required? Here we show that indeed higher
radix has the potential to be more efficient and further can
be implemented in distance one.

The definition of scalar FFT can be found in many text
books and papers such as [1, 3]. Parallel implementations are
designed with the aid of the sequence to processor map which
is explained in the following section. Distance-1 algorithms
and their time complexities are explained and compared in
the later sections. Conclusions follow at the end.
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Design of PO2 PFFT Algorithms. The distribution of
the data points among the processors plays a very important
role in reducing the number of communications for the FFT.
Here an interleaved or wraparound data assignment is used.
For this mapping, the data ids in each processor are defined
by data id. =me+P-j, ;7=0,... ,2"=9_1, where P = 2¢
is the number of processors and me is the processor id. This
is most easily implemented via the interleaved sequence-to-
processor map as introduced by Woo and Renaut [4, 2}:
Zm = (igs - yin1 |0y vid1). (1)
Here the element id m = inp-y ...1g (binary) and the par-
tition | has been introduced to separate the address on the
left from the processor number on the right. With this no-
tation the element z,, has address in—; ---24 in processor
) igeq - t0.
To implement the PFFT, we use index-digit permutations
of zm as described by the r-element i-cycle and partial-
exchange i-cycles, [3] and [4, 5, 7], respectively.

‘Definition. An r-element i-cycle is an index-digit permu-
tation of zm in which the pivot group is exchanged with
any group of r digits, either in the address or the processor
number. Here, the pivot is a group of r digits.

Definition. An r-element partial-exchange i-cycle is an
index-digit permutation of z, in which the pivot is ex-
changed only with any group of r digits in the processor
number position. Here, the pivot is a group of r digits.

All the i-cycles satisfy the following properties:

(1) The communication distance is equal to the number of
different bits in the processor id (in binary form).

(2) The communication length is equal to 2" ~9~ where v
is the number of different bits in address id (binary form).
(3) Any element in the address position can be the pivot.
(4) Any exchange in address only means that the data
point sequence in each processor must be rearranged and
no interprocessor communication is involved.

Note that the distance-one and distance-two communication
strategies presented here use r = 1 and r = 2 in the above
definitions.

Distance-1 PO2 Parallel FFT Pairs. Algorithms.
The algorithm for the radix-2 PFFT pair which assigns data
in wraparound order was first introduced by Woo [4, 2].
It uses d distance-1 communications with packets of size
27=4=1 jJata points and; as such, minimizes communication



cost as discussed briefly in the introduction. Since the radix-
4 PFFT is just the mixed-radix (4-2) PFFT but with N a
power of 4, only the mixed-radix (4-2) FFTs are discussed
here. In these algorithms the right-mort digit in the address
position is chosen and the algorithms separate into just three
cases: .nf/2 > d, n/2 < d and even ([n/2]) and n/2 < d
and odd ([n/2]). Examples of these algorithms are given in
Table 1. ' '

In the example, (idz) indicates the idrth stage is calculated
by partial-exchange i-cycle. No communication is required
here. If ‘+’ is added, then it indicates the distance-1 com-
munication of length an—d-1 g performed. ‘a’ is added for
the exchange of pivot without communication and the ‘b’ is
for the exchange of pivot with distance-1 communication.

TABLE L.
Unordered distance-1 mized-radiz

PFFT algorithms (n = 9, d = 3).

(b) inverse
z(kskykakrkeke | kakyko)
X(o)(ksk4k3i7k6ig | kakyko)
X (igkekairieis | kakyko)

(a) forward

XV i3iqisighrks | ini1i2)

X (izigkekehrks | i0i1ia)

X (kykykskekrks | ioiriz)

X8 (kykykskekriz | ioirks)®

XG0 (kykykskeizkt | ioirks)

X2 (kakykskghaky | iokrks)®

X(40) (kakyksk ko ke | iokrks)

X4 (kykgkskikako | kekrke)*
bit reversed

z(kshqkahohgks | kakikg)

Time Complexity. The computation costs of PFFTs are
currently evaluated by the number of complex multiplica-
tions and additions/subtractions. The reason that higher
radix FFTs are more efficient than radix-2 FFTs is that the
symmetries of trigonometric functions are employed. Hence,
in order to analyze the computation complexity of FFTs, the
number of real multiplications and additions/subtractions
needed must be considered. This is dependent on the order
of the twiddle factors.

(A) Radix-2.

For radix-2 FFTs, the computation is re-

] L R =2 . .
duced by w!_f:\' = 1 or —1, w{;kn" = 1,-1,7 or —1,
lk.2n=3

and won = wé. Thus, complex multiplication with w-I_;
and wy4 requires no computation, and complex multiplication
with the twiddle factor wg can be implemented by 2 real mul-
tiplications and 2 real additions/subtractions. All multipli-
cations with nontrivial twiddle factors can be implemented
by 3 real multiplications ard 3 real additions/subtractions.
Thus, the first two stages of the FFT require no multiplica-
tions, the third stage requires 2 real multiplications and 2
real additions/subtractions per complex multiplication, and
the remaining stages use 3 real multiplications and 3 real ad-
ditions per complex multiplication. One complex addition/
subtraction is implemented by 2 real additions/subtractions.
The number of operations for computing a radix-2 PFFT is

.
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thus given by:

M(PEFT)y ‘ e

.

- (2a)

- 3n,'—" 7 _ - n —d =0 multiplications,
A[PFFT)N -

= M{PFFTy]y +n-2""%*" real additions/ o

S subtractions. (2b) -
Thus, th‘e t_ime; cOm_pig:x‘ity of a radix-2 unordered P¥FT pair
algorithm is : '

T241(n, d) = Tcomp—z + Tcomm~2d1
where

Tcomp-2 = 2AM[PFFDn - v + A[PFFT)N - ¥2),
v : the computation cost of one real = (in flops)
y2
Teomm-2d; = 2d(a + By - 277971 . 8)
2d :

FFT pair
a:
Br:

communication

8: length of complex number (in bytes)

an=d=1

the computation cosi of one real +/— (in flops)

total number of distance-1 communications per

start up cost {in flops)

per-byte transmission cost (in flops) for distance-1

number of transmission data points.

(B) Mixed-radix (4-2). The computation analysis for the
mixed-radix (4-2) PFFT can be obtained by a similar ap-
proach. The discussion of computation costs for the mixed-
radix (4-2) PFFTs is divided into two parts: n is even and
n is odd.

Part 1. n even: The computation procedure for mixed-radix
{4-2) PFFTs is exactly the same as the procedure for the

=1
radix-4 PFFTs which uses the properties wh:® = %]
or *i and wf;’f"'-z = w¥ when Ik is even. Thus, the

computation costs for mixed-radix (4-2) PFFTs is given
by M[PFFT4]n real multiplications and A{PFFT4}n real
additions/subtractions where,

Meven[PFFT(s_n)n = M[PF FTyln

2n—d+1+9(%_2) gn=d=2 4> 2 (4a)
" lgn-10 n-d=10
and Aeven[PFFT(4_5)ln = A[PFFT4)y (4b)
2" 4 M{PFFTived-radixlv 7 —d 22
=9 6-n+ M[PFFTyiyed-radixI¥ n-d=1
3-n+ M{PFFT ed-radixlV n-d=0

Part 2. n odd: The relationship between the numbers
of complex multiplications, additions/subtractions and the
type of twiddle factors used in each stage is summarized in
Table II.



TABLE II.
The relationship between the number of complez
maultiplications, additions/subtractions and type of twiddle
factors for mized-radiz (4 — 2) PFFTs, n odd.

Stage The number of Type of The number of
t complex twiddle factors complex
multiplications multiplications/
subtractions
0 gn—d wike?=? 2.2n-d
1 gn—d W:I;A"’ 9.9on=d
2 gn—d wikt?=? 2.27=d
p-1 on—d wi‘f, 2.9n-d
P on—d-1 Wik on-d

Note: n=2p+1,1=0,1,2,3and k=0,...,4" = 1.

‘'From the previous table, it is Known that the number of
operations required for computing mixed-radix (4-2) PFFTs,
when 7 is odd, is:

Oﬂlodd[PFFn4—2)]N
= (n : ]) gn—d 4 gn-d-l complex multiplications and
) (50)
n~—1 ned+1 n-d
OagqqPFFTa-nln ( =) + (5b)

complex additions/subtractions

" Again the number of operations can be reduced by the prop-
erties used in (A). Thus, no multiplication is required for
stage 0. In stage 1, 8 real multiplications and 8 real ad-
ditions/subtractions are required in evaluating every group
of 4 points. There are 9 real multiplications and 9 real ad-
ditions/subtractions required to evaluate each group of 4
points. Hence, the numbers of real multiplications and addi-
tions/subtractions for computing mixed-radix (4-2) PFFTs
when 7n is odd can be reduced as follows:

' (9n —17)2779"3 n_d>2
M_ I [PFFT4_ = _
oddl (a-)lv {gn_g_g n—d=10
(6a)

and

Agdd[PFFT 4N

n- 2" L M q(PFFT o))y
n—d>?2
) 6n =24+ Mogq[PFFT_a))n (6b)
B n—d=1
3n =1+ MyqqlPFFT4_aln
\ n-d=0.

Thus, the nuwmbers of real multiplications and additions/
subtractions for computing mixed-radix (4-2) PFFTs are

MoqaPFFTazn)n
Meven[PF FT(4-2)N

Hn=2k+1
if n =2k

(Ta)

M[PFFT4_aln =

=

and

_ Aodd[PFFT(‘;_.z)}N fn=2k+1
A[PFFT_(4-2)1~ = { Aeven(PFFTya_pln i m = 2k,
’ . . o (7b)
where k is any positive integer.
By observing the ‘distance-1 forward and inverse mixed-
radix (4-2) PFFT algorithms in Tables I and II, the use
of partial-exchange i-cycles again induces no interprocessor
communication and no data rearrangement over the first

[gn—-rdkj stages. After the first [gl;ilj stages, d distance-1

communications of packets of size 2*~ 9! are required.

Thus, 2d distance-1 communications are required for execut-
ing a mixed-radix distance-1 PFFT pair. Also, the equations
(7a) and (7b) give the computation cost of mixed-radix PO2
PFFTs, M[PFFT(4_2)]N and A{PFFT(4_,2)]N. Thus, the

time complexity, T, 41(n,d), can be given as follows:

Tha1(nd) = Tecomp-mdi + Tcomm-md1 (8)
where
Tcomp-md& = 2(ju[PFI:Tmixed-radix(4-2)]N ‘N
+ A[PFFTived-radix(a—2)lv * 72) and

Tecomm-md1 = 2-d- (o + 51 gn-d-l, 8).

Comparison of Mixed-radix (4-2) with radix-2. Com-
paring Ta241{n,d) with T\, 41(n,d), it is apparent that both
PFFT pairs require the same number of distance-1 communi-
cations of the same packet size. This implies that the choice
of the more efficient PFFT pair between radix-2 and mixed-
radix PFFT pair depends on their respective computation
costs:

Theorem 1. The mized-radiz (4-2) PEFFTs require less
computation than the radiz-2 PFFTs except in the following
cases:

(a) n—d=1,0,n > 2 and n is even for real multiplications
(b} n—-d=1,0,n2> 3 and n is odd for real multiplications
{c) n—d=1 and n is even for real additions/subtractions
(d) n—=d =1, n1s0dd, n > 1 for real additions/subtractions
(e} n—d = 0. n is even, n > 1 for real additions/subtractions
(f) n—d =0, n is odd, n > 2 for real additions/subtractions
(g (n=2,d=0)or(n=3,d=0)or(n=3, d=1) for
real multiplications and additions/subtractions.

Proof. The proof can be accomplished by examining the
differences between the number of operations (real multi-
plications and real additions) for the two different PFFTs.
Details can be found in {7]. ' ‘

From Theorem 1, it is observed that the number of opera-
tions for the mixed-radix (4-2) PFFTs is much less for large
n or large n — d provided n —d > 2. From Theorem 1, it is
known that the mixed-radix (4-2) PFFTs require less com-
putation when n —d > 2 and n > 3. Hence, it is concluded
that the distance-1 mixed-radix (4-2) PFFT pair is faster
than the distance-1 radix-2 PFFT pair for n — d > 2 and
n > 3.



It is further concluded that the distance-1 mixed-radix (4-2)
unordered PFFT pair is the choice among all the distance-1
unordered PFFT pairs when n —d > 2 and n > 3. Actually
the condition, n —d > 2 and n > 3, is very reasonable
- for each processor should own at least 4 data elements to

gain the complete advantage of using the mixed-radix (4-2)

‘PFFT algorithms and the number of data points should b
large to gain the advantage of parallelism. :

Unordered Distance-2 Parallel FFT Pairs.
the distance-2 PO2 PFFT algorithms, any two digits in the
address id position can be chosen as a pivot element set. As
for the distance-1 algorithms, the choice of pivot element set
affects the development of PFFT algorithms. Again, the left-
most two digits or right-most two digits are preferred since
they allow for portable algorithms. To be consistent choose
the right-most two digits as the pivot element set. Note
that for all the unordered forward distance-2 PO2 PFFT

- algorithms, the index sequence of the pivot élement set.

should be exchanged in ascending order from left to right in
process id position and descending order from left to right in
address id position. For all the unordered inverse distance-
2 PO2 PFFT algorithms, the index sequence of the pivot
element set should be exchanged in descending order from
left to right in both process id and address position.

The communication patterns for distance-2 unordered PFFT
algorithms are (a) distance-1 communication with packets of
size 2”91 data elements, and (b) distance-2 communica-
tion with packets of size 2" "9~2 data elements. Figure 1
shows the examples for the communication patterns (a) and
(b) of only one processor on a hypercube with 8 processors.

Figure 1.

Algorithms. Algorithms for the unordered distance-2 for-
ward and inverse PFFT pairs with radix-2 and mixed-radix
(4-2) are discussed here. Details are given in [7]. In each al-
gorithm the manner in which it proceeds depends on the re-
lation between n and d. In particular, for radix-2 unordered
forward and inverse PFFT algorithms, all the communica-
tions are of distance-2 with packets of size 2"=9=2 Jata ele-
ments except when d is odd, then one more distance-1 com-
munication is required. For the mixed-radix (4-2) unordered
_forward and inverse PFFT algorithms all communications
are distance-2 except that one distance-1 communication is
required when n — d is odd and an additional distance-1
communication is required when n is odd. Examples of the
unordered distance-2 PFFT pairs are given in Table III for
radix-2 and Table IV for mixed-radix (4-2). The notation
is the same as that adopted in the previous section. In ad-
dition, ‘e’ means reordering inside each node is performed;
‘f’ indicates the stage is calculated by a 2-element partial
i-cycle.

For all

TABLE IIL
Unordered distance-2 radiz-2 PFFT algorithms (n =9, d = 6).

{(a) forward . -

(b) inverse
z(kekrks | kskakskakiko)
X0 (ke kyis | kskakakoky ko)
X (keirig | kskskakakiko)
X (igiris | kekykakakiko)
XC(keksiy | iotriniskrks)*™ XS Nigisky | igirkakakrko)*™
X (keksks | igirizizkrks) X (igisis | igirkakaky ko)
X (kekske | ioiriziskrkg) X (igisis | igirkakakiko)
X(SI)(qugiz I igt) k5k5k7k8)" X(sf)(i4i3k2 I igirteiskiko)*"®
X(8)kykaka |ioirkskekrks)  X(®)(igiziz | igirisiskiko)
X(T8) (kokaky | iot1kskekrks)  X(7eNiniziy |igirieiskiko)
XS kakyio | kakskskekrks)** XU M izisko | igizitsisis)**
X8 kokiko | kakakskskrks)  X(B)(iziyio | isirigisisi

bit reversed
z(kekks | kskakakakiko)

TABLE IV.
Unordered distance-2 mized-radiz
PFEFT algorithms (n = 9, d = 5).

(b) inverse
z(krkskeks | kakakakiko)
X (irkskeis | ka kakaky ko)
XD (irisigis | kakakzkiko)
XY (kg kgkqks | toiriokrks)™ X(2)(igisigir | kakskaokiko)
X (kykaksks | ioiyinkrks)  X(2f)(igisiyiz | igizkakyko)®®
XD (kykakaky | iokskekrks)** X3 (igisisis | isirkak1ko)
XU (ky kakoky |iokskekrks) X igiaiaiy Jisirisiske)*®
XY (kykakokg | kekskekrks)* X(4®)(i1i3ig1q |igirisiske)
bit reversed = Xt\*)({y13121p | 181716151
z(krhskeks | kakakakiko)

{a) forward

Time complexity of distance-2 unordered PO2 PFFT
algorithms. A) Radix-2. The radix-2 unordered distance-
2 forward and inverse PFFT algorithms apply the partial
exchange i-cycle. During the first n — d stages there is no
interprocessor communication and no data rearrangement
within processors. After the first (n — d) stages, the algo-
rithm uses a pattern in which communication is followed by
computation of two stages of the FFT. If d is odd, then one
more distance-1 communication is required at the end {when
1dz = 0).

By observation, (d — 1)/2 distance-2 communications of
length 2" =92 and one distance-1 communication of length
27=9-1 are required when d is odd and d/2? distance-2
communications of length 2"~9-2 are required when d is
even. Hence, in total, [$] communications are required
for both the forward and inverse unordered radix-2 PFFT
algorithms. As discussed, the computation costs for radix-
2 PFFTs are independent of the communication pattern.
Thus, the time complexity of the distance-2 unordered radix-

2 PFFT pair is;
Taga(n, d} = Teomp-242 + Tcomm-242 (9)

where
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Teomp-2d2 = 2(M[1:'1'-'1:'1.'1-adix---Z]N n

. + A[PFFT 4ix—2IN - 72) V4,
. { d-TS2 ifd =2l
.C0mm‘2d2— (d=1)-TS2+4TS1 ifd=201+1,

TS1=a+p1-2""91.8
TS52 = max{a + 32 - gn-d-2, 8,
o+ by+ 68+ By 2702 8,

l is any positive integer, 61 is the time delay due to sending

one distance-1 communication, and 7 is the time delay due

to sending one distance-2 communication.

B) Mixed-radix (4-2). Over the first [1'_1{—‘” stages of
the mixed-radix unordered {orw_ard and inverse distance-
2 PFFT algorithms, the use of partial-exchange 2-element

i-cycles again means that no communication and no data:

rearrangement within processors occur. Right after the first
25¢] stages, one distance-1 communication followed by
computation of one stage of the FFT is required if (n - d)
is odd. The algorithm then proceeds with a pattern in
which one distance-2 communication and one PFFT stage
computation are tarried out in tura until the end (idz = 0).
If 7 is odd, then one more distance-1 communication while

computing one PFFT radix-2 stage is executed at the end.

The total number of communications is therefore determined
by the structure of the algorithm, again dependent on n and
d: ’

i) ifd =21+1, (d - 1)/2 distance-2 communications of

length 2"~ 92 and one distance-1 communication of length
2"~9=1 are required,
ii) if d = 2l and n = 2k, d/2 distance-2 communications of
length 2”972 are required, and
i) ifd =2l and n = 2k + 1, (d — 2)/2 distance-2.com-
munications of length 2"=9=2 3nd two distance-1 commu-
nications of lehgth 2""d'1, where { and k are any integers,
are required to implement a forward or inverse unordered
mixed-radix (4-2) PFFT.
In total, [g—] communications are required for n even and
fgf—l-'] communications are required for n odd. Using the
computation cost of mixed-radix (4-2) PO2 PFFTs, we have
the time complexity T}, 42(u, d) as follows:

Thdz(n.d) = Tcomp-mdz + Tcomm-md2 (10)

where

Teomp-maz=2(M[PFFT4_p]- 11 + A[PFFT4_2)] 12),

{(d—1)-TS24+2.TS1 d=21+41"
d-TS2 = 2l and
Teomm-md2 = n=2k
(d—2)-TS2+4-TS1 d=2land
n=2%k+1,

and [, k are any positive integers.
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Comparison amongst distance-2 unordered PO2
PFFT algorithms. In order to compare the time com-
plexities of the unordered distance-2 radix-2 PFFT pair and
2 mixed-radix PFFT pairs, we subtract Tpngqo from Tog49:

T2d?(n7 d) - de?(n? d)
=2{S3-n +Ssv2]

+{)

2.:T52-4.TS1
w.here 1, k are any positive integers,
S3 = M[PFFT ,4ix_,In - M[PFFTmixed~radik(4-2)]N’ -
and

Sy = A[PFFTradix—Z]N - A[PFFTmixed-radix(4—2)]N'

By Theorem 1, Toga(n,d) = Trmga(n,d) > 0 when i) d is odd
and ii) both d and n are even provided n =d > 2and n > 3
since S3 and S4 are positive as n —d > 2 and n > 3. Hence
the mixed-radix (4-2) is faster than the radix-2 unordered
distance-2 PFFT pair for most reasonable cases.

ifd=2I+1ord=2land k =2k, .

ffd=2land k =2k +1,
(11)

When n 1s odd and d is even, the value of Thyo(n.d) —
Tind2(n, d) depends on both the computation cost. S3v; +
S4v2, and the communication cost, TS2 — 2 - TS1. This
heavily depends on the design of the machine for the Intel
iPSC system. The communication system is closed-channel.
In this case, the value of TS2 — 2 - T'S1 is nonnegative.
Thus, the value of Th42(n,d) — Thg2(n,d) is positive for

n—d>2and n>3. For an open channeled machine, such

as the CM-5, the sign of Tyga(n,d) — Tng2(n, d) depends on
the relationship between the computation speeds TS1 and
TS2 and the communication speed. Hence no immediate
conclusion can be drawn.

Comparison of distance-1 versus distance-2 unorder-
ed parallel FFT pairs. From the previous sections, it is
known that an unordered mixed-radix PFFT pair is faster
than an unordered radix-2 PFFT pair in most of the cases
for both distance-1 and distance-2 algorithms. But are
distance-2 algorithms faster than their comparable distance-
1 algorithms? This depends on the communication costs.

Comparing by radix:

(A) Radix-2. Comparing the time costs for the unordered
radix-2 distance-1 and distance-2 PFFT pairs, gives

Tagy(n.d) ~ Taga(n,d)
{2[(d—1)-T51 —(451)-TS2] ifd=20+1,

20d-TS1-$-TS2]
where [ is any positive integer. Obviously, the sign of
Tog1(n.d)=Thrg4a(n, d) is positive if and only if 2T°S1 > T S52..

(12)

if d

24,

Hence, the radix-2 unordered distance-2 PFFT pair is more
efficient than the radix-2 unordered distance-1 PFFT pair if
and only if 2. TS1 > TS2. This depends on the hardware
chip design and the transmission strategy used by parallel
machines.



(B} Mixed-radix (4-2). Comparing the time costs for
an unordered mixed-radix (4-2) distance-1 and distance-2
PFFT pair, gives :
Tnai(n,a) = Tmd2(n.4) .
2(d - 1)TS1 - ¥z . T89) ifd=21+1
= ¢ 2[(d - 2)T$1 - E52757]
2(dTS1 - $T52)

ifd=2land n = 2k+1

if d = 21 and n = 2k,

. (13)
where [ and k are any positive integers. Again, Ty, 41(n,d)~
Trmao(n,d) > 0if and only if 2T'S1 > T'S2. And conclusions
as in (A).

From the above results, it is concluded that if the time cost
for a distance-1 communication of length 2" =91 TSI, is
greater than half the time cost for a distance-2 communica-

tion of length 2°~972 1TS2, then the unordered distance-2
PEFT pairs should be considered. Otherwise, the unordered

distance-1 PFFT pairs should be considered.

Conclusions. From the comparisons, it is found that the
distance-1 mixed-radix (4-2) unordered PFFT pair is faster
than the distance-1 radix-2 unordered PFFT pair when
n—d>2and n > 3. It is further concluded that when
2.T851 > TS2, the distance-2 mixed-radix (4-2) PFFT
" pair is the choice among all unordered PFFT pairs provided
n—d > 2 and n > 3 when choosing either d odd or
both d and n even. Note that the time for TS1 and TS2
depends on the speed of the communication channel and the
routing strategy provided by the machine. In the real-world,
2TS1 > TS2 is one of the design goals of the hardware
communication which makes distance-2 algorithms useful in
applications. We also apply the same ideas of using various
. radices and distances to develop the ordered PO2 PFFT
algorithms {7, 8].
The first author’s current address is: Department of Geo-
logical Sciences, University of British Columbia, 6339 Stores
Road, Vancouver, B. C. V6T 1Z4.
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