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Abstract. Error-contaminated systems Ax ≈ b, for which A is ill-conditioned, are considered.
Such systems may be solved using Tikhonov-like regularized total least squares (RTLS) methods.
Golub, Hansen, and O’Leary [SIAM J. Matrix Anal. Appl., 21 (1999), pp. 185–194] presented a
parameter-dependent direct algorithm for the solution of the augmented Lagrange formulation for
the RTLS problem, and Sima, Van Huffel, and Golub [Regularized Total Least Squares Based on
Quadratic Eigenvalue Problem Solvers, Tech. Report SCCM-03-03, SCCM, Stanford University,
Stanford, CA, 2003] have introduced a technique for solution based on a quadratic eigenvalue prob-
lem, RTLSQEP. Guo and Renaut [A regularized total least squares algorithm, in Total Least Squares
and Errors-in-Variables Modeling: Analysis, Algorithms and Applications, S. Van Huffel and P. Lem-
merling, eds., Kluwer Academic Publishers, Dordrecht, The Netherlands, 2002, pp. 57–66] derived
an eigenproblem for the RTLS which can be solved using the iterative inverse power method. Here
we present an alternative derivation of the eigenproblem for constrained TLS through the augmented
Lagrangian for the constrained normalized residual. This extends the analysis of the eigenproblem
and leads to derivation of more efficient algorithms compared to the original formulation. Additional
algorithms based on bisection search and a standard L-curve approach are presented. These algo-
rithms vary with respect to the parameters that need to be prescribed. Numerical and convergence
results supporting the different versions and contrasting with RTLSQEP are presented.
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1. Introduction. We consider the solution of the ill-posed model dependent
problem

Ax ≈ b,

where A ∈ Rm×n and b ∈ Rm are known, and are assumed to be error contaminated.
If the matrix A is well conditioned a solution can be found using the method of total
least squares (TLS)

min‖[E, f ]‖F subject to (A + E)x = b + f,(1.1)

where ‖ · ‖F denotes the Frobenius norm [4, 5, 12].
For ill-conditioned systems, Golub, Hansen, and O’Leary [3] presented and ana-

lyzed the properties of regularization for TLS. Consistent with the formulation of the
Tikhonov regularized LS problem [15, 16], the regularized TLS (RTLS) is given by

min‖[E, f ]‖F subject to (A + E)x = b + f and ‖Lx‖ ≤ δ.(1.2)
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Here ‖ · ‖ denotes the 2-norm, δ is a regularization parameter, and L ∈ Rp×n defines
a (semi)norm on the solution [9, 3].

Guo and Renaut [6] obtained the solution of the RTLS problem by finding the
minimum eigenpair for an augmented solution-dependent block matrix. The eigenpair
is found iteratively, using inverse iteration applied to the solution-dependent matrix.
Here we present a theoretical development of a convergent algorithm for determi-
nation of the minimum eigenpair. The algorithm is extended to improve efficiency
by inclusion of the option to do inexact local solves and update of the constraint
within the matrix formulation. Bisection search is presented because of the ability
to determine precisely the number of iterations required for a given accuracy. We
also provide an L-curve approach for cases in which a good estimate of the physical
constraint parameter is not available.

Theoretical results which lead to the development of the algorithms are presented
in section 2. The theory uses the alternative statement of the RTLS problem, namely
the minimization of the normalized residual, equivalently the minimization of the
Rayleigh quotient for the augmented matrix

M = [A, b]T [A, b](1.3)

[12] subject to the addition of the constraint term for regularization of the solution. We
also present results on the relationships between the Lagrange multipliers of the RTLS
and the constraint parameter δ. If any one of the set of three parameters is chosen as a
free parameter, the other two are immediately specified and are monotonically related
to one another. This result verifies the connection between the presented algorithms.
Computational details are described in section 3, and experimental results comparing
and contrasting the different approaches and comparing with the quadratic eigenvalue
solver presented in [14] are described in section 4. We conclude that the eigenproblem
formulation provides a powerful approach for RTLS solutions in practical applications.

2. Algorithmic development.

2.1. Rayleigh quotient formulation. It is well known that the solution of the
TLS minimizes the sum of squared normalized residuals,

xTLS = argminxφ(x) = argminx

‖Ax− b‖2

1 + ‖x‖2
(2.1)

[5, 12], where φ is the Rayleigh quotient of matrix M . This suggests an alternative
formulation for regularized TLS,

minxφ(x) subject to ‖Lx‖ ≤ δ.(2.2)

To distinguish the two formulations we call this the regularized Rayleigh quotient
form for total least squares (RQ-RTLS). It leads to the augmented Lagrangian

L(x, µ) = φ(x) + µ(‖Lx‖2 − δ2).(2.3)

Although φ(x) is not concave its stationary points can be characterized, which is
useful in characterization of the solution of (2.3).

Lemma 2.1 (Fact 1.8 in [13]). The Rayleigh quotient of a symmetric matrix is
stationary at, and only at, the eigenvectors of the matrix.
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Lemma 2.2. If the extreme singular values of the matrix [A, b] are simple, then
φ(x) has one unique maximum point, one unique minimum point, and n − 1 saddle
points.

Proof. The proof follows by the observation φ(xi) = σ2
i , where vector [xT

i ,−1]T

is the ith right singular vector of matrix [A, b] with corresponding singular value σi.
The uniqueness of the maximum and minimum points is immediate. To show that
all the other stationary points are saddles, it is easy to construct their neighbors and
show that φ(x) is, resp., greater and less on either side of the corresponding stationary
point.

Theorem 2.1. Suppose that the conditions of Lemma 2.2 are satisfied for matrix
[A, b], that σn > σn+1 and that constraint parameter δ is specified. Then, if the
constraint is active, ‖LxRTLS‖2 = δ2 and µ > 0.

Proof. By Lemma 2.2 and using σn > σn+1, the solution xTLS of (2.1) is unique.
If the constraint in (2.2) is active, ‖LxTLS‖2 > δ2, and by Lemma 2.2 there is no
local minimum of φ within the set defined by the constraint ‖Lx‖2 < δ2. Thus, if
the constraint is active, xRTLS must lie on the boundary of the domain defined by
‖Lx‖2 ≤ δ2,

xT
RTLSL

TLxRTLS − δ2 = 0,(2.4)

and the Lagrange parameter at the minimum of the Lagrangian is positive, µ >
0.

It is easy to see that the Kuhn–Tucker conditions for (2.2) are the same as those
for (1.2). Hence we immediately obtain the following theorem for the characterization
of the RTLS solution for (2.2), equivalent to that presented in [3] for the augmented
Lagrangian for (1.2).

Theorem 2.2. The solution, xRTLS, of the regularized problem (2.2), for which
the constraint is active, satisfies

(ATA + λII + λLL
TL)xRTLS = AT b,(2.5)

µ > 0, xT
RTLSL

TLxRTLS − δ2 = 0,(2.6)

where

λI = −φ(xRTLS),(2.7)

λL = µ(1 + ‖xRTLS‖2),(2.8)

µ = − 1

δ2(1 + ‖xRTLS‖2)

(
bT (AxRTLS − b) + φ(xRTLS)

)
.(2.9)

Proof. Setting ∇xL(x, µ) = 0, we have

ATAx−AT b + µ(1 + ‖x‖2)LTLx− φ(x)x = 0,

which is (2.5) with λI and λL identified by (2.7) and (2.8), resp. Multiplying both sides
by xT , replacing ‖Lx‖ by δ, and using the relationship (2.1) to rewrite ‖Ax‖2 − bTAx
as (1+‖x‖2)φ(x)+bT (Ax−b), we immediately obtain the expression for µ. Moreover,
(2.6) follows from Theorem 2.1.

In [6] we observed, without proof, that this result additionally characterizes the
RTLS solution in terms of an eigenpair for an augmented system. Here we present
a slight modification of the result, of significant practical use, which includes the
constraint condition in an alternative manner.
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Theorem 2.3. The solution xRTLS of (2.2) subject to the active constraint (2.4)
satisfies the augmented eigenpair problem:

B(xRTLS)

(
xRTLS

−1

)
= −λI

(
xRTLS

−1

)
,(2.10)

where the solution-dependent matrix is given by

B(xRTLS) = M + λL(xRTLS)

(
LTL 0
0 α

)
, α = −‖LxRTLS‖2,(2.11)

in which λL(xRTLS) is given by (2.8) and (2.9).

Conversely, suppose the pair ((x̂T ,−1)T ,−λ̂) is an eigenpair for matrix B̂(x̂),
where matrix B̂ represents the matrix B with modification in the lower right corner,
α replaced by α̂, α̂ = −γ, where γ can take values δ2, or ‖Lx̂‖2, and λL(x̂) is defined
accordingly by (2.8) and (2.9). Then

1. x̂ satisfies (2.5),
2. the constraint is active, (2.4) is satisfied for x̂, and

3. eigenvalue λ̂ is given by

λ̂ = −φ(x̂).

Proof. The first block equation of (2.10) comes immediately from (2.5). For the
second block equation we note that by (2.7)

λI(1 + ‖x‖2) = −‖Ax− b‖2,

but by (2.5)

λI‖x‖2 = bTAx− ‖Ax‖2 − λL‖Lx‖2.

Thus, by subtraction,

λI = bTAx + λLx‖Lx‖2 − bT b,(2.12)

as required. We replace ‖Lx‖2 occurring in α by δ2 using the active constraint con-
dition (2.4).

For the proof in the opposite direction, we suppose that the eigenpair ((x̂T ,−1)T ,

−λ̂) satisfies the eigenvalue equation (2.10), with appropriate replacement of xRTLS

by x̂ and λI by λ̂. The first block equation immediately gives (2.5). By the second
block equation of the eigenvalue problem we have

λ̂ = bTAx̂− bT b + λL(x̂)γ,(2.13)

and by the inner product of the eigensystem equation with eigenvector (x̂T ,−1)T we
have

λ̂ = − 1

‖x̂‖2 + 1
(‖Ax̂− b‖2 + λL(x̂)(‖Lx̂‖2 − γ)).(2.14)

Equating these two expressions, collecting terms in λL and then using (2.8) and (2.9)
we find

λL

(
‖Lx̂‖2 − γ

‖x̂‖2 + 1
+ γ

)
= λLδ

2.
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Solving for γ, by using the fact that λL �= 0, because it is proportional to µ �= 0,
yields

γ =
δ2(1 + ‖x̂‖2) − ‖Lx̂‖2

‖x̂‖2
,(2.15)

which is satisfied for γ = δ2, or γ = ‖Lx̂‖2, each of which also imposes the active

constraint equation (2.4). When inserted back into the second expression for λ̂ this
also yields

λ̂ = −‖Ax̂− b‖2

‖x̂‖2 + 1
− λL(x̂)

‖Lx̂‖2 − δ2

‖x̂‖2
,

where now the second term vanishes because both of the choices for γ also enforce
the active constraint condition. Hence λ̂(x̂) = λI(x̂), as required.

2.2. Theoretical development. By the definition of RTLS problem (2.2) and
Theorem 2.3, the RTLS solution can be obtained through estimation of the minimum
|λI | = φ(x) which solves the augmented eigenvalue problem. Whenever the system
(2.10) is satisfied, the active constraint condition is also immediately satisfied. To de-
rive practical algorithms for the solution of the eigenproblem, we observe the similarity
with the unconstrained TLS problem: (xT

TLS ,−1)T is a right eigenvector for matrix M
associated with its smallest eigenvalue. An algorithm based on the Rayleigh quotient
iteration (RQI) for matrix (1.3) was presented by Björck, Heggernes, and Matstoms
[2]. While a similar iterative approach can be implemented, there is the additional
complication that the system matrix (2.11) depends on the solution xRTLS , which
requires consideration of the convergence properties applied to this particular situa-
tion. On the other hand, in [6], we verified numerically that inverse iteration can be
used for the determination of the RTLS solution. Here we investigate the convergence
properties of the approach and introduce modifications of the algorithm to improve
efficiency and reliability.

To analyze the eigenproblem for (2.10), for the case in which we use γ = δ2, we
introduce the parameter-dependent matrix, B(θ) = M + θN , θ ∈ R+, where

N =

(
LTL 0
0 −δ2

)
.(2.16)

Obviously B(λL) = B(x) in (2.11) if λL is given by (2.8) with x in place of xRTLS .
We denote the smallest eigenvalue corresponding to eigenvector (xT

θ ,−1)T of B(θ) by
�n+1, and use the notation N (A) for the null space of matrix A.

We also introduce the function g(x) = (‖Lx‖2 − δ2)/(1 + ‖x‖2). Then the goal of
solving the augmented eigenproblem may be reformulated as follows.

Problem 2.4. For a constant δ, find a θ such that g(xθ) = 0.
The following results assist with the design of an algorithm to solve this problem.
Lemma 2.3. Assuming that bTA �= 0 and N (A)∩N (L) = {0}, then the smallest

eigenvalue of B(θ) is simple.
Proof. The eigenvalue-eigenvector equation

B(θ)

(
xθ

−1

)
= ρθ

(
xθ

−1

)

yields

(ATA + θLTL− ρθI)xθ = AT b.(2.17)
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By assumption AT b �= 0, so ρθ is not an eigenvalue of ATA+θLTL. By the eigenvalue
interlace theorem, it is thus strictly smaller than the smallest eigenvalue of ATA +
θLTL and must be simple.

Lemma 2.4. If [A, b] is a full rank matrix, there exists one and only one positive
number, denoted by θc, such that B(θc) is singular, and

1. the null eigenvalue of B(θc) is simple,
2. when 0 ≤ θ < θc, B(θ) is positive definite, and
3. when θ > θc, B(θ) has only one negative eigenvalue; the others are positive.

Proof. Because M is nonsingular, B(θ) = M + θN is congruent to C(θ) =
I + θXTNX, where X is a nonsingular matrix. Thus B(θ) and C(θ) have the same
inertia, as do N and XTNX. Because LTL is nonnegative definite, we know C(θ) is
similar to

I + θ

⎛
⎝D

0
−ω2

⎞
⎠ ,(2.18)

where D is a diagonal matrix with positive diagonal entries. Thus there exists only
one finite real number θ = θc > 0 such that the null space of B(θ) is nontrivial and
the dimension of the corresponding null space is 1.

Because matrices (2.18) and B(θ) have the same inertia, we immediately obtain
the other two results.

Lemma 2.5. If bTA �= 0, and [A, b] is full rank, then
1. there exists a λ∗

L ∈ [0, θc] which solves Problem 2.4,
2. the solution of Problem 2.4 is unique,
3. when λL ∈ (0, λ∗

L), g(xλL
) > 0 and λL ∈ (λ∗

L,∞), g(xλL
) < 0.

Proof.
1. When θ = 0, B(0) > 0. The eigenvector corresponding to the smallest

eigenvalue of B(0), (M), is related to the TLS solution xTLS , g(xTLS) > 0
because the constraint is active. Moreover, for small perturbation in the
matrix B(θ), Theorem 6.3.12 in [11] yields

d�n+1

dθ
|θ=θ0 = g(xθ0).(2.19)

Thus, �n+1 increases with θ near zero. On the other hand, by Lemma 2.4
�n+1 = 0 for θ = θc. Thus, g(xθ) must change sign in [0, θc] and by continuity
there must exist a number λ∗

L ∈ [0, θc] such that the corresponding g(xλ∗
L
) =

0. Hence Problem 2.4 is solved.
2. We introduce notation xθ,

xθ = argminx∈Rn(φ(x) + θg(x)).(2.20)

Clearly, by Lemma 2.3, the smallest eigenvalue of B(θ) is simple. Suppose
that vectors xθ1 , xθ2 solve (2.20) for θ1, θ2 > 0; then

φ(xθ2) + θ2g(xθ2) < φ(xθ1) + θ2g(xθ1),(2.21)

φ(xθ1) + θ1g(xθ1) < φ(xθ2) + θ1g(xθ2).(2.22)

Adding these inequalities yields

(θ1 − θ2)g(xθ1) < (θ1 − θ2)g(xθ2),(2.23)
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and without loss of generality assuming θ1 > θ2, g(xθ1) < g(xθ2). Thus, g(xθ)
is monotonically decreasing with respect to θ and there exists only one θ such
that g(xθ) = 0.

3. The final statement follows immediately from the former two.
Remark 2.1. We see from this result that there is a unique solution to our

problem and that an algorithm for finding this solution should depend both on finding
an update for the Lagrange parameter λL and monitoring the sign of g(xλL

).
From (2.13) it is immediate that xθ is related to θ by θ = 1

δ2 (bT (b−Axθ)−φ(xθ)).
This suggests an iterative search for the θ,

θ(k+1) =
1

δ2
(bT (b−Axθ(k)) − φ(xθ(k))),(2.24)

where, at step k, (xT
θ(k) ,−1)T is the eigenvector for �

(k)
n+1. On the other hand, by (2.14),

we can write �
(k)
n+1 = φ(xθ(k)) + θ(k)g(xθ(k)), which in (2.24), also using bTAxθ(k) −

bT b + δ2θ(k) = −�
(k)
n+1, gives an update equation

θ(k+1) = θ(k) +
θ(k)

δ2
g(xθ(k)).(2.25)

It remains to consider whether this iteration will generate the appropriate θ that solves
Problem 2.4. We investigate the convergence properties of the update equation (2.25),
but first revert to the use of the parameter λL in place of θ. The theory presented in
Lemma 2.5 suggests the use of an iteration dependent parameter 0 < ι(k) ≤ 1 chosen
such that g(x

λ
(k+1)

L

) has the same sign as g(x
λ

(0)

L

):

λ
(k+1)
L = λ

(k)
L + ι(k)λ

(k)
L

δ2
g(x

λ
(k)

L

), 0 < ι(k) ≤ 1.(2.26)

Lemma 2.6. Suppose λ
(0)
L > 0. Let sequences {x

λ
(k)

L

} and {λ(k)
L }, k = 1, 2, . . . ,

be generated by (2.26), with parameter sequence 0 < ι(k) ≤ 1 utilized to enforce
g(x

λ
(k+1)

L

)g(x
λ

(0)

L

) > 0.

1. λ
(k)
L > 0 for any positive integer k.

2. If g(x
λ

(0)

L

) < 0, then sequences {λ(k)
L } and {φ(x

λ
(k)

L

)} decrease monotonically,

while {�(k)
n+1} and {g(x

λ
(k)

L

)} increase monotonically.

3. If g(x
λ

(0)

L

) > 0, then sequences {λ(k)
L } and {φ(x

λ
(k)

L

)} increase monotonically,

while {�(k)
n+1} and {g(x

λ
(k)

L

)} decrease monotonically.

4. If g(x
λ

(0)

L

) = 0, λ
(0)
L solves Problem 2.4.

Proof. For ease of presentation we write x(k) to indicate x
λ

(k)

L

, assuming the

dependence of the update on the λ
(k)
L .

1. Multiplying both sides of (2.26) by δ2(1 + ‖x(k)‖2), we obtain

δ2(1 + ‖x(k)‖2)λ
(k+1)
L = δ2(1 − ι(k) + ‖x(k)‖2)λ

(k)
L + ι(k)λ

(k)
L ‖Lx(k)‖2.

Because ι(k) ≤ 1, λ
(k+1)
L > 0 if λ

(k)
L > 0. Thus λ

(0)
L > 0 ensures λ

(k)
L > 0 for

all k ≥ 1.
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2. If g(x(0)) < 0, the algorithm forces g(x(k)) < 0 for k > 1 so that also

λ
(k+1)
L < λ

(k)
L . Then by (2.23) g(x(k)) < g(x(k+1)) < 0 and combining with

(2.21) φ(x(k+1)) < φ(x(k)). Moreover, because the Rayleigh–Ritz theorem

also gives�
(k)
n+1 = minx∈Rn(φ(x) + λ

(k)
L g(x)), we have

�
(k)
n+1 = φ(x(k)) + λ

(k)
L g(x(k))

< φ(x(k+1)) + λ
(k)
L g(x(k+1))

< φ(x(k+1)) + λ
(k+1)
L g(x(k+1))

= �
(k+1)
n+1 .

3. The proof of this case follows equivalently.
4. This is immediate from the definition of Problem 2.4.

Remark 2.2. For an initial 0 < λ
(0)
L < θc, the tendency of the generated mono-

tonic sequence for λ
(k)
L depends on whether λ

(0)
L < λ∗

L or λ
(0)
L > λ∗

L, but in either case

B(λ
(k)
L ) is always positive definite.

Theorem 2.5. The iteration (2.26) with an initial λ
(0)
L > 0 converges to the

unique solution, λ∗
L, of Problem 2.4.

Proof. By Lemma 2.6 {λ(k)
L } is monotonic and by Lemma 2.5, statement 3, it

is bounded by λ∗
L. Thus it converges. Suppose that it converges to the limit point

λ̃L; then this limit point should satisfy (2.26) in the limit, and g(xλ̃L
) = 0. But now

Problem 2.4 has a unique solution and thus λ̃L ≡ λ∗
L.

2.3. Algorithms. The theoretical results justify the basic algorithm for the so-
lution xRTLS of (1.2) which uses exact determination of the smallest eigenvalue for
each update of the Lagrange parameter λL with RQI.

Algorithm 1 (EXACT RTLS: Alternating iteration on λL and x). For given

δ and initial guess λ
(0)
L > 0 calculate the eigenpair determined by (�

(0)
n+1, x

(0)). Set

k = 0. Update λ
(k)
L and x(k) until convergence.

1. While not converged
Do
(a) ι(k) = 1
(b) Inner Iteration: Until sign condition is satisfied Do:

i. Update λ
(k+1)
L by (2.26).

ii. Calculate the smallest eigenvalue, �
(k)
n+1, and the corresponding eigen-

vector, [x(k+1),−1], of matrix B(λ
(k)
L ).

iii. If sign condition g(x(k+1))g(x(0)) > 0 is not satisfied, set ι(k) =
ι(k)/2 else Break.

End Do
(c) Test for convergence. If converged Break else k = k + 1.

End Do.
2. xRTLS = x(k).

At the inner iteration in Algorithm 1 we find the minimum eigenvalue using an
application of the approach presented in [2], based on cubically convergent RQI for the

constant matrix B(λ
(k)
L ). Block Gaussian elimination is used to improve the efficiency.

Specifically, for fixed λL we iterate over j such that at iteration j we wish to find the
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vector y(k,j+1) = ((x(k,j+1))T ,−1)T such that

B(λ
(k)
L )y(k,j+1) = β(k,j)y

(k,j),(2.27)

B(λ
(k)
L ) =

(
J (k,j) AT b
bTA η(k,j)

)
,(2.28)

J (k,j) = ATA + λ
(k)
L LTL− ρ(k,j)In, η(k,j) = bT b− λ

(k)
L δ2 − ρ(k,j),(2.29)

where ρ(k,j) is the RQI shift. Here we use the double index (k, j) to indicate that
the inner iteration to find the eigenvalue is over index j as compared to the outer
iteration for λL which is over k. Having made this distinction, we now assume the
dependence on k whenever iteration j is denoted. We suppose that the matrix J (j) is
positive definite, certainly the case without shift by assumption on the initial choice

of λ
(0)
L , so that we can apply block Gaussian elimination

(
J (j) AT b
0 τj

)(
x(j+1)

−1

)
= βj

(
x(j)

−(z(j))Tx(j) − 1

)
,

where

τj = ηj − bTAz(j)(2.30)

and x(j+1) = z(j) + βju
(j). Here z(j) and u(j) solve the systems

J (j)z(j) = AT b,(2.31)

J (j)u(j) = x(j),(2.32)

and the scaling parameter is given by

βj = τj/((z
(j))Tx(j) + 1).(2.33)

Remark 2.3. The algorithm as presented to match the theoretical results requires
precise determination of the smallest eigenvalue for each λL. However, an inexact
determination, particularly in early stages of the iteration, may increase efficiency
by reducing the total number of iterations. Moreover, the key requirement of the
convergence result is that the update xθ(k+1) is such that the sign property for function
g is maintained. Thus, suppose that we do not solve the eigenproblem exactly for each

λ
(k)
L , but that instead an approximate eigenpair is found, (ρ̃

(k)
n+1, x̃θ(k+1)), for which

g(x̃θ(k+1)) maintains the sign condition; then the iteration will still converge. This
leads to modification of Algorithm 1 based on inexact update for the eigenvalue.

Algorithm 2 (INEXACT RTLS: Alternating iteration on λL and x). Implement

the exact algorithm but initialized with 0 < λ
(0)
L < θc chosen such that the initial

matrix B(λ
(0)
L ) is positive definite. At each iteration do not search for the exact

eigenpair for each k, rather use inverse iteration and seek satisfactory x(k,Jk), such
that g(x(k,Jk))g(x(0)) > 0. If this condition is satisfied for j = Jk, assign x(k) = x(k,Jk)

and update λ
(k+1)
L . The initial vector for each inner inverse iteration is x(k,0) =

x(k−1,Jk−1).
Remark 2.4. It is immediate to see from the convergence theory that if the re-

quirement on the sign of g is relaxed, a divergent sequence can result. It was this
version of Algorithm 2 that was implemented in [6]. In particular, without the condi-
tion on the sign of g, each inner iteration to calculate x(k) uses just one step, j = 1,

and the matrix B(λ
(k)
L ) is updated each step.
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Remark 2.5. In Algorithms 1 and 2 we assume that γ = δ2, where λ
(0)
L is re-

quired. While the theory does not immediately follow, these algorithms can be modified
to use γ = ‖Lx(k,j)‖2, where initial solution x(0) or x(0,0) is required. This modifi-
cation introduces new versions of both algorithms, which we denote by 1.2 and 2.2,
resp., reserving the notation 1.1 and 2.1 for the former versions. If blow-up does not
occur, which we demonstrate through our numerical experiments is seldom the case,
we find that the iteration converges much more quickly.

Remark 2.6. While the exact determination of the smallest eigenvalue at any
step will be made efficient if the shift of the RQI is utilized, it should be clear that it
is not, in general, desirable to use the shift when we pose the problem in the inexact
form, for which we want to change λL efficiently to get to the RTLS solution, rather
than to find each intermediate eigenvalue precisely. Thus, in general, given an initial
choice of λL such that B is positive definite, the block matrix J (j) without shift is
guaranteed positive definite.

2.4. Interdependence of parameters. In the preceding algorithms we assume
that the physical parameter δ is known a priori, which may not always be the case.
Hence we need to understand the relationship between δ and the other parameters
λL and λI in order to determine an algorithm for which δ is not provided.

Consistent with earlier notation, we distinguish the solution of the RTLS problem
via the δ-specified algorithm as xδ. Moreover, we use J(λL) = ATA−φ(xλL

)I+λLL
TL

and s(xλL
) = ATAxλL

−AT b− φ(xλL
)xλL

for which J(λL)xλL
= AT b and s(xλL

) =
−λLL

TLxλL
.

Theorem 2.6. Suppose matrix J(λL) is positive definite and λL > 0; then

1.
dφ(xλL

)

dλL
> 0, φ(xλL

) is monotonically increasing with respect to λL, and

2.
d(‖LxλL

‖2)

dλL
< 0, ‖LxλL

‖2 is monotonically decreasing with respect to λL.

Proof. Differentiating J(λL)xλL
= AT b with respect to λL yields

J(λL)
dxλL

dλL
=

(
dφ(xλL

)

dλL
I − LTL

)
xλL

.

Now

dφ(xλL
)

dλL
= (∇xλL

φ(xλL
))T

dxλL

dλL

=
2

1 + ‖xλL
‖2

sT (xλL
)
dxλL

dλL

= −
2λLx

T
λL

LTL

1 + ‖xλL
‖2

dxλL

dλL
.(2.34)

Rearranging yields

dφ(xλL
)

dλL

(
1 + ‖xλL

‖2

2

)
= λLx

T
λL

LTL

(
dφ(xλL

)

dλL
J(λL)−1xλL

− J(λL)−1LTLxλL

)
.

Hence

dφ(xλL
)

dλL

(
1 + ‖xλL

‖2

2
+ λLx

T
λL

LTLJ(λL)−1xλL

)
= λLx

T
λL

LTLJ(λL)−1LTLxλL
> 0

by assumptions on J(λL) and λL, and the first statement follows immediately.
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On the other hand,

d(‖LxλL
‖2)

dλL
= 2xT

λL
LTL

dxλL

dλL
,

which, after substitution in (2.34), gives

dφ(xλL
)

dλL
= − λL

(1 + ‖xλL
‖2)

d(‖LxλL
‖2)

dλL
,

and the second statement follows.
These results justify the introduction of alternative algorithms.

2.4.1. Bisection search. Because of the direct monotonic relationship between
parameters δ = ‖LxλL

‖ and λL, we can use a standard bisection search technique on
parameter λL to obtain an update mechanism for λL. With this approach the number
of solves for each λL is determined by the precision required and the initial interval
for bisection and is thus of most use in situations for which we know that the class
of problems is difficult to solve. This gives the following algorithm, for which details
are standard.

Algorithm 3 (RTLS: Bisection search on λL). Given δ, a search tolerance
TOL on the active constraint, |‖LxλL

‖ − δ| ≤ TOL, and two initial choices of λL

for which g(xλL
) are of different signs, do bisection until the tolerance is satisfied. At

each iteration estimate solution x̂λL
by Algorithm 2 with γ updated each step, namely

Algorithm 2.2 except λL is fixed.

2.4.2. An L-curve algorithm. The earlier algorithms assume a priori infor-
mation to designate δ which may not be available. We consider instead, then, an
approach based on the use of the L-curve [8, 10] to give a δ-independent algorithm
for the formulation

min
x

φ(x) + µ‖Lx‖2.(2.35)

Here the positive regularization parameter µ controls how much weight is given to
the penalty function ‖Lx‖2 as compared to the Rayleigh quotient φ(x). Necessary
conditions for a minimum of (2.35) are the same as for (2.2) except for (2.9). If the
constraint is active, the solution satisfies

(ATA + λII + µ(1 + ‖x‖2)LTL)x = AT b,

where λI = −φ(x). Substituting λL = µ(1 + ‖x‖2), we once again obtain (2.5):

(ATA + λII + λLL
TL)x = AT b.

For each fixed parameter λL, the solution xλL
is equivalent to the xRTLS solution

obtained with constraint parameter δ = ‖LxλL
‖. Hence we need to determine λL so

that it simultaneously gives a small Rayleigh quotient φ(xλL
) and a moderate value

of the penalty term ‖LxλL
‖2. We use the L-curve method which was designed for the

Tikhonov regularized LS problem [8, 10] for the log-log scale plot of φ(xλL
) versus

‖LxλL
‖2.

Algorithm 4 (RTLS: L-curve). Given a discrete set of values for λL on an
interval [a, b], find RTLS solutions xλL

. Generate the L-curve and pick the lower left
corner point of the curve to generate xRTLS.
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1. For λL over a discrete set.
Inner iteration For fixed λL, calculate RTLS solution xλL

by alternatively
updating xλL

by solving (2.5) and λI through (2.7) until the inner iteration
has converged.
End For

2. Plot on log-log scale the pairs φ(xλL
) versus ‖LxλL

‖2.
3. Find the lower left corner point of the L-curve, the corresponding parameter

λL, and solution xλL
= xRTLS .

Remark 2.7. To carry out the final step of the algorithm we could use “Algorithm
FindCorner” in [10].

3. Computational considerations.

3.1. Termination criteria. In the inner iterations for the Rayleigh quotient or
inverse iteration, where also the system matrix may depend on the current update
if γ is updated each step, we test convergence on the residual r(j) = B(x(j))ȳ(j) +
λI(x

(j))ȳ(j), where ȳ(j) is y(j) normalized. It is easy to verify that

(B(x(j)) + C(j))ȳ(j) = −λI(x
(j))ȳ(j),

where C(j) = −r(j)(ȳ(j))T . Let ε represent machine accuracy and c be a quite
mild function of degree n + 1; then the best accuracy we can expect to achieve is
‖C(j)‖/‖B(x(j))‖ ≤ cε [17, Chap. 5, sect. 58]. Hence

‖C(j)‖ = ‖r(j)‖ ≤ cε‖B(x(j))‖ ≈ cε‖[A, b]‖2.

Since B(x(j)) is a symmetric matrix, the accuracy of λI(x
(j)) is also approximately

cε‖[A, b]‖2. This suggests using |λ(j)
I − λ

(j−1)
I |/|λ(j)

I | < TOL as stopping criterium,

where TOL is a tolerance. ‖r(j)‖
|λ(j)

I
|
< TOL may also be used as termination criterium.

When δ is known we may directly use |‖Lx(j)‖ − δ| as stopping criterium. Also
‖r(j)‖ is a measurement of the distance of x(j) to the boundary (2.4). In fact, by the
Cauchy–Schwarz inequality, ‖ȳ(j)‖ = 1, and using, from (2.9), µ as a function of x,

‖r(j)‖ ≥ |(ȳ(j))T (B(x(j)) + λI(x
(j))I)ȳ(j)|(3.1)

= |µ(x(j))(‖Lx(j)‖2 − δ2)|.

Thus, the residual ‖r(j)‖ also provides an upper estimate for the violation of the
constraint condition (2.4) and, if ȳ(j) is sufficiently close to an eigenvector of B(x(j)),
then the inequality in (3.1) is close to an equality. Since we solve the eigenproblem for

B and need to find −λI , we would expect (B+λ
(j)
I I)ȳ(j) becomes zero if (−λ

(j)
I , ȳ(j))T

is an eigenpair for B.

3.2. The generalized SVD (GSVD) of [A, L]. All of the presented algo-
rithms depend on the efficiency of solving systems with coefficient matrix ATA +
λLL

TL, or the shifted version ATA+ λLL
TL− ρkI. Here we focus on the derivation

of an efficient algorithm for the solution of systems with system matrix, J , without
shift. Notice that, without loss of generality, we drop the dependence on iteration
(k, j), and consider the solution of the system

(ATA + λLL
TL)w = f.(3.2)

While different approaches can be considered for (3.2), we also note the similarity
of (3.2) with the system to be solved in Tikhonov regularization of the least squares
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Table 3.1

Algorithmic summary and comparison.

Algorithm ∗.1 Algorithm ∗.2 Bisection L-curve
δ given given given unknown

x(0) random required required required

λ
(0)
L given derived from x(0) derived from x(0) derived from x(0)

subalg. No No Algorithm 2.2 Algorithm 2.2

problem. Hence we should use the algorithms which have been demonstrated as
successful for regularized LS. Moreover, we can safely assume that matrix L, which in
our examples is a low order derivative operator, is well conditioned. In particular, the
smallest nonzero singular values of the first and second order derivative operators are
of order n−1 and n−2, resp., and their null spaces are spanned by very smooth vectors.
Thus, if λL is not too small, matrix ATA + λLL

TL is well posed for a large class of
matrices A, and the GSVD of the matrix pair [A,L] can be calculated with a stable
numerical method [7]. This approach, used to solve (3.2) [7], also motivates use of
algorithms without shift. Using the algorithm of Bai and Demmel [1], the calculation
of the GSVD for matrix pair [A,L] requires 2m2n + 15n3 flops (the coefficient of n3

depends on the number of iterations required). Given the GSVD the solution of each
equation (3.2) costs just 8n2 flops.

3.3. Summary of the algorithms. In the preceding sections we have presented
several different algorithmic approaches for the solution of the given RTLS problem.
We now summarize these algorithms with respect to the initialization requirements
and the subalgorithm that is used to solve an eigenproblem with fixed parameter
λL. We list the requirements in Table 3.1, where Algorithm ∗.1 and Algorithm ∗.2
represent versions γ = δ2 and γ = ‖Lx(k)‖2, resp.

4. Numerical experiments. To test the given algorithms we mainly use test
examples taken from Hansen’s Regularization Tools [9]. Three functions, ilaplace,
phillips, and shaw, are used to generate matrices A, right-hand sides b, and solutions
x� so that Ax� = b is satisfied. In all cases, the data are scaled so that ‖A‖F =
‖Ax�‖2 = 1, and a 5% Gaussian perturbation is added to both coefficient matrix and
right-hand side. For ilaplace and shaw matrix A has size 65 × 64, and for phillips
the matrix is 64 × 64 [3, 9]. We let operator L ∈ R(n−1)×n approximate the first-
derivative operator. For algorithms in which δ is specified, we choose δ = 0.9‖Lx�‖.
In all tests we choose tolerance TOL = 10−4, and we denote the estimated solution
of each algorithm by xest.

In the results we report the relative error with respect to x�. On the other
hand, we know the solutions should converge to xRTLS , which is the solution of
the equation subject to constraint. Thus we may expect that evaluation compared
to x� is limited for a single test, and that it is the speed with which a converged
solution satisfying the constraint is achieved, which is important. Thus in Test 4.3
we repeat tests over 100 perturbations for each experiment and report the average
results for each case, except for the L-curve in which we present results of one sample
perturbation. We measure the speed with respect to the numbers of system solves of
type (3.2) that are required, hence providing a comparison between algorithms. To
give the total cost of each test, we add the cost for the GSVD and the iterations,
i.e., 2m2n + 15n3 + K · 8n2 flops, where K is the number of solves, and report the

number of megaflops. In each case we initialize the iteration with λ
(0)
L = 0.1, and for

Algorithm 2.2 with x(0,0) = xRLS obtained with regularization parameter λ = .001.
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For the test of the L-curve algorithm we pick 20 equally spaced points, with
respect to the log scale, on the interval [a, b] = [1.0e− 6, 0.1]. For any choice of λL we
stop the inner iteration if convergence is not achieved in 15 steps. If the curve has a
clear L-shape, 20 points are sufficient to identify the corner because more points are
located near the corner than at other places on the curve.

Test 4.1 (evaluation of inexact and exact algorithms). Here we demonstrate the
impact of use of the exact solve by Algorithm 1 as compared to the inexact approach
in Algorithm 2, in which for the inexact solve we search only for a new update which
satisfies the sign condition. We find that primarily Jk = 1; namely the inexact solve
mostly uses one step of inverse iteration prior to update of parameter λL. The long-

term and short-term convergence history for −λ
(k)
I is illustrated in Figure 4.1. In

these tests we do not update γ occurring in B, but fix γ = δ2. This test is thus a true
comparison for the convergence theory for inexact solve in place of the exact solve.
Clearly, the costs for the inexact solve are less than the total cost for determination
of the exact eigenpair at each outer iteration, but the total impact depends on the
algorithm used for the exact solve. Thus we do not report relative costs in each case.
We observe that over the long term there is no detrimental impact on the convergence
behavior, even though we see that at the early iterations the solutions obtained are
not exactly the same. It is clear that inexact solve produces an alternative update in
the early steps without being deleterious for ultimate convergence.

Test 4.2 (evaluation of inclusion of RQ shift). We now consider the impact of the
use of the shift for improving the convergence of the inexact algorithm, Algorithm 2.
In Figure 4.2 we show the lack of impact on the convergence of inclusion of the shift
for the inner iteration of Algorithm 2. The top and bottom three figures are associated
with Algorithms 2.1 and 2.2, resp. We illustrate three cases, the first without any
shift, the second in which we shift at all steps, and the third in which, consistent
with the RQI for the TLS problem introduced by [2], we shift after the first step. We
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Fig. 4.1. The figures compare the convergence history for −λ
(k)
I for the exact algorithms

compared to the inexact. The dotted and dashed lines show the convergence for the exact and
inexact algorithms, resp. The first row shows the whole convergence history while the second row
shows the first 10 steps. From left to right, examples ilaplace, shaw, and phillips, resp.
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Fig. 4.2. The figures show the convergence history of −λI for Algorithms 2.1 and 2.2, top
and bottom, resp., with the shift added at different stages in the iteration process, i.e., shifted for
all steps (“shifted”), no shift at all (“no shift”), and the shift added after the first step (“sh-af-1”).
From left to right, examples ilaplace, shaw, and phillips, resp.

note the different line type used for the case when the shift is added after the first
step between the upper and lower figures. This is deliberate because, in addition,
Algorithm 2.2 converges with far fewer iterations (compare the scales on the x-axes)
and so the use of + also for Algorithm 2.1, which requires many iterations, would
mask all the other results in these figures.

It is clear that adding the shift at every step can cause Algorithm 2.1 to converge
to an eigenpair which is not the smallest as defined by the eigenvalue. This pos-
sibility exists because the algorithm is initialized with a random vector which then
generates a bad initial RQ shift. This problem is avoided if the shift occurs only after
one step of inverse iteration, and the results are almost the same as without shift
for all steps—both approaches converge to the RTLS solution. On the other hand,
Algorithm 2.2 always converges to the RTLS solution, and shift does not cause any
significant difference in the convergence history of λI after the first few steps of the
iteration.

In summary, adding the shift makes no positive contribution to the convergence,
contrary to the case for RQI for the TLS problem. Moreover, with inclusion of the
shift we cannot take advantage of the calculation of the GSVD for the augmented
matrix [A,L]. Thus our results demonstrate no reason to include the shift in (2.29),
which also further justifies our assumption that matrix J remains positive definite
throughout the iteration.

Test 4.3 (comparison of the algorithms). Here we emphasize the improvement
due to setting γ = ‖Lx(k,j)‖2 in the right corner of B(x(k,j)) as compared with γ = δ2.
Details of average results for all four algorithms, over 100 perturbations, are provided
in Tables 4.1–4.3, and the solutions of one sample perturbation are illustrated in
Figure 4.3. In the tables, the relative error reported is the average relative error of
xest to x�.
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Table 4.1

Average solutions for ilaplace (Test 4.3).

Algorithm λL λI K Cost mflops Relerr

1.1 γ = δ2 6.6382e-01 −5.6144e-05 799 NA 6.75e-02

1.2 γ = ‖Lx(k,j)‖2 6.6433e-01 −5.6228e-05 54.4 NA 6.75e-02
2.1 γ = δ2 6.6382e-01 −5.6144e-05 799 31.0 6.75e-02

2.2 γ = ‖Lx(k,j)‖2 6.6433e-01 −5.6228e-05 54.2 6.2 6.75e-02
Bisection 6.6231e-01 −5.5937e-05 100.6 7.8 6.79e-02
L-curve (sample) 5.6234e-04 −3.0242e-08 161 9.8 1.7470e-02

Table 4.2

Average solutions for shaw (Test 4.3).

Algorithm λL λI K Cost mflops Relerr

1.1 γ = δ2 3.1329e-04 −9.9912e-06 98.1 NA 9.13e-02

1.2 γ = ‖Lx(k,j)‖2 3.1296e-04 −9.9907e-06 21.0 NA 9.12e-02
2.1 γ = δ2 3.1310e-04 −9.9895e-06 99.4 7.7 9.11e-02

2.2 γ = ‖Lx(k,j)‖2 2.9090e-04 −9.8089e-06 25.8 5.3 9.51e-02
Bisection 2.7939e-04 −1.0033e-05 81.5 7.1 9.46e-02
L-curve (sample) 1.7783e-04 −1.0094e-05 158 9.7 1.0478e-01

Table 4.3

Average solutions for phillips (Test 4.3).

Algorithm λL λI K Cost mflops Relerr

1.1 γ = δ2 1.8454e-01 −1.3426e-04 368.6 NA 9.05e-02

1.2 γ = ‖Lx(k,j)‖2 1.8454e-01 −1.3426e-04 71.5 NA 9.05e-02
2.1 γ = δ2 1.8454e-01 −1.3426e-04 369.0 17.0 9.05e-02

2.2 γ = ‖Lx(k,j)‖2 1.8454e-01 −1.3426e-04 71.6 6.8 9.05e-02
Bisection 1.8502e-01 −1.3460e-04 66.3 6.6 9.05e-02
L-curve (sample) 5.6234e-04 −4.4807e-06 119 8.36 5.1365e-02

We note that the total numbers of outer iterations for Algorithm 1 and Algo-
rithm 2 are comparable, thus again demonstrating the benefit of the use of the in-
exact solve for each outer iteration. Again we do not report the costs of the exact
solve, denoted in the tables by NA, which depends on the chosen algorithm and is
certainly not optimal if inverse iteration is used. Given the lack of benefit of the use
of exact solve, we chose not to investigate the most efficient technique for its solution.
In all cases, we see a dramatic decrease in the total number of steps required to reach
convergence for Algorithm 2.2 as compared to Algorithm 2.1. While the solutions are
different in all cases, because of the dependence on the specific converged value for
λL, all solutions other than those obtained by the L-curve algorithm are qualitatively
similar; see the figures on the left of Figure 4.3. We note that example shaw does not
give a good L-shape and thus it is hard to determine the optimal λL.

Test 4.4 (comparison with solution based on the quadratic eigenvalue problem
(QEP) [14]). To compare the approach with that using the QEP we compare Algo-
rithm 2.1 with the QEP again over 100 cases, each with the random 5% perturbation.
For both algorithms we adopt the stopping rule ‖x(k+1) − x(k)‖/‖x(k+1)‖ < TOL
used in [14], and the QEP program is written exactly as stated for rtlsqep in [14].
We use a random initial solution x(0) and matrix-vector multiplication to avoid ma-
trix multiplication. Algorithm 2.1 is initialized in each case with λL = 0.1. In some
situations—for example, ilaplace—this generates an apparently zero cost solution.
Actually this corresponds to a one step iteration to convergence because the initial-
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Fig. 4.3. From top to bottom, examples ilaplace, phillips, and shaw, resp. Solutions are
indicated on the left and the L-curve on the right.

ization λL = 0.1 presents an almost perfect estimation to the regularization parameter
λL, which would never occur for use of random x(0) with QEP.

The results are summarized in Figure 4.4, which shows the distribution of relative
errors of xest to x� (two top rows of figures), −λI(xest) (middle two rows of figures),
and the CPU costs in seconds (last two rows of figures). In each case the figures are
organized with results for Algorithm 2.1 first, followed by those for QEP, and with,
from left to right, examples ilaplace, shaw , and phillips, resp.

For ilaplace Algorithm 2.1 has generally smaller error but is a little more expensive
than QEP, while the results with shaw are similar but Algorithm 2.1 is cheaper, and
phillips outperforms the QEP in all measures.
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Fig. 4.4. Comparison of Algorithm 2.1 and the QEP algorithm, Test 4.4.

5. Conclusions. We have demonstrated new algorithms for the solution of the
RTLS problem. These algorithms employ the relationship between the RTLS solution
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and the eigensolution of an augmented matrix. The results are summarized as follows:
1. In the case that a good estimate on the constraint condition for the solution

is available, an efficient approach uses inverse iteration for the solution of the
eigenproblem combined with the GSVD for solution of the systems arising at
each inverse iteration.

2. If a good estimate for the constraint parameter is available, but the algorithm
is shown to converge slowly for a given class of problems, bisection search may
be used to predict the total number of outer steps required for a given desired
accuracy.

3. For cases without constraint information, the L-curve approach used for reg-
ularized LS has been adapted for regularized TLS.

Numerical experiments have been presented which verify all algorithms and we con-
clude with the following.

1. Algorithm 2.2 provides an efficient and practical approach for the solution
of the RTLS problem in which a good estimate of the physical parameter is
provided.

2. Otherwise, if blow-up occurs, bisection search may yield a better solution
satisfying the constraint condition.

3. If no constraint information is provided, the L-curve technique can be suc-
cessfully employed.

4. Algorithm 2.1 performs better than QEP for all of our tests.
In all cases we have demonstrated a constructive and practical approach for the solu-
tion of RTLS problems.
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