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Abstract

Diagonally implicit multistage integration methods are employed for the numerical integration in time of first
order hyperbolic systems arising from Chebyshev pseudospectral discretizations of the spatial derivatives in the
wave equation. These methods have stage orderq equal to the orderp. The stage values can be utilized to recover
approximations to the solutionu of sufficiently high accuracy. The phenomenon of order reduction, which is present
in the integration of differential systems by numerical methods of low stage order, such as explicit Runge–Kutta
methods, is avoided. 2000 IMACS. Published by Elsevier Science B.V. All rights reserved.
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1. Introduction

In [15] we proposed a variant of a pseudospectral method for the numerical solution of the one-
or two-dimensional wave equation on a physically unbounded domain. To illustrate the approach we
consider in [15] the use of low order absorbing boundary conditions to provide a numerical solution on
an artificially bounded domain. The wave equation is first reformulated as a first order hyperbolic system
with the boundary conditions incorporated appropriately. Spatial derivatives are discretized using the
pseudospectral Chebyshev method, and the resulting system is integrated in time by the classical Runge–
Kutta (RK) method of order four. Eigenvalue stability analysis confirmed, by numerical experiments,
that this approach is about 30% more efficient than the formulation adopted in [21] which is based on the
solution of the wave equation as a second order hyperbolic equation. The disadvantage of the approach
proposed in [15] is the difficulty of recovering the solutionu from the computed approximations to
ut to a sufficiently high order of accuracy. The classical RK method of order four has stage order one
(see, for example, [1,13]). Thus the computed approximations to the stage values are only low order
approximations tout computed at the grid points. As a consequence, to recoveru with a sufficient

∗ Corresponding author. E-mail: jackiewi@math.la.asu.edu

0168-9274/00/$20.00 2000 IMACS. Published by Elsevier Science B.V. All rights reserved.
PII: S0168-9274(99)00129-4



220 Z. Jackiewicz, R.A. Renaut / Applied Numerical Mathematics 34 (2000) 219–229

accuracy, appropriate approximations tou can only be recovered at every third step. Moreover, the
resulting multistep formula for an approximation tou is only weakly stable which can lead to a further
loss of accuracy.

It is the purpose of this paper to circumvent the above difficulties by integrating the differential systems
resulting from spatial discretization by diagonally implicit multistage integration methods (DIMSIMs), a
subclass of general linear methods for ordinary differential equations (ODEs). These methods were first
proposed by Butcher in [2] and further investigated by Butcher et al. [3,8], Butcher and Jackiewicz [4–7],
Jackiewicz and Vermiglio [16], Jackiewicz et al. [17,18], and Van Wieren [24–26]. For these methods the
computed stage values can be used to recoveru from ut at every step of integration, because the stage
orderq is equal to the orderp of the method.

The additional advantage of DIMSIMs over RK methods is the avoidance of the order reduction
phenomenon, i.e., the effective reduction of order that occurs when integrating stiff differential systems
by methods of low stage order. Theoretically, there is no reduction of order that occurs when integrating
differential systems by DIMSIMs, and the observed order of convergence is equal top = q = 4. This is
also confirmed by numerical experiments.

The organization of this paper is as follows. In the next section the DIMSIM method of order four is
introduced and the details of its implementation are discussed. In Section 3 these methods are applied
to the differential systems which arise in the pseudospectral Chebyshev discretization of the spatial
derivatives occurring in the discretization of the hyperbolic systems of the first order. In Section 4 results
of some numerical experiments for the wave equation in one and two space dimensions are presented. In
Section 5 concluding remarks are given, and plans for future research are outlined.

2. Implementation details for DIMSIM of order four

Spatial discretization of partial differential equations of evolution leads to the system of ODEs{
y′(t)= f (t, y(t)), t ∈ [t0, T ],
y(t0)= y0 ∈Rm,

(2.1)

where the dimensionm depends on the number of grid points, which in turn depends on the desired
accuracy. Such systems of equations can be integrated in time by many standard methods, including RK
(multi-stage) methods, and multi-step methods, see, for example, [1,13]. Here multi-step, multi-stage
methods of a particular structure, DIMSIMs, are considered. These are methods of the formY

[n]
i = h

∑s
j=1 aij f

(
tn−1+ cjh,Y [n]j

)+∑r
j=1uij y

[n−1]
j , i = 1,2, . . . , s,

y
[n]
i = h

∑s
j=1bij f

(
tn−1+ cjh,Y [n]j

)+∑r
j=1 vij y

[n−1]
j , i = 1,2, . . . , r,

(2.2)

n= 1,2, . . . ,N , Nh= T − t0, tn = t0+ nh. HereY [n]i approximatey(tn−1+ cih), i = 1,2, . . . , s, up to
the (stage) orderq, andy[n]i approximate linear combinations

r∑
k=0

αikh
ky(k)(tn), i = 1,2, . . . , r, (2.3)

with coefficientsαik , up to the orderp. As mentioned in Section 1 these methods were introduced in [2]
and further investigated in [3–8,16–18,24–26].
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To illustrate and compare the utilization of DIMSIMs for systems of type (2.1) the DIMSIM of order
four constructed in [5] is considered. For this DIMSIMp = q = r = s = 4, U = [uij ]4i,j=1 = [δij ]4i,j=1

is the identity matrix of dimension four,V is a rank one matrix of the formV = [v v v v]T such that
vTe= 1, e= [1 1 1 1]T, and the vectorc is chosen as

c= [c1 c2 c3 c4]T =
[

1
8

3
8

5
8

7
8

]T
.

It was demonstrated in [2] that the coefficient matrixB = [bij ]4i,j=1 is uniquely determined by the relation

B = B0−AB1− VB2+ VA,
whereB0, B1, andB2 are some matrices which depend only on the vectorc (see [2,5] for explicit
formulae). In [5] the vectorv = [vj ]4j=1, and the coefficient matrixA = [aij ]4i,j=1, are chosen in such
a way that the stability function

p(w, z)= det
(
wI − V − zB(I − zA)−1U

)
of the resulting method takes the form

p(w, z)=w3(w−R(z)).
Here,

R(z)= 1+ z+ 1
2z

2+ 1
6z

3+ 1
24z

4

is the stability polynomial of the 4-stage explicit RK method of order four. This leads to

v = [1.063426258−3.090699405 2.269665404 0.7576077337]T,

A=


0 0 0 0

1.087521532 0 0 0

2.130622781 0.1740733143 0 0

3.167186705 −0.08499907798 0.3505683223 0

 ,
and

B =


3.903672365 0.639427501 −0.630929947 0.627835727

4.418277238 −1.512741959 2.842115909 −2.045167066

4.480588403 −2.160830002 4.717606355 −4.302055204

4.330295982 −2.093542755 5.729033231 −6.108536762

 .
Define the matrixW by

W = [ α0 α1 α2 α3 α4 ] =


α10 α11 α12 α13 α14

α20 α21 α22 α23 α24

α30 α31 α32 α33 α34

α40 α41 α42 α43 α44

 ,
whereαik are the coefficients appearing in (2.3). It follows from the order conditions derived in [2]
(compare also [6]) that

α0= e, αi = c
i

i! −
Aci−1

(i − 1)! , i = 1,2,3,4.
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Here,ci denotes componentwise multiplication. For the DIMSIM with coefficientsc, A, B, U , andV
defined above, this leads to

W =


1 0.125 0.0078125 0.00032552083 0.000010172526

1 −0.7125215338 −0.06562769172 0.01180508371 0.0004699636934

1 −1.6796960990 −0.1362928411 0.01180508372 0.004134325428

1 −2.5577559553 −0.2003163864 0.02441612178 0.009875650412

 .
This matrix can be used to compute the components of the starting vector from the formulas

y
[0]
i =

4∑
k=0

αikh
kỹ(k)(t0), i = 1,2,3,4, (2.4)

given the approximationshkỹ(k)(t0) to the scaled derivativeshky(k)(t0) for k = 0,1,2,3 and 4.
The approximations to the derivatives up to order 4 at time 0 are calculated as follows: Given a starting

stepsizehs (for example,hs= h/4), the approximations,yh(t0 + jhs), to y(t0 + jhs) for j = 0,1,2,3
and 4, can be computed by the classical RK method of order four, for which the coefficients are given by
Butcher tableau

0
1
2

1
2

1
2 0 1

2

1 0 0 1

1
6

1
3

1
3

1
6

, (2.5)

compare [1,19]. Expandingy(t0+ jhs)= yh(t0+ jhs)+O(h5) as a Taylor series aroundt0, and dropping
the terms of order higher than O(h5), the matrix equation

1 0 0 0 0

1 1 1
2

1
6

1
24

1 2 2 4
3

2
3

1 3 9
2

9
2

27
8

1 4 8 32
3

32
3





ỹ(t0)

hsỹ
′(t0)

h2
sỹ
′′(t0)

h3
sỹ
′′′(t0)

h4
sỹ
(4)(t0)

=


yh(t0)

yh(t0+ hs)

yh(t0+ 2hs)

yh(t0+ 3hs)

yh(t0+ 4hs)

 , (2.6)

is obtained. Rescalinghks ỹ
(k)(t0), with ξ = h/hs, gives

hksỹ
(k)(t0)= 1

ξ k
hkỹ(k)(t0). (2.7)

Substituting (2.7) into (2.6) and solving the resulting system forhkỹ(k)(t0) leads to

ỹ(t0)

hỹ′(t0)
h2ỹ′′(t0)
h3ỹ′′′(t0)
h4ỹ(4)(t0)

=


1 0 0 0 0

−25
12ξ 4ξ −3ξ 4

3ξ −1
4ξ

35
12ξ

2 −26
3 ξ

2 57
6 ξ

2 −14
3 ξ

2 11
12ξ

2

−5
2ξ

3 9ξ3 −12ξ3 7ξ3 −3
2ξ

3

ξ4 −4ξ4 6ξ4 −4ξ4 ξ4





yh(t0)

yh(t0+ hs)

yh(t0+ 2hs)

yh(t0+ 3hs)

yh(t0+ 4hs)

 .
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The values forhkỹ(k)(t0) can then be utilized in (2.4) to compute the componentsy
[0]
i of the starting

vector y[0]. The approximationsy[n], n = 1,2, . . . ,N , can then be generated recursively using (2.2).
Approximationsỹ(tn) to y(tn), at the gridpointstn, are computed using the formula

ỹ(tn)= h
4∑
j=1

β0jf
(
tn−1+ cjh,Y [n]j

)+ 4∑
j=1

γ0jy
[n−1]
j ,

which is a special case of the formula

hkỹ(k)(tn)= h
4∑
j=1

βkjf
(
tn−1+ cjh,Y [n]j

)+ 4∑
j=1

γkjy
[n−1]
j ,

k = 0,1,2,3,4, developed in [2,6]. As explained in [6] the matrices̃B = [βkj ]4 4
k=0,j=1 and Ṽ =

[γkj ]4 4
k=0,j=1 can be generated from the relation[

1 z z2 z3 z4
]T

exp(z)= zB̃ exp(cz)+ Ṽ w(z)+O
(
z5),

where

exp(cz)= [exp(c1z) exp(c2z) exp(c3z) exp(c4z)
]T
,

andw(z) =∑4
j=0αjz

j . For our purposes only the first rowsβ0 = [β0j ]4j=1 and γ0 = [γ0j ]4j=1, of the

matricesB̃ andṼ , are needed. It was proved in [24, Theorem 4, p. 25] that the vectorβ0 may be chosen
to be equal to the first rowvT of the matrixV andγ0 satisfies the linear system

exp(z)− vTw(z)= zγ0 exp(cz)+O
(
z5),

whose solution is

γ0= [3.981146330 0.323672289−0.138091399 0.248278434].

3. The pseudospectral Chebyshev discretization of spatial derivatives

Consider the system (2.1) which arises from reformulation of the two-dimensional wave equation,
utt = c2(uxx + uyy), 0< x,y < 1, t > 0,

u(x, y,0)= f (x, y), 0< x,y < 1,

ut(x, y,0)= 0, 0< x,y < 1,

(3.1)

wherec is the dimensionless propagation speed, as follows. Suppose numerical solutions simulating
unbounded domains are required. To illustrate the approach, the artificial boundaries atx = 0,1 and
y = 0,1 are approximated by the lowest order absorbing boundary conditions

ut − cux = 0, x = 0,

ut + cux = 0, x = 1,

ut − cuy = 0, y = 0,

ut + cuy = 0, y = 1

(3.2)
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(see, for example, [11,14]). Problem (3.1) in conjunction with equations (3.2) is reformulated as a first
order hyperbolic system by introducing the notationU1= ut ,U2= ux , andU3= uy . Then (3.1) and (3.2),
respectively, become

U1,t = c2(U2,x +U3,y), 0< x,y < 1, t > 0,

U2,t =U1,x, 0< x,y < 1,

U3,t =U1,y, 0< x,y < 1,

U1(x, y,0)= 0, 0< x,y < 1,

U2(x, y,0)= fx(x, y), 0< x,y < 1,

U3(x, y,0)= fy(x, y), 0< x,y < 1,

(3.3)

and 
U1− cU2= 0, x = 0,

U1+ cU2= 0, x = 1,

U1− cU3= 0, y = 0,

U1+ cU3= 0, y = 1.

(3.4)

The first order spatial derivatives occurring in these equations can be discretized using the
pseudospectral Chebyshev method, see, for example, [9,12], based on the Chebyshev–Gauss–Lobatto
points

xi = 1

2

(
1− cos

π(i − 1)

n

)
,

i = 1,2, . . . , n+ 1. Then, for example,

U1,t (xi, yj , t)= c2

(
n+1∑
k=1

dikU2(xk, yj , t)+
n+1∑
k=1

djkU3(xi, yk, t)

)
, t > 0, (3.5)

wheredij , i, j = 1,2, . . . , n+ 1, are elements of the pseudospectral differentiation matrix of order one.
This matrix can be efficiently computed by the algorithm described in [12], or by the explicit expression
found in [9].

The incorporation of the absorbing boundary conditions (3.4) can be done in many different ways and
is subtle. It was demonstrated in [15] that the stability of the overall system depends on the adopted
approach. Consequently, the efficiency of the resulting algorithm is also dependent on the adopted
approach, via the eigenvalue spectrum of the system matrix (compare [22]). It was demonstrated in [15]
that the most efficient approach arises from the incorporation of the absorbing boundary conditions (3.4)
into the equations forU2,t andU3,t , yielding the system

Ũt =QŨ, t > 0. (3.6)

Here,

Ũi(t)= [Ui(x1, y1, t), . . . ,Ui(xn+1, y1, t), . . . ,Ui(x1, yn+1, t), . . . ,Ui(xn+1, yn+1, t)
]T
,

i = 1,2,3,

Ũ = [ŨT
1 , Ũ

T
2 , Ũ

T
3

]T
.
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The structure of the matricesQ for the one- and two-dimensional problems, and the corresponding initial
conditions, are discussed in [15].

Denote byŨ h(t) the approximation to the solutioñU(t) of (3.6). Then

Ũ h(tn−1+ cνh)= Ũ (tn−1+ cνh)+O
(
h4), ν = 1,2,3,4,

because (2.2) with coefficients given in Section 2 has stage orderq = 4. These approximations to stage
values can be used to recover the approximationũh(tn) to ũ(tn) at every step of integration. Here,ũ(t) is
defined as

ũ(t)= [u(x1, y1, t), . . . , u(xn+1, y1, t), . . . , u(x1, yn+1, t), . . . , u(xn+1, yn+1, t)
]T
,

whereu is the solution to (3.1). This is in contrast to the situation one encounters while integrating (3.6)
by the classical RK method (2.5), which has stage order equal toq = 1 only, as was done in [15].

The resulting formula for̃uh(tn) is

ũh(tn)= ũh(tn−1)+ h(β1Ũ
h
1 (tn−1+ c1h)+ β2Ũ

h
1 (tn−1+ c2h)

+β3Ũ
h
1 (tn−1+ c3h)+ β4Ũ

h
1 (tn−1+ c4h)

)
,

where

β1= 13
48, β2= 11

48, β3= 11
48, β4= 13

48.

These values ofβi were computed by the method of undetermined coefficients.

4. Numerical examples

Many numerical experiments to evaluate the effectiveness of the DIMSIMs (2.2) described in Section 2
were performed. Fig. 1 illustrates some results of numerical experiments for the one-dimensional wave
equation with the initial condition defined by

u(x,0)= f (x)= exp
(−a(x − x0)

)
sin
(
k(x − x0)

)
, (4.1)

a = 100, x0 = 0.5, andk = 40. This problem was solved on the time interval[0,0.6] with c = 1,
n + 1= 64, andh = 0.004, which, as demonstrated in [15], is close to the maximal stepsize which
guarantees stable integration. The true solution is plotted by a solid line and numerical approximations
are denoted by the symbol ‘o’.

Fig. 2 illustrates some results of numerical experiments for the two-dimensional wave equation with
the initial condition

f (x, y)= exp
(−a((x − x0)

2+ (y − y0)
2)), (4.2)

centered at the point(x0, y0). This problem was solved on the time interval[0,0.8] for a = 100,
(x0, y0) = (0.75,0.25), c = 1, n + 1= 32, andh = 0.004, which is again the maximal stepsize which
guarantees stable integration for the above value ofn. The results of numerical simulations were then
rendered on the uniform grid consisting of 64 points in each space dimension as described in [15,
Appendix].

This figure looks similar to Fig. 7 in [15]. However the computed numerical approximationsũh to the
solutionu of (3.1) are more accurate than the approximations obtained in [15]. This is due to the fact that
the method (2.2) has stage orderq equal to the orderp = 4 and, as a consequence, does not suffer from
the order reduction phenomenon as numerical solution computed by classical RK method does.
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Fig. 1. Exact and numerical solution for the one-dimensional wave equation with initial condition (4.1).

5. Concluding remarks

It has been demonstrated that DIMSIMs (2.2) defined in Section 2 can be effectively used for the
numerical solution of the wave equation. These methods have many attractive features which are not
possessed by the conventional schemes for integrating systems of ordinary differential equations, such
as, for example, RK formulae. They have stage orderq equal to the orderp and this makes it possible to
utilize the approximations to the stage values at the nongrid pointstn+cνh to recover the approximations
of orderp = q to the solutionu(tn) at every step of integration. Hence, they do not suffer from the
order reduction phenomenon which affects methods of low stage order such as, for example, explicit
RK methods. In addition, the methods (2.2) have the advantage that they allow for the construction of
continuous interpolants and efficient error estimates of the local discretization error with only minimal
additional overhead costs [6]. They can be also efficiently implemented on nonuniform grids using the
Nordsieck representation described in [3].

Not all of these features of DIMSIMs were utilized in this paper. The context, however, in which
DIMSIMs are discussed here, namely the constant stepsize implementation of a particular DIMSIM,
in conjunction with the semi-discretization of the wave equation by the Chebyshev pseudospectral
method, is novel. Other related works have considered only the design of efficient RK methods for
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Fig. 2. Numerical results for the two-dimensional wave equation with initial condition (4.2).

integrating either steady state hyperbolic systems, [10] or optimal RK methods minimizing dispersion
and/or dissipation [20,23]. Such approaches are not immediately applicable for variable stepsize/variable
order implementations that control error. The effectiveness of the DIMSIM solver demonstrated here
suggests that incorporation of DIMSIMs in a variable stepsize/variable order implementation is viable.
Future work will address the implementation of DIMSIMs for these systems with variable step/variable
order environments, and order ranging from one to eight. DIMSIMs of order up top = q = 4 were
constructed in [5] using symbolic manipulation software (MATHEMATICA or MAPLE), and numerical
algorithms based on a homotopy approach (PITCON, ALCON or HOMEPACK). Methods of order
p = q = 5 andp = q = 6 were found recently in [7] using the approach based on Fourier series, and
the use of minimization packages from the MINPACK based on the Levenberg–Marquardt algorithm.
DIMSIMs of orderp = q = 7 andp = q = 8 were constructed in [8] using state-of-the-art optimization
methods based on variable-model trust-region least-squares algorithms. Various implementation issues
for the methods (2.2) are discussed in [3,6,24–26].

It is expected that efficient implementation of DIMSIMs in a variable step/variable order environment
will lead to further computational gains as compared with standard RK methods, and the method of order
p = q = 4 utilized in this paper.
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