BRUTAL INTRODUCTION TO NONCOMMUTATIVE
DUALITY

JOHN QUIGG

ABSTRACT. Noncommutative duality for C*-dynamical systems
is a vast generalization of Pontryagin duality for locally compact
abelian groups. We aim to show how paying attention to the cat-
egorical perspective gives added insight into duality.

These notes are very rough, and make no claim to completeness, or
even correctness. And no references are given, although all the facts
described below are in the literature.

Throughout, G will always be a locally compact group, and A, B will
be C*-algebras.

The basic C*-category C* comprises C*-algebras and nondegenerate

homomorphisms into multiplier algebras, i.e., 7 : A — B in C* means
m:A— M(B) and 7(A)B = B.

Actions and crossed products. An action (A, «) of G on A is a ho-
momorphism « : G — Aut A. The equivariant category Act comprises
actions and equivariant morphisms from C*, ie., 7 : (A, ) — (B, [3)
in Act means 7 : A — B in C* and

Toa, = (3, 0.
Inner actions arise via conjugating by unitary homomorphisms u :
G — M(A):
Adug(a) = usaus.
By universal properties, u : G — M(A) corresponds to a morphism
u:C*(G)— A
in the category C*, and hence to an object in the comma category
(@) | C.
(A,u) — (A, Adu) extends uniquely to the inner action functor

Ad: (C*(G) | C7) — Act.
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A covariant homomorphism (7, u) of an action (A, a) in B comprises
morphisms u : C*(G) — B in C* and 7 : (4,a) — (B,Adu) in Act.
The crossed-product functor

CP: Act — (C*(G) | C¥)

is a left adjoint to Ad. The universal property is expressed by the
commutative diagram

(A, 0) 2> (A xq G, Adig) (A xq G ic)

I |
x | TXu Il mXu
A \i

(B, Adw) (B, u),
so that
CP(A,a) = (A %, G,ig),
and
ig:idacy — AdoCP

is the unit of the adjunction. Universality is more commonly expressed
by the diagram

A*>A>< G<—C* (G)
\”ﬂy

in C*.
For functoriality, we need a map on morphisms:
(A,O[) (A Xa G7'L.G)
¢l J/(bXG(iBO(b)XiG
(B,ﬁ) (B X G,ig).
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Coactions and their crossed products. If GG is abelian, we have
correspondences

(@) Fourier transform Col @)
Co(G) C*(G)
coaction of GG action of G
action of G coaction of G

If G is nonabelian, coactions of G correspond roughly to actions of
the nonexistent dual group. The theory of coactions is satisfyingly
parallel to actions:

There is an equivariant category Coact comprising coactions (A, 0)
and equivariant morphisms from C*.

Morphisms p : Co(G) — A in C* give inner coactions (A, Ad u), we
have an inner coaction functor

Ad : (Cy(G) | C*) — Coact,
and the crossed-product functor
CP : Coact — (Cy(G) | C*)

is a left adjoint, with universal property

(A,6) RN (A x5 G,Ad jg) (A xsG,jq)
|

|
| X0 L TXp
\ ' '

(B,Ad p) (B, 1),

so that
CP(A76) = (A Xs G?jG)v

and the unit of the adjunction is

jA . idCoact — AdoCP.
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Functoriality is expressed by
(A,9) (A xs5G,ja)
ld’ ld’XG(jBOQS)XiG
(B,e) (B x: G, jg).

Duality. Given an action (A, «), the dual coaction
(A x, G,Q)

is characterized by:

e & is trivial on 14(A);
e i : (C*"(G),dg) — (A %X, G,a) in Coact, where d¢ is the
comultiplication on C*(G):

dg(s)=s®s for seQq.
Now we regard CP as a functor
(A, ) — (A X, G,Q,ig)
Act & (C*(G),6¢) | Coact.
Crossed-product duality is a Morita equivalence
Ax,G x5G ~ A.
What about a dual version, starting with a coaction (A, 9)?

There is a dual action

~

(A X G, )
characterized by:
e § is trivial on Ja(A); R
e jc: (Co(G),1t) — (A x5 G,0) in Act, where rt is right trans-
lation on Cy(G):

rt,(£)(t) = f(ts).

and we get a crossed-product functor
(A,0) = (A x5 G.3, ja)
Coact -2 (Co(G),rt) | Act.

But now we need a diversion: the reduced crossed product of an
action (A, «) is the image of the reqular representation

AXaGi)AXa,rGa
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generalizing the regular representation of G:
C*(G) =~ C;(G) € BLX(@)),

and is onto, but not 1-1 in general. The dual coaction @ descends to
a coaction a™ (the reason for the superscript “n” is that this is the
“normalization” of & — see later) on the reduced crossed product, and

A (A x,G,a) — (Ax,, G a"

in Coact. Composing with A gives a covariant homomorphism (i, if;)
of (A,a) in A x,, G. We get a reduced-crossed-product functor

(A, a) — (A X, G,a", i)

Act 2 (C*(G), 6¢) | Coact.

A coaction (A, ) can come in various types, and here are the opposite
extremes:

e maximal, satisfying full-crossed-product duality:
AXs G x5:G ~ A;

e normal, satistying reduced-crossed-product duality:
Ax(;GxarGNA.

Maximal and normal coactions form full subcategories M Coact and
NCoact of Coact.

Just like a set can be neither open nor closed, a coaction can be
neither maximal nor normal!

Every coaction (A, d) has both a

o mazimalization:

qm

(A", 0™) —— > (4,9)
such that
" x G A" xgm G — A x4 G,
and a

e normalization:

(4,8) —=— (A", §m)

onto
such that
"% G:AxsG— A" x4 G.
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Maximalization has the universal property

(B, ¢)

N

(A ) —(A,5).

m

Thus (A, ) — (A™,0™) extends uniquely to a functor
Max : Coact — MCoact

such that

m . .
q IncMCoact o Max — ldCoact

is a natural transformation, MCoact is a coreflective subcategory of
Coact, and Max is a coreflector.
Dually, normalization has the universal property

(A,6) —L (A, 5m)

o

(B,e),
(A,0) — (A™, ™) extends uniquely to a functor
Nor : Coact — NCoact

such that
qn : idCoact - IncNCoact o Nor
is natural, NCoact is a reflective subcategory of Coact, and Nor is a

reflector.
Moreover, Max and Nor satisfy the following two extra properties:

e if (A, ) is maximal, then ¢" : (A,0) — (A™,0") is not only a
normalization of (A, d), but is also a maximalization of (A™, 0™);

e if (A,J) is normal, then ¢™ : (A™,§™) — (A,J) is not only a
maximalization of (4, §), but is also a normalization of (A™, §™);

consequently:

Theorem (Maximal-Normal Equivalence). Normalization restricts to
an equivalence

MCoact ~ NCoact,

and mazimalization restricts on NCoact to a quasi-inverse.
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Landstad duality. Crossed-product duality allows recovery of the
original C*-dynamical system up to Morita equivalence, just knowing
the dual C*-dynamical system. To recover the system up to isomor-
phism requires keeping track of one more piece of information.

Theorem (For actions). Both the crossed-product functor
(A, ) — (A X, G,a,ig)
Act <5 (C*(G),dc) | MCoact
and the reduced-crossed-product functor

(A, a) — (A X, G, Q" i)

Act 2 (C*(G), 6¢) | NCoact

are equivalences. Moreover, the diagram

Act v

(C*(G),0¢) | MCoact

RCP
Nor

(C*(G),dc) | NCoact
commutes.
Theorem (For coactions). The crossed-product functor
(4,0) = (A x5 G0, jc)
NCoact <2 (Co(G),rt) | Act

s an equivalence.

It is interesting to interpret the familiar properties of category equiv-
alences in the case of Landstad duality. For actions, we have a Landstad
duality for both full and reduced crossed products. Let’s do our inter-
preting for full crossed products: being an equivalence, CP : Act —
(C*(@),dq) | MCoact is full, faithful, and essentially surjective, i.e.,

e for any two actions (A, «) and (B, 3), we have a bijection

(A> OZ) (A X G7 a) ZG)

1%

] oxG

(Bvﬁ) (B XﬁGvaalG)
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between morphisms, and
e every triple (B,d,u) in (C*(G),ds) | MCoact is isomorphic
to one of the form (A X, G,Q,iq).
From the properties of comma categories we can deduce a characteriza-
tion of crossed products: a C*-algebra B is isomorphic to a full crossed
product A X, G by an action (A, «) if and only if there exist:

e a maximal coaction d of G on B, and
e a strictly continuous unitary homomorphism u : G — M(B)
such that §(us) = us ® s for all s € G.

From Landstad duality for reduced crossed products we get a similar
characterization: a C*-algebra B is isomorphic to a reduced crossed
product A x,, G by an action (A, «) if and only if there exist:

e a normal coaction ¢ of G on B, and
e a strictly continuous unitary homomorphism u : G — M(B)
such that §(us) = us ® s for all s € G.
This is actually very close to Landstad’s original theorem, which spawned
all of the above work on “Landstad duality”.

And here is the dual version, a characterization of coaction-crossed
products: a C*-algebra B is isomorphic to a crossed product A x5 G
by a coaction (A, d) if and only if there exist:

e an action a of G on B, and
e a nondegenerate homomorphism u : Co(G) — M(B) that is
rt — a equivariant.



