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Abstract

We propose a pseudospectral hybrid algorithm to approximate the so-
lution of partial differential equations (PDEs) with non-periodic boundary
conditions. Most of the approximations are computed using Fourier ex-
pansions that can be efficiently obtained by fast Fourier transforms. To
avoid the Gibbs phenomenon, super-Gaussian window functions are used
in physical space. Near the boundaries, we use local polynomial approxi-
mations to correct the solution. We analyze the accuracy and eigenvalue
stability of the method for several PDEs. The method compares favor-
ably to traditional spectral methods, and numerical results indicate that
for hyperbolic problems a time step restriction of O(1/N) is sufficient for
stability.
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AMS subject classification. 65M70 - 65M12 - 65T40

1 Introduction

Spectral methods have been widely used in the numerical solution of partial
differential equations, [2, 10, 14, 24]. These methods are known for their ex-
ponential convergence and are popular in the study of turbulent flows and me-
teorological simulations, among other applications. Fourier spectral methods,
in particular, produce outstanding results for smooth problems with periodic
boundary conditions. For non-periodic problems, Chebyshev spectral meth-
ods are commonly used to obtain exponential rates of convergence. However,
while Fourier methods require two points per wavelength to resolve a function,
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Chebyshev methods require π, [17, 27]. Moreover, the clustering of nodes near
the boundaries required by polynomial methods impose severe restrictions on
the time step size when these methods are used for time dependent problems.

The purpose of this article is to obtain better approximation properties for
non-periodic problems. We propose a hybrid method that relies on the Fourier
partial sum expansion in most of the domain except near the boundaries, where
polynomials are used. In order to avoid the Gibbs phenomenon, we multiply
the function to be approximated, say u, by a smooth window function w, where
w and its derivatives are close to zero at boundary points. The product uw can
be accurately determined by a truncated trigonometric series, and then u can
be obtained by dividing the Fourier expansion of uw by w. Since w is close to
zero near the boundaries, polynomials are used to correct the approximations
in these regions. The advantage of this hybrid strategy is that polynomial
approximations are required only at a very small part of the domain. Hence we
can take advantage of the superior approximation properties of Fourier spectral
methods even though the underlying function may not be periodic. This process
is illustrated in Figure 1 for u(x) = exp(x/π) + exp(−50x2). In this case the
window function w(x) = exp(−32(x/π)10) was used.

Although this algorithm is simple to describe and implement, choosing an
effective window function, size of the correction regions and other parameters,
requires a detailed investigation. In this article we use theoretical insight and
numerical experiments to provide guidelines for choosing these parameters. We
then show that this scheme is often more efficient than standard polynomial
spectral methods, in particular when approximating functions that require fine
grids. Eigenvalue stability for time dependent PDEs indicate that a time step
size proportional to 1/N is possible for hyperbolic problems. Several numerical
experiments are used to demonstrate the performance of the method, including
the simulation of a nonlinear incompressible fluid flow.

We point out that several alternatives to traditional spectral methods have
been proposed recently. Among them are mapped polynomial methods, in which
quadrature nodes are mapped to more evenly spaced grids, [16, 18], radial ba-
sis function schemes, [8], prolate spheroidal basis techniques, [3], and Fourier
extension/embedding [4]. Fourier embedding is closely related to the present
work, with the distinction that the hybrid scheme does not extend the function
outside its interval of definition. In [7] Boyd describes seven strategies to defeat
the Runge phenomenon – oscillations near endpoints of interpolating polyno-
mials on equispaced grids. Unfortunately, each of these strategies has liabilities
such as ill–conditioning and lack of theoretical justification. In addition, the
convergence rates are usually subgeomtric even when the underlying function is
analytic.

Hybrid methods have been proposed in [6] and in [12]. In [6], Boyd pro-
poses a strategy that uses trigonometric interpolation with filtering and polyno-
mial interpolation near the boundaries to recover functions from discrete data.
His method is implemented on equispaced nodes, including the correction near
the endpoints. As a consequence, convergence is O(exp(−1/

√
N). Moreover,

because differentiation matrices based on polynomial interpolation on equally
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Figure 1: A hybrid approximation of u(x) = exp(x/π) + exp(−50x2). Top-left:
plots of u, w, and uw. Top-right: Fourier approximation of uw divided by
w. Bottom-left: approximation near the ends is replaced by local polynomial
approximation. Bottom-right: plot of the error.
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spaced nodes have eigenvalues with positive real part, it is unclear whether this
approach can be implemented to solve time dependent problems.

In [12], motivated by [11, 13, 23], we presented an algorithm the relies on
weighted least-squares approximations for the solutions of PDEs. To circumvent
Runge oscillations, super-Gaussian weights were used. Because the weight van-
ishes near the ends of the interval, a similar polynomial correction was employed.
In contrast, the hybrid scheme presented here uses Fourier interpolation rather
than polynomial least–square approximations, and as a result, we are able to
make effective use of fast Fourier transforms and provide a better analysis of
the accuracy and stability of the method. We also anticipate that a more evenly
spaced point distribution throughout the domain may improve the resolution
requirements for many PDE applications. In this article, we loosely use the term
“Chebyshev method” to refer to schemes based on polynomial interpolation at
Chebyshev extreme points.

This article is organized as follows. In the next section we motivate our choice
of window function. In Section 3 we derive guidelines for implementing the
method based on accuracy considerations. In Section 4 we derive differentiation
matrices and use eigenvalue analysis to show that the method is suitable for
time dependent PDEs. Examples of numerical solution of PDEs are presented
in Section 5. Our conclusions and final remarks are provided in Section 6.

2 Fourier approximations of non-periodic func-

tions

In this section we consider the truncated pseudospectral Fourier series,

FN [u](x) =

N
∑

n=−N

′ûn exp(inx), −π ≤ x ≤ π, (1)

where the coefficients ûn are computed so that u(xj) = FN [u](xj) at 2N equally
spaced nodes. The prime indicates that the terms n = ±N are multiplied by 1

2 ,
[22, 24]. This series converges exponentially fast, as N → ∞, to smooth periodic
functions (see e.g. [2, 14, 24]). When the target function u is not periodic,
however, (1) will yield oscillations near the boundaries. Furthermore, its global
construction means that convergence rates are extremely slow even away from
the boundaries, [17]. This behavior is known as the Gibbs phenomenon.

A well known strategy to improve Fourier approximations of non-periodic
functions away from the boundaries is the use of filters, [17, 23]. In this ap-
proach, (1) is replaced with

F σ
N [u](x) =

N
∑

n=−N

′σ(n/N)ûn exp(inx), −π ≤ x ≤ π. (2)

where σ is the filter function. A common choice for σ is the exponential filter

σ(k) = exp(−α(k/N)p), (3)
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Figure 2: Super-Gaussian window functions: exp(−32(x/π)2λ).

where α is positive and p is even. An inherent characteristic of filtering highly
oscillatory modes is the loss of resolution since the number of “effective” modes
is decreased.

An alternative to filtering Fourier coefficients is to multiply u by a periodic
function w so that wu and its derivatives become periodic to machine precision.
In general, this implies that w(±π) ≈ w′(±π) ≈ w′′(±π) ≈ . . . ≈ 0. The idea
behind this approach is that if FN [wu] is a good approximation to wu, then

Gw
N [u](x) =

1

w(x)
FN [wu](x) (4)

is also a good approximation to u(x) as long as w(x) is not “close to zero”, e.g.
|w(x)| > 0.1. In this article, we study the family of functions

w(x) = exp
(

−α(x/π)2λ
)

, (5)

where λ is a positive integer. We call (5) the super-Gaussian window functions.
In essence we are using the window (3) in physical rather than frequency space.
In double precision, α = 32 is a suitable choice. One may choose other values
of α based on the desired accuracy, however.

The difficulty in finding a suitable window is that a nonzero function that
has all derivatives vanishing at a point cannot be analytic on any neighborhood
of the interval in consideration. Therefore, there must be a compromise be-
tween enforcing periodicity and the stiffness of the product uw. This aspect is
investigated in more detail in Section 3. Figure 2 shows super–Gaussian window
functions for λ = 2, 5, and 20. Notice that λ = 20 gives large support for the
Fourier approximation but also stiff gradients near the boundaries.

Figure 3 shows the error in the approximation of u(x) = exp(x/π)+exp(−50x2)
with N = 100, using a filtered Fourier approximation and the Fourier approxi-
mation of uw. Notice that the windowed approach produces better results than
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Figure 3: Error in the numerical approximation of u(x) = exp(x/π) +
exp(−50x2) with N = 100. Left: Filtered Fourier approximation (exponen-
tial filter was used, F σ

N [u], with α = −32). Right: Fourier approximation using
window functions (Gw

N [u]).

the filtered approximation except at a neighborhood of x = ±π. This figure
also illustrates that a suitable choice of window, in this case determined by λ,
is dependent on the number of nodes being used. Notice that λ = 8 works
better than λ = 2 or λ = 12, because the former has small support and the
latter introduces large gradients that are not resolved to machine precision with
N = 100.

Clearly there are other possible choices of window functions. One could, for
instance, choose C∞[−π, π] functions that vanish exactly in value and deriva-
tives at the endpoints. One example of this class of functions is exp(−c1/(π −
x2)c2), [23], where c1 and c2 are positive constants. Notice, however, that these
functions are singular at ±π. Boyd, in [5], also proposed window functions gen-
erated with the error function (erf) for the Fourier embedding in one dimension.
Although we have not made extensive comparisons, we found that the super-
Gaussian window, (5), gives favorable or similar results when compared to these
options.

3 Accuracy and the choice of parameters

The accuracy and performance of the method depends mostly on how well the
product uw is approximated. Assuming that the product is at least as stiff as
the window w, we first study the convergence of the trigonometric polynomial
that interpolates w.

3.1 Accuracy of the Fourier approximation of w

Figure 4 shows the number of Fourier modes required to approximate w to a
specified accuracy ε for several values of λ. A linear regression on this data is
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Figure 4: Number of nodes required to approximate w(x) = e−32(x/π)2λ

for
several values of λ. The tolerance used to obtain this data was ‖FN (w)−w‖∞ ≤
ε. The lines are connected by the linear fit N = Cελ (see table 1).

ε linear fit N = Cελ (Fig. 4)

10−4 N = 4.6λ
10−6 N = 6.5λ
10−8 N = 8.3λ
10−10 N = 10.1λ
10−12 N = 12.1λ

Table 1: Choice of parameters required to approximate w to accuracy ε, i.e.,
‖FN [w]−w‖∞ < ε. The linear fit was found using the data presented in Fig 4.

shown in the figure and is presented in Table 1. Notice that the relationship
is approximately linear in all cases. In particular, approximations accurate to
almost machine precision can be obtained with N > 12λ.

This linear dependence can be explained using standard error estimates for
Fourier interpolation based on the analytic properties of functions on the com-
plex plane. If a periodic function f can be extended to an analytic function in
the complex strip | Im z| < η, z = x + iy, with ‖f(z)‖ < M uniformly in this
strip, then we have (see e.g. [22, 24])

‖f − FN [f ]‖∞ = O
(

Me−N(η−ǫ)
)

as N → ∞, for every ǫ > 0. (6)

If we overlook the fact that super-Gaussians defined in (5) are not exactly
periodic in all derivatives, we may use this result to estimate the rate of decay
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Figure 5: Contour plot of the absolute value of w(z) = exp(−32(z/π)2λ in the
complex plane for λ = 2 (left) and λ = 10 (right). In the white region |w| < 10,
gray region 10 < |w| < 1015, and black region 1015 < |w|. The dashed lines
mark the strip given by Lemma 3.1.

of ‖w − FN [w]‖∞. Notice that although super-Gaussians are entire functions,
in absolute value, they go to infinity very quickly as z moves away from the
interval [−π, π]. This is illustrated in Figure 5, where contours of |w(z)| are
presented for λ = 2 and λ = 10. In order to use (6), therefore, we must find a
strip around the real line where |w(z)| is bounded (by a not very large number
M). To this end we state the following:

Lemma 3.1. Suppose λ > 0 and α > ln 10. Then | exp
(

−α(z/π)2λ
)

| < 10 for
all z inside the strip | Im z| < π2/(4λ).

Proof. Let (r, θ) be the polar coordinates of z, r = |z| and θ = arg(z), then
∣

∣ exp(−α(z/π)2λ)
∣

∣ = exp
(

−α(r/π)2λ cos(2λθ)
)

.

and |w(z)| < 10 whenever −α(r/π)2λ cos(2λθ) < ln 10. This inequality is satis-
fied if

|θ| ≤ π

4λ
or r < π

(

ln 10

α

)
1

2λ

.

Since | Im z| = r| sin θ|, either condition is fulfilled if

| Im z| < π

(

ln 10

α

)
1

2λ

sin
( π

4λ

)

<
π2

4λ
.

Using the result in Lemma 3.1, the estimate (6) gives

‖w − FN [w]‖∞ = O

(

10 exp

(

−
(

Nπ2

4λ
− ǫ

)))

.
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Notice that choosing N = 12λ yields 10 exp
(

−Nπ2

4λ

)

≈ 10−12, which is in good

agreement with the experimental results in Figure 4.

3.2 The resolution needed to approximate uw

Now that we have established that we need about 24λ points to approximate w
close to machine precision, we consider the Fourier interpolation of the product
uw. For simplicity, we take u(x) = cos(kx) and write w in terms of its Fourier
approximation. Then

uw ≈ exp(ikx) + exp(−ikx)
2

Nw
∑

n=−Nw

ŵn exp(inx) =

Nw+k
∑

n=−Nw−k

v̂n exp(inx), (7)

where Nw ≈ 12λ and v̂n are the Fourier coefficients of uw.
The second sum indicates that 2(Nw + k)/k points per wavelength of u are

needed to resolve uw. If we choose λ such that Nw = k, we have that machine
(double) precision accuracy is achieved with four points per wavelength. This
implies that N = 24λ is needed. In other words, although N = 12λ suffices to
approximate w to machine precision, (7) indicates that twice as many points for
a given λ are needed to resolve the product uw to machine accuracy and avoid
aliasing. Notice that

∣

∣v̂|n|
∣

∣ =
1

2

∣

∣ŵ|n|−k

∣

∣ , |n| ≥ k,

and because the magnitude of the Fourier coefficients of w decay geometrically,
convergence starts as soon as the minimum requirement of two points per wave-
length is satisfied.

Figure 6 shows the error in the Fourier interpolation of uw, where k = 60
and N ≈ 24λ were used. Notice that exponential convergence starts at two
points per wavelength of u and the approximation is fully converged at four
points per wavelength of u. The standard Chebyshev interpolation requires on
average π points per wavelength to start convergence, [27]. The dashed line in
this figure presents the error for Chebyshev interpolation of u as a function of
the number of nodes per wavelength of u.

3.3 Chebyshev correction

Once the product uw is approximated, the recovery of u is obtained by a point-
wise division by w. Notice that the magnitude of the error in this process is
inversely proportional to the values of w(x), i.e.

∣

∣

∣

∣

u(x) − FN [uw](x)

w(x)

∣

∣

∣

∣

=
1

w(x)
|u(x)w(x) − FN [uw](x)| .

Therefore, if corrections are made to the approximation in the regions where
w(x) < 0.1, the error at the cutoff points would be about ten times larger than
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Figure 6: Semilog plot of the maximum error in the approximation of uw as
a function of 2N/k, where u(x) = x2 cos(60x), and λ ≈ N/24 (•–). For com-
parison, we also present the error in the Chebyshev interpolant of u (dashed
line).

at the center of the interval. One may choose, instead, the cutoff points, xa and
xb, to satisfy w(xa) = w(xb) = 0.2, allowing the error to be five times as large
at the cutoff points as in the interior of the interval. In this article, we use 0.2
as the cutoff value. In the case of super-Gaussians, xa and xb are then given by

xa = −π
(

ln 5

α

)1/2λ

and xb = π

(

ln 5

α

)1/2λ

. (8)

The approximation in the intervals [−π, xa] and [xb, π] must be corrected.
In our algorithm we use local polynomial interpolation (or collocation for PDEs,
[2, 17, 24]) on each subinterval. Polynomial approximation requires special set
of nodes that are clustered more densely at the boundaries of an interval. We
use Chebyshev nodes, given by

xj =
a− b

2
cos(jπ/Nch) +

b+ a

2
, j = 0, 1, . . . , Nch,

on the interval [a, b].
In order to maintain the resolution criteria of the previous section – that

convergence should start at two points per wavelength and fully converge at
about four points per wavelength – we replace the number of Fourier nodes in
each interval, ≈ (1 − xb/π)N , by approximately

Nch ≈ π

2

(

1 − xb

π

)

N (9)

Chebyshev nodes. The reason being that polynomial interpolation requires a
minimum of π points per wavelength to start convergence, [27].
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Asymptotically, as N → ∞ and λ→ ∞, we have that

xa → −π
(

1 +
ln ln 5

α

2λ

)

and xb → π

(

1 +
ln ln 5

α

2λ

)

and choosing λ ∼ N/(2Cε) gives

Nch → πN

4λ
(lnα− ln ln 5) =

Cεπ

2
(lnα− ln ln 5). (10)

Using the data in Table 1, we obtain that Nch → 8 for a desired accuracy
ε = 10−4, Nch → 16 (ε = 10−6), Nch → 26 (ε = 10−8), Nch → 35 (ε = 10−10),
and Nch → 48 (ε = 10−12).

Finally, we summarize the choice of parameters and algorithm as follows.

Given a target function u, number of nodes 2N for the Fourier ap-
proximation, and desired accuracy ε:

1. Set α = 32, although other values are possible.

2. Choose Cε according to Table 1; and λ = N/(2Cε) .

3. Use the window w(x) = exp(−α(x/π)2λ) to compute
the windowed Fourier approximation of u, Gw

N [u](x) =
FN [wu](x)/w(x).

4. Correct the approximation in the intervals [−π, xa] and [xb, π]
using local Chebyshev interpolation. The values of xa and xb

are given by (8) and the number of Chebyshev nodes, Nch, in
each subinterval is given by (9).

We point out that these are general guidelines and one may choose different
parameters if additional information about the function being approximated
is available. If a function, for instance, is known to be very smooth near the
endpoints, one may choose Nch smaller than the value provided by (9).

3.4 Approximation of analytic functions

Contours of equiconvergence in the complex plane give an a priori estimate of the
error of approximations based on analytic properties (e.g. singularity locations)
of the target function, [19, 2, 24, 25]. Given the choices of parameters provided
above for the hybrid scheme, how do the equiconvergence levels compare to those
of polynomial interpolation on Chebyshev nodes? The theorem that follows can
be used to partially answer this question.

In order to state the theorem, we consider the following linear representation
of the function f on [a, b]

L [{f(xj)}] (x) =

m
∑

j=0

f(xj)Lj(x), (11)

11



where Lj ∈ C[a, b]. In the case of interpolation, Lj are the cardinal functions.

Theorem 3.2. Let f be analytic in a neighborhood of [a, b] and let Γ be a contour
contained in the region of analyticity of f that encloses the interval [a, b] once
in the counterclockwise direction. The error at x in the approximation (11) is

f(x) − L [{f(xj)}] (x) =
1

2πi

∫

Γ

f(z)rm(z, x)dz, (12)

where

rm(z, x) =
1

z − x
−

m
∑

j=0

Lj(x)

z − xj
.

Proof. The Cauchy’s integral formula gives

f(x) =
1

2πi

∫

Γ

f(z)

z − x
dz

and using the complex residue calculus in (11) we have

L [{f(xj)}] (x) =
1

2πi

∫

Γ

f(z)

m
∑

j=0

Lj(x)

z − xj
dz.

Using (12) we obtain the following bound on the L∞ error

‖f − L [{f(xj)}] ‖∞ ≤ 1

2π

∫

Γ

|f(z)|‖rm(z, ·)‖∞dz, (13)

where ‖ ‖∞ is the sup norm with respect to x ∈ [a, b].
Figure 7 displays the level sets of φm(z) = log(‖rm(z, ·)‖∞) for the Cheby-

shev and hybrid methods with m = 128. Because of symmetry, and for better
comparison, contours are shown in the half-plane in both cases. Notice that
these level curves enclose the interval [-1,1] and taking the line integral in (13)
over one of these contours yields

‖f − L [{f(xj)}] ‖∞ ≤ |Γ|maxz∈Γ |f |
2π

exp(φm(Γ)),

where φm(Γ) is independent of f and |Γ| is the arc-length of Γ.
By looking at the contours of φm in Figure 7, we therefore observe that

the hybrid method provides a more accurate solution than standard polynomial
interpolation when the function being approximated has singularities located
near the imaginary axis (e.g. f(x) = 1/(1 + 36x2)). Polynomial interpolation,
on the other hand, is more accurate when singularities are closer to z = ±1
than z = 0. Error plots for the derivative of a Runge function are provided in
the next section and show good agreement with this prediction.
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Figure 7: Equi-convergence contours for the Chebyshev (left) and hybrid (right)
methods for m = 128. The thick line represents the interval [−1, 1].

4 Eigenvalue stability and differentiation matri-

ces

Before applying the hybrid technique to the solution of PDEs, we study the
eigenvalues and pseudospectra of differentiation matrices. Notice that one may
expect instability issues for time dependent problems because the approximation
is not smooth across the interfaces x = xa and x = xb.

4.1 Computing derivatives

The derivative of the windowed Fourier approximation is computed using the
product rule, (wu)′ = w′u+ wu′,

d

dx
u(x) ≈ u(x) d

dxw(x) − d
dxFN [wu](x)

w(x)
. (14)

The correction of the derivative in [−π, xa] and [xb, π] is performed by standard
Chebyshev approximations in both subintervals.

Because this procedure is a linear operation, a differentiation matrix that
maps function values into derivative values at hybrid points can be obtained.
Figure 8 shows the hybrid nodes used in this process. Now suppose that the
entries of the vector u are the values of the function u at these nodes. We seek
a matrix D such that the entries of the vector u′ = Du are approximately the
values of the derivatives of u at the same nodal set. The differentiation process
consists of four steps:
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Figure 8: Hybrid grid.

1. Project the Chebyshev data on [−π, xa] and [xb, π] onto equispaced
nodes;

2. Determine the derivative (14) using the windowed Fourier approxima-
tion (4) on [−π, π];

3. Compute the Chebyshev approximation of the derivatives in each
Chebyshev interval, [−π, xa] and [xb, π];

4. Replace the windowed Fourier approximation in [−π, xa] and [xb, π]
with the Chebyshev approximation.

We point out that in most practical situations, these steps can be performed
in O(N logN). More specifically, step 1 can be computed using the Lagrange
barycentric interpolation formula and steps 2 and 3 using fast Fourier trans-
forms. When solving boundary value or eigenvalue problems, however, differen-
tiation matrices may be required. These matrices are also useful in the study
of stability properties of the method when applied to time dependent PDEs.

Since each step described above corresponds to a linear map, they can all be
performed at once using a single matrix. To this end let us define the following
matrices: P the projection of data on Chebyshev nodes onto equally spaced
nodes; Dch the Chebyshev differentiation matrix, [24]; and DF the windowed
Fourier differentiation matrix that performs the differentiation in (14) written
in blocks as

DF =





Dℓℓ
F Dℓi

F Dℓr
F

Diℓ
F Dii

F Dir
F

Drℓ
F Dri

F Drr
F



 .

Here we denoted left, interior, and right with ℓ, i, and r respectively. Then the
hybrid differentiation matrix that operates on the hybrid grid is given by

u′ =





uℓ

uF

ur





′

=





Dch 0 0
Diℓ

FP Dii
F Dir

F P
0 0 Dch









uℓ

uF

ur



 . (15)

When the differentiation is performed in connection to a PDE, appropriate
boundary conditions must be imposed across the interfaces x = xa and x = xb.
This is explored in more detail in the next section.

In Figure 9 we compare the error in the approximation of the derivative of
f(x) = 1/(1+36x2)+ exp(x) using the hybrid and Chebyshev methods. Notice
that there is a significant gain in accuracy over Chebyshev interpolation for this
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Figure 9: L∞ error in [−π, π] for the numerical differentiation of f(x) = 1/(1+
36x2) + exp(x) using the hybrid method with ε = 10−12 (◦) and the Chebyshev
method (∗).

Runge function. The analytic extension of this function on the complex plane
is limited by singularities at z = ±i/6, and as noted in Section 3.4, the more
uniform node distribution of the hybrid method provides better resolution in
this case. With a grid of 350 points the hybrid scheme is more accurate than
the Chebyshev method to about five orders of magnitude.

4.2 The transport problem

We now consider the method of lines and study the eigenvalue stability for time
dependent problems. Given a PDE and boundary conditions, we semidiscretize
the derivatives in space and write the approximation in terms of a system of
ordinary differential equations

ut = Lu,

where L is the discretized spatial (linear) operator.
A rule of thumb is that the method of lines is stable if the eigenvalues of L,

scaled by the time step ∆t, lie in the stability region of the time discretization
operator. When the matrix L is far from normal, however, stability conditions
might be more restrictive, [15]. In this case, we shall rely on stability theorems
based on pseudospectra instead, [26]. The ε-pseudospectrum of a matrix A is
the set of z ∈ C such that

‖zI −A‖−1 > ε−1.

In this context, the condition for stability is that the ε-pseudospectrum must
lie within a distance O(ε) of the stability region of the time stepping scheme as
ε→ 0 (see [26] for details).
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Figure 10: Pseudospectra (contours) and eigenvalues (dots) for the spatial op-
erator in (16) using the hybrid discretization. Contour lines correspond to
ε = 10−13, 10−11, 10−9, 10−7, 10−5, 10−3, 10−1, 101. The outer contour is given
by ε = 101 and the inner most contour by 10−13. The right plot is a detailed
view of the left graph near the origin.

In this section we consider the transport equation given by

ut + ux = 0, x ∈ (−π, π), t > 0, (16)

and for simplicity, we assume homogeneous boundary condition u(−π, t) = 0.
We point out that this spatial differential operator has no physical eigenvalues
and eigenvalues of corresponding matrices will provide only necessary conditions
for stability, [20].

In order to generate a differentiation matrix for (16), we need to provide
proper boundary conditions for the Chebyshev correction regions. Given that
the information travels from left to right in this particular example, we used the
prescribed boundary condition at x = −π. At the interface x = xb, we enforce
continuity so the function value obtained from the Chebyshev correction matches
the Fourier approximation values. Note that the approximation is not smooth
across the inflow interface, x = xb, only continuous. The approximation is not
even continuous at x = xa, but this interface is “corrected” at each time step.
Nevertheless, the method is accurate and stable.

Figure 10 shows the spectrum and ε-pseudospectrum for the hybrid differ-
entiation matrix for 128 grid points. The ε-pseudospectra of the continuous
operator, for each ε, is the half-plane lying to the left of some line Re z = βε,
[26]. This is in good agreement with Figure 10 (right). It can also be observed
that the outlier eigenvalues are stable under perturbations and that for small
ε, the contours lie entirely on the left half of the complex plane indicating that
the method is stable in the presence of round-off errors.

In Figure 11 we present the spectrum and ε-pseudospectrum for a Chebyshev
differentiation matrix for (16) using 128 Chebyshev nodes. Comparing this
figure with Fig. 10, we note that in this case the hybrid method provides a
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Figure 11: Same as Fig. 10 but for a Chebyshev differentiation operator.

stable approximation for a time step that can be more than twice the size that
is required by the standard Chebyshev collocation method.

Figure 12 shows the spectral radius for hybrid and Chebyshev differentiation
matrices for several matrix orders. Notice that for a large number of nodes, the
spectral radius of the hybrid differentiation matrices grows linearly, in contrast
to Chebyshev methods, for which the radius grows quadratically with the degree
of the approximations. This linear relationship between eigenvalue growth and
number of nodes was predicted in the asymptotic result (10). Because the
number of Chebyshev nodes required to correct the approximations near the
boundaries is asymptotically constant for large N , the spacing between nodes
decreases as O(N−1) for the hybrid method. This indicates that the maximum
allowed time step for stability is indeed ∆t = O(N−1).

4.3 The acoustic problem

We now consider the one dimensional acoustic equations

ut = px, pt = ux, x ∈ (−π, π), t > 0, (17)

where u can be seen as the fluid velocity and p as the pressure. Usually bound-
ary conditions are provided for u at x = ±π, and for simplicity, we consider
homogeneous Dirichlet boundary conditions. No boundary condition is directly
imposed on p. Similarly, when implementing the hybrid scheme, we only explic-
itly imposed continuity of u across the interfaces x = xa and x = xb.

In contrast to the transport problem, the continuous spatial operator in
the acoustic problem has purely imaginary eigenvalues given by ±ki, k =
0, 0.5, 1, 1.5, 2, . . . , which correspond to natural frequencies of the system. More-
over, discretization matrices for this operator should be close to normal so that
the eigenvalues provide relevant information of the overall behavior of the nu-
merical solution. Since the eigenvalues are imaginary, the numerical solution of

17



10
2

10
3

10
2

10
4

matrix size (log scale)

sp
ec

tr
al

ra
d
iu

s

O(N)

Hybrid

Chebyshev

O(N2)

Figure 12: Spectral radius of hybrid and Chebyshev differentiation matrices as
functions of the number of collocation points.

(17) can be stably computed with a mass-conserving time stepping scheme such
as leap frog, in which case truncation errors would be purely dispersive.

Although we are not able to prove that the spatial operator matrix for the
hybrid method has purely imaginary eigenvalues, our numerical results yield
zero to machine precision for the real part of the eigenvalues. Figure 13 shows
the error in the computed eigenvalues when compared to the eigenvalues of
the operator in (17). In this figure we consider only eigenvalues of positive
imaginary part and compare the accuracy of the eigenvalues of the hybrid matrix
with those obtained with a Chebyshev matrix. For this approximation we used
N = 100 in (1), giving a total of 200 equally spaced nodes, and a hybrid grid
with 230 nodes. Therefore, if k = 100, the eigenfunction is approximated with
four points per wavelength. Notice that the error increases for k > 100 because
of the insufficient resolution in the higher modes. In particular, for k = 200 or
higher, two points per wavelength or less are being used, resulting in large errors.
The figure shows good agreement with the findings in Section 3. Although the
Chebyshev method is more accurate for some wave numbers, as it converges
supergeometrically once the minimum resolution is achieved, the hybrid method
gives significantly more accurate results for larger wave numbers. Moreover, the
large magnitude of the outlier eigenvalues obtained with the Chebyshev method
imposes severe restriction on the size of the time step allowed for time integration
– a difficulty that is circumvented by the hybrid method.
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Figure 13: Error in the computed eigenvalue µk with the hybrid method (x)
and Chebyshev collocation (◦). Due to symmetry, only eigenvalues with positive
imaginary values are considered (µ∗

k = ki, k = 0.5, 1, 1.5 . . . ).

5 Numerical solution of time dependent PDEs

In this section we consider three time dependent problems: the acoustic equation
in one dimension, the wave equation in two dimensions, and the simulation of a
thermally driven flow in a cavity of large aspect ratio. Our implementation uses
the method of lines with three explicit time stepping schemes: Runge-Kutta,
leap frog, and Adams-Bashforth.

5.1 The acoustic equation

Figure 14 presents errors in the computed solutions of the acoustic equation (17)
with homogeneous Dirichlet boundary conditions in u and initial conditions

u(0, x) = exp(−50x2) and p(0, x) = 0.

To advance in time, a fourth order Runge-Kutta scheme was used.
The error displayed in Fig. 14 (left) shows the spectral convergence of the

hybrid method. The maximum L∞ error over 0 ≤ t ≤ 4π was computed. For
comparison, the error for the Chebyshev spectral method is also shown. The
solutions were computed with ∆t = 10−4 and several values ofN . Both methods
converge exponentially, with the hybrid scheme giving more accurate results.

Figure 14 (right) presents the temporal error for solutions computed with
the hybrid scheme. As predicted in the previous section, the method is stable
for long time simulations. In this case, calculations were carried out with ∆t =
0.1/N and N = 50, 60, and 70. In this experiment, the time integration error
dominates and is O(1/N4).
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Figure 14: Error in the computed solution of the acoustic equation. Left: max-
imum error, maxt∈[0,4π],x∈[−π,π] |ucomp(x, t) − uexact(x, t)|, as a function of N
and ∆t = 10−4 for the Chebyshev and hybrid methods. Right: Temporal error
of the hybrid method, maxx∈[−π,π] |ucomp(x, t) − uexact(x, t)|, for ∆t = 0.1/N
and N = 50 (solid), 60 (dashed), and 70 (dotted).

5.2 The wave equation in 2D

Rectangular domains can be handled by tensor product approximations. Fig-
ure 15 (left) shows the 101 × 101 hybrid grid we use in our next example. In
multiple dimensions, computations are carried as sequences of one dimensional
approximations.

Our first two dimensional test is the linear wave equation, utt = ∆u, defined
on [−π, π]× [−π, π] with homogeneous Dirichlet boundary conditions. Solutions
were obtained for the initial condition u(0, x, y) = exp(−25((x − 1.5)2 + y2)).
Figure 15 (right) depicts the solution at t = 4, when results obtained with the
hybrid and Chebyshev methods are compared.

In Figure 16 we show the error in the computed solutions. Both methods
were implemented using leap frog time integration with the same number of grid
points and time step, ∆t = 10−4. These results demonstrate that the hybrid
scheme is at least one order of magnitude more accurate than the Chebyshev
method.

5.3 Natural convection in a cavity

Our final numerical example is the simulation of a buoyancy–driven flow in
a deep cavity heated from below, [9, 21, 28]. We assume that the fluid is
incompressible and use the following governing equations in non-dimensional
form to simulate the flow, see [1, 9] for details,

ωt + ψyωx − ψxωy = Pr∆ω +RaPrTx,

Tt + ψyTx − ψxTy = ∆T,

∆ψ = −ω,
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Figure 15: Left: the hybrid grid. Right: contour plot of the solution of the wave
equation at t = 4.

Figure 16: Error in the solution of the wave equation at t = 4 using the hybrid
(left) and Chebyshev (right) methods.
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where (x, y) ∈ (−1, 1) × (−4, 4) and t > 0. Here ω is the fluid vorticity, ψ
the stream function and T the temperature. The independent non-dimensional
constants are the Rayleigh number Ra, which reflects the buoyant contribution,
and the Prandtl number Pr, which is the ratio of viscous to thermal diffusion.
In our simulation they are set to Ra = 5 × 104 and Pr = 0.71 (air).

The fluid is assumed to be at rest at t = 0, with T = ψ = ω = 0. The
boundary condition for the stream function is ψΓ = 0, which implies that there
is no mass transfer through the boundary Γ. The value of the vorticity at the
walls is expressed as ωΓ = −∆ψ|Γ and the temperature at Γ is defined by

T (t, x, y) =

{

tanh4(100t) exp(−30(x− 0.1)2), y = 0, −1 ≤ x ≤ 1, t > 0,

0, (x, y) ∈ Γ, y 6= 0, t > 0.

The boundary condition for T at the bottom wall was chosen so that it is
compatible with the initial condition and quickly asymptotes to exp(−30(x −
0.1)2). This non-symmetric heat source drives the flow into very interesting
dynamics, with the fluid being heated at the bottom and cooled at the top and
lateral walls.

Although Chebyshev methods are particularly suitable for the simulation of
incompressible flows in enclosures, the large number of grid points needed to
approximate the solution in the y direction in this tall cavity results in severe
time step restrictions. Therefore, in our simulation we use the standard pseu-
dospectral Chebyshev method in the x direction and the new hybrid scheme
to approximate derivatives in the y direction. The grid is shown in Figure 17
(right). Here again we rely on tensor product approximations.

Figure 17 presents the numerical solution at t = 2.7 on a 40 × 140 grid.
A third–order Adams-Bashforth scheme was used to advance the problem in
time. These results showed good agreement with simulations performed using
Chebyshev in both directions but required a third of the computational time.
The performance of the hybrid method in other flow simulations is currently
being investigated. The method seems to also be suitable for problems with
absorbing boundary conditions.

6 Final Remarks

This paper introduced a hybrid scheme for non-periodic problems that combines
Fourier and Chebyshev approximations. In contrast to standard filtering algo-
rithms, the hybrid method uses a physical space window that is derived based
on accuracy considerations (in the interior of the domain) and the number of
nodes required for the Chebyshev correction near the boundaries. Such crite-
ria ensure that the method is of practical value for approximating non-periodic
functions and for solving time dependent problems. Eigenvalue stability analysis
indicates that the method is stable for time dependent problems when bound-
ary conditions are consistently applied at the interface of the windowed Fourier
and Chebyshev regions. The spectral radius of hybrid differentiation matrices
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Figure 17: Left: contour levels of the square root of the temperature at t = 2.7,
black corresponds to T = 1 and white T = 0. Middle: streamlines. Right:
velocity field on a hybrid grid.
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has been shown to grow linearly with the number of grid points, in contrast
with the purely Chebyshev case, where the radius grows quadratically. As a
consequence, the new method is less restrictive on the time step size for the
simulation of PDEs.

Fast Fourier transforms can be used to compute the Fourier approximation
and polynomial corrections. As the number of grid points is increased, wider
windows can be used corresponding to smaller corrective regions. Thus the
degree of the polynomial correction near endpoints is small even when the func-
tion being approximated has large gradients. Because of the more uniform node
distribution, the hybrid method provides better resolution at the interior of
the domain than pseudospectral polynomial methods, which require quadrature
points. A more evenly spaced distribution may be more appropriate for some
PDE applications.

The numerical examples in Section 5 show that the new method performs
favorably to Chebyshev schemes. Solutions of the acoustic equation in one di-
mension showed good results when ∆t = O(1/N) is used to explicitly advance
in time. For two dimensional regions, approximations can be obtained as tensor
products. We have also observed significant improvement over traditional meth-
ods when solving the linear wave equation. To demonstrate that the method
can be used to solve nonlinear PDEs with a diffusion term, we used the hybrid
scheme to simulate a buoyonce driven fluid flow in a tall rectangular enclosure.
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