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The Laplace Transform
	The Laplace transform is a very common and widely used method of transforming complex equations. It converts a function that exists in the time domain known as f (t) into the frequency domain known as f(s). What differentiates the Laplace transform from others of similar nature (such as the Fourier series) is the Laplace breaks the function down into its moments. A moment is a quantitative measure of the shape of a given set of points, a very useful value to know when dealing with frequency. In short a Laplace Transform is a method that converts something with SISO of time to SISO of complex angular frequency, in units of radians per time. This transform is extremely useful in engineering and is the solution to many physical problems dealing with frequency such as electronic circuits, mechanical signals and systems, radio waves and many other things of that nature. The Laplace transform is most widely used in the solving of high order linear differential equations. 
	The Laplace transform is named after the mathematician, physicist and astronomer Pierre-Simon Laplace.  He was the first to use this specific transform and it was demonstrated on his work known as the probability theory.  Many other mathematicians created similar transforms such as the Mellin transform and the Fourier series in the pursuit of solving differential equations. In 1809 Laplace modified and applied his transform in order to find solutions of differential equations and frequency that diffused indefinitely in space (whereas the Fourier series was only applicable for solving diffusion equations in a limited region of space due to its periodic nature).  
The Laplace transform of a function f(t) on the domain t ≥ 0 is the function f(s) defined by the following equation:
	


[image:  L_t[f(t)](s)=int_0^inftyf(t)e^(-st)dt, ]
There are many more simplistic methods of evaluating this transform and are much more used due to their brevity in solving more difficult equation transforms, however all methods are derived from this definition. Among these are the translations theorems, inverse transforms, step function transforms, convolution transforms, and the Dirac Delta function transform. All of these are specific methods given for evaluating different types of Laplace Transforms.



I will be evaluating the use of the Laplace transform in elementary control theory through the use of a weight cart labeled m for mass, a damper labeled c, and a spring labeled k. X (t) represents the input and F (t) represents output for the defined system.
[image: http://shimrestackor.com/Physics/Spring_Mass_Damper/Figs/2-cart.png]
The equation for force is represented by F=M (A) where f is the sum of the forces in the system, m is the mass in kilograms and A is acceleration.
Acceleration can also be represent by the second derivative of function Y with respect to T, therefore the right side of the force equation can be written in the following form.
[image: ]
To explain the total sum of forces in this equation we first must explain the concept of a damper and spring.

A damper is a device intended to dead, restrain or depress especially and are often used to stop the movement or vibrations of harmonic oscillators. 
The equation for force of a damper is (dy/dt -dx/dt) (b) 
Where dy/dt is the first derivative of the output, dx/dt is the first derivative of the input and b is the viscous-friction coefficient for the given damper. Take notice that for dampers it is output minus input.

A spring is simply an elastic device that is used to store mechanical energy. 
The equation for the force of a spring is –k(y-x) or k(x-y). From this equation it can observe that for springs it is the spring constant K multiplied by input minus output which is opposite of the damper.
Since the F in the force equation is represented by the sum of the forces, and in this case the spring and the damper are acting in opposite directions it will be Force of Spring – Force of Damper=F


The equation can now be written as (u is substituted for x and therefore du=dx):
m (dy/dt^2) =-b(dy/dt-du/dt)-k(y-u)
Separation of variables gives the next equation
m (dy/dt^2) +b(dy/dt)+k(y)=b(du/dt)+k(u)
Now the function is ready to be transformed from the time domain into the frequency domain. The Laplace of dy/dt^2 and dy/dt are as follows:
[image: ]
[image: ]
Assuming zero initial conditions the equation is now written as (m(s^2) + b(s) + k) Y(s) = (b(s) + k) U(s)
The Transfer function G(s) is defined by (Y(s)/U(s))
G(s) = (b(s) + k) / (m(s^2) + b(s) + k)
Assuming viscous friction coefficient of 6, mass of 1 and a spring constant of 5 the equation would look like this:
G(s) = (6s+5) / (s^2+6s +5) => (6s+5) / ((s+5)(s+1))
Now once we have this equation we can solve for S in order to find the poles and zeros of the transfer function. These represent the frequencies for which the value of the transfer function becomes infinity or zero. The respective values determine whether the system is stable and how well it will perform. Physically realizable systems must have more poles than they have zeros otherwise the state of the system is unachievable. Systems that do meet this requirement are called proper. Poles and zeros are capable of real or imaginary values.

Solving for s on top would give you a zero at s=-6/5 
Solving for s on bottom would give you two poles at s=-5, -1

And this is one of many examples of the physical problem solving applications of the Laplace Transform. In this case we used it to solve a simple mass-spring-damper system and find the poles and zeros of the system with the given mass and spring/damper coefficients. This method can be similarly applied to electronical circuits which is an important component of signal processing. 
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