The Fundamental Theorem of Calculus (FTC)

Let f be a continuous function on an interval I and

let ¢ be a fixed number in /. For any x € I define

y=F@) = [ s

_dy _

Then, F'(z) = o= f(x) for all x € I.
T

That is, F' is an antiderivative of f on I.

Remark: If f(¢) > 0 for ¢ in I, then an antideriva-
tive of f is the area function that measures the area
of the region bounded by the graph of f, the hori-

zontal axis, and the vertical lines t = c and t = .



Example: Let g(z) :/ cos(t?) dt. Find ¢'(z).

— T

Solution: Before we can use the FTC, we note that
the lower limit of integration is constant, ¢ = —m,
and the upper limit is the variable with respect to
which we want to differentiate, x, as required by the
FTC. The integrand is f(t) = cos(t?). Then, the

FTC says ¢'(z) = f(x) = cos(x?).



Te
Example: Let ¢(x) :/ In(tan(2t)) dt. Find ¢'(x).

xr

Solution: Since the wupper limit of integration is
constant and the [ower limit is the variable with re-
spect to which we want to differentiate, we rewrite
the given function as

o(r) = — /j In(tan(2t)) dt = /CL’ — In(tan(2t)) dt

e Te

_ /7 In (tanl(%)) dt = /7 In(cot(21)) dt

Then, the FTC says ¢'(x) = In(cot(2x)).
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v d
Example: Let y = / et dt. Find 22
2

dx’

Solution: Before we can use the FTC, we note that
the lower limit of integration is constant, ¢ = 2, but
the upper limit is not the variable with respect to
which we want to differentiate, x, as required by the
FTC. So, we introduce another variable, v = 2, and

write y = / e’ dt. Then, according to the chain

d dy d d
rule, % dz dz Now the FTC says % = e".
d 2
Then, & _ (e")(2x) = 2xe® .

dx



Example: Let y = / f(t)dt. Find ==

g9(z) dz’
Solution: Before we can use the F'TC, we must have
integrals with the lower limit of integration constant
and the upper limit equal to the variable with respect
to which we want to differentiate. So, we introduce

two other variables, u = g ) and v = h(x), and

Wmey_/f dt_/f dt+/f )t =

_ / f(t) dt+ / f(t) dt. Then, using the chain rule
0 0
and the FTC,

d:z: da;( /f )+5_x</ovf(t)dt)
:_%%(/f dt) (/f dt)

= —g () f (9(2)) + h'(z) f (h(x))



d
Example: Let y = / sint dt. Find d_y
x

em

Solution: Before we can use the F'TC, we rewrite y

as in the previous example:

e” —x?
Yy = —/ sintdt—l—/ sint dt
0 0

Here f(t) = sint, g(x) = €%, and h(z) = —2?. Then,

Y =~ @) f (gle) + W () ] (h())

= —¢” sin(e”) — 2z sin(—x?)

= 2z sin(z?) — €” sin(e”).



