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MAT 265 

 
Basic Algebra and Trigonometry Review 

 

Algebra 
 

Factoring quadratic expressions 

Examples  

Case 1: Leading coefficient 1 

1. Factor 2 5 6 ( 2)( 3)x x x x , as -2, -3 are factors of 6 and adds up to ï5 

2. Factor 2 5 6 ( 6)( 1)x x x x , as -6, 1 are factors of -6 and adds up to ï5 

 

Case 2: Leading coefficient is not 1 

1. Factor 2 2
2 5 3 ( 3) (2 3)( 1)x x x x x xI

I
, as -2, -3 are factors of 6 

(=2 3) and adds up to ï5. We insert leading coefficient 2 in the boxes.  

2. Factor 2 4
6 7 2 ( 3) (6 3)( 2 /3) (2 1)(3 2)x x x x x x x xI

I
, as -3, 

and -4 are factors of 12 (=6 2) and adds up to ï7. We insert leading coefficient 6 

in the boxes and perform necessary algebraic works. 

 

Case 3: Factors by grouping 

1. Factor 4 3 1x x x  

                 

4 3 3 3

2

1 ( 1) 1( 1) ( 1)( 1)

( 1)( 1)( 1)

x x x x x x x x

x x x x
 

Remember the formula 3 3 2 2( )( )x a x a x ax a  

 

Case 4: Using formula 2 2 ( )( )x a x a x a  

1. Factor 4 2 2 21 ( 1)( 1) ( 1)( 1)( 1)x x x x x x  

Absolute value functions 

 

For any real number x,                                                                        x        

, if 0

, if 0

x x
x

x x
 

                                                                                                           0               x    

Properties of x  

 

1. ab a b and, if 0,
aa

b
b b

  

2. a b a b  
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3. x a if and only if a x a 

4. 0x a if and only if x aor x a 

Note: Properties 3 and 4 are true for ,  as well. The function x  is always even and 

has y-axis symmetry.  

 

To determine domain of a function: Practice following examples on equations and 

inequalities.   

 

Solve the following equations: 

1. 8 3 67x     Answer: 8x   

2. 
4

0
1

x

x
    Answer: 4x  

3. Solve 
1 1

( 5) 4 (2 1)
2 3

x x  Answer: 7x  

4. Solve 
3 1 7

2 1 ( 1)( 2)x x x x
 Answer: 4x  

 

Solve the following Inequalities and write answers in interval(s), use real line test:  

 

1. Solve the inequality 13419 x  and write your answer in interval notation. 

2. Solve 0
2

1

x

x
 

3. Solve 062 xx  

4. Solve 3 2 7x  

5. Solve 2 5 6 0x x  

6. Solve 2 5 6 0x x  

7. Solve 2 6 0x x  

8. Solve 2 6 0x x  

9. Solve 2 5 6 0x x  

10. Solve 
2 5 6

0
1

x x

x
 

11. Solve 
2 5 6

0
1

x x

x
 

12. Solve 
2 5 6

0
1

x x

x
 

13. Solve 
2 5 6

0
2

x x

x
 

14. Solve 
3

2
1

x

x
 

Hint: Do not cross multiply to solve. Use 
3 1

2 0 0
1 1

x x

x x
 etc.  
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15. Solve 1 3x  

16. Solve 2 5 6x x  

17. Solve 2 5 6x x  

18. Plot the rational function 
1

9
2

2

x

x
 showing all asymptotes. 

19. Find the domain of 3 2 65)( xxxf  

20. Find all zeros of the polynomial 1)( 3xxP  

21. Find the point(s) of intersection of the curves 3,52 xyxxy  

22. Find the slope of the line through the points (3, 5) and (7, -9) 

23. Find the equation of a straight line through (1, 2) and parallel to the line through 

the points (5, 7) and (-3, 1) 

 

Exponential and Logarithmic Functions 
 

 Remember the following formulas 

 

1. Exponential function 
2 3

1
2! 3! !

r
x x x x

e x
r

? ? 

2 3

1 ( 1)
2! 3! !

r
x rx x x

e x
r

? ? 

2 3( ln ) ( ln ) ( ln )
1 ln

2! 3! !

r
x x a x a x a

a x a
r

? ?  

 

2. Hyperbolic functions 

 

a) sinh
2

x xe e
x  b) cosh

2

x xe e
x  

3. Logarithmic functions: 0, 0x y  
2 3

1ln(1 ) ( 1)
2 3

r
rx x x

x x
r

? ? 

2 3

ln(1 )
2 3

rx x x
x x

r
? ? 

 

Properties: 

a) 10log : log , ln : logex x x x 

b) log( ) log log , ln( ) ln lnxy x y xy x y 

c) log( / ) log log , ln( / ) ln lnx y x y x y x y 

d) log 10 , lny yx y x x y e x 
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e) log logpx p x 

f) log 1, 0; log1 0, ln1 0m m m  

g) 
log ln

log
log ln

y

x x
x

y y
 

 

4. Solve the following equations for x:  

a) 4 8xe e  

b) 2 22 0x xxe e  

c) 2 ln 9ln 0x x x  

d) ln( 1) 8x  

e) 4 3 5xe  

f) 2ln8 512xe  

 

5. Write the following result as a single logarithmic expression 

 

a) ln25 3ln(1/5) 

b) ln(5/8) 3ln(2) ln5 

 

6. Determine the following values 

 

a) 5log 25 b) 5log (1/ 25)  c) 2log (32) 

 

7. Round your answer to two decimal places if necessary 

 

a) Given ( ) 3sinh(3 )f x x , find (2)f  

b) Given ( ) 9cosh( )f x x , find (2)f  

c) Given ( ) bxf x ae , find x  when (0) 2, (2) 14, ( ) 20f f f x  

 

 

Trigonometry  

                                       h                  o 

 

The well known notations: soh, cah, to                                                  x      

                                                                                                                  a 

soh: s stands for sine, o stands for opposite and h stands for hypotenuse, sin
o

x
h

        

cah: c stands for cosine, a stands for adjacent h stands for hypotenuse, cos
a

x
h

                      

toa: t stands for tan, o stands for opposite and a stands for adjacent, tan
o

x
a

.               

Where x is the angle between  the hypotenuse and the adjacent.  

 Other three trigonometric functions have the following relations:  
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1
csc

sin

h
x

x o
, 

1
sec

cos

h
x

x a
 and 

1
cot

tan

a
x

x o
 

 

sin( ) [?]sin , cos( ) [?]cos , tan( ) [?]tann x x n x x n x x, the sign ? is for  

 

plus or minus depending on the position of the terminal side. One may remember the 

four-quadrant rule: (All Students Take Calculus: A = all, S = sine, T = tan, C = cosine) 

 

 

                                                                     sin                   all 

 

 

 

 

                                                                     tan                  cosine 

 

Example: Find the exact value of 0sin300 . We may write 

0 0 0 0sin 300 sin(2 180 60 ) [ ]sin 60= -
3

2
, in this case the terminal side is in 

quadrant four where sin is negative.  

Important values: 

 
  

0 
030

6
 045

4
 060

3
 090

2
 

sin  

0 
1

2
 2

2
 

3

2
 

 

1 

cos  

1 
3

2
 

2

2
 

1

2
 

 

0 

tan  

0 
1

3
 

 

1 
 

3  

 

Undefined 

csc  

Undefined 

 

2 
 

2  

2

3
 

 

1 

sec  

1 
2

3
 

 

2  

 

2 

 

Undefined 

cot  

Undefined 
 

3  

 

1 
1

3
 

 

0 

One may create second row (for sin) as follows: 

 

 

sin 
0

4
 

1 1

4 2
 

2

4
=

2

2
 

3

4
=

3

2
 

4

4
1 

If you write these values from backward you will get values for cos.  
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In the following diagram, each point on the unit circle is labeled first with its coordinates 

(exact values), then with the angle in degrees, then with the angle in radians. Points in the 

lower hemisphere have both positive and negative angles marked.  

 

The functions sin and cos are periodic of period 2 , so that  

sin(2 ) sin , cos(2 ) cosx x x x 

On the other hand tan is periodic of period , thus tan( )x x 

As a general form it is always true that sin(2 ) sin , cos(2 ) cosn x x n x x and 

tan( )n x x, for n is a positive integer. Also  

sin( / 2 ) cos , cos( / 2 ) sinx x x x 

 
Trigonometric identities: 

 

1)(sin)(cos 22 xx   )(sec)(tan1 22 xx   )(csc1)(cot 22 xx  
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cos( ) cos( )cos( ) sin( )sin( )

sin( ) sin( )cos( ) cos( )sin( )

x y x y x y

x y x y x y

_
                 

)tan()tan(1

)tan()tan(
)tan(

yx

yx
yx

_
         

)(tan1

)tan(2
)2tan(

)(sin21

1)(cos2

)(sin)(cos

)2cos(

)cos()sin(2)2sin(

2

2

2

22

x

x
x

x

x

xx

x

xxx

      

2 2 2 2 cos( )

sin( ) sin( ) sin( )

c a b ab C

A B C

a b c
   

 

           

)2cos(1

)2cos(1
)(tan

2

)2cos(1
)(cos

2

)2cos(1
)(sin

2

2

2

x

x
x

x
x

x
x

                               

)cos(1

)cos(1

2
tan

2

)cos(1

2
sin

2

)cos(1

2
cos

x

xx

xx

xx

 

 

)]sin([sin)sin()cos(

)]sin([sin)cos()sin(

)]cos([cos)cos()cos(

)]cos([cos)sin()sin(

2
1

2
1

2
1

2
1

yxyxyx

yxyxyx

yxyxyx

yxyxyx

 

 

2
sin

2
sin2)cos()cos(

2
cos

2
cos2)cos()cos(

2
cos

2
sin2)sin()sin(

2
cos

2
sin2)sin()sin(

yxyx
yx

yxyx
yx

yxyx
yx

yxyx
yx
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Solution of trigonometric functions 

 

1. Find all solutions of the equation 2sin 3 0x , for any integer n.  

Solution:  

2sin 3 0

sin 3 / 2 sin( / 3) sin(2 / 3)

x

x
 

Then 2 /3x n  or 2 2 /3x n  
 

2. Find all solutions of the equation 22cos 8cos 10 0x x , for any integer n.  

Solution: Factor the equation to  

(cos 5)(cos 1) 0

cos 1 cos(0), cos 5 0

x x

x x
 

Then 2x n   

 

 

3. Find all solutions of the equation 
22sin 3sin 0x x , for any integer n.  

Solution: Factor the equation to  

sin (sin 3 / 2) 0

sin 0 sin(0) sin( ),

sin 3 / 2 sin( / 3) sin(2 /3)

x x

x

x

and 

Then x n  or 2 /3x n  or 2 2 /3x n  
 Here we have two diagrams, one is given and another one is in Example 1.  

 

 

4.  Find all solutions of the equation 2sin 3 0x , for any integer n. 

 

 

Trigonometric sum of angles 

 

For any real numbers x and y, the following identities hold: 

 

1. sin( ) sin cos sin cosx y x y y x  

2. cos( ) cos cos sin sinx y x y x y_  

 

When x = y we have the following important identities 

 

1. sin2 2sin cosx x x 

2. 2 2cos2 cos sinx x x 
2

2

1 2sin

2cos 1

x

x
  and also 2 2sin 1/ 2(1 cos2 ), cos 1/ 2(1 cos2 )x x x x  
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Sum to product form 
 

3. sin sin 2sin cos
2 2

x y x y
x y  

4. If you replace y by ïy you get sin sin 2sin cos
2 2

x y x y
x y  

5. cos cos 2cos cos
2 2

x y x y
x y  

6. cos cos 2sin sin
2 2

x y y x
x y  

 

Inverse Trigonometric functions (Remember the relations) 

 

Formula: 
1 1 1 1 1 1sin ( ) sin ( ), tan ( ) tan ( ), cos ( ) cos ( )t t t t t t  

 

1. If 1siny x then sinx y  and [ / 2, / 2]y  

If 
1sin(sin )x x then [ 1, 1]x  

If 1sin (sin )x x then [ / 2, / 2]x  

 

2. If 1cosy x then cosx y and [0, ]y  

If 1cos(cos )x x then [ 1, 1]x  

If 
1cos (cos )x x then [0, ]x  

 

3. If 
1tany x then tanx y and ( / 2, / 2)y  

If 
1tan(tan )x x then ( , )x  

If 
1tan (tan )x x then ( / 2, / 2)x  

 

4. If 
1secy x  then secx y and [0, / 2) ( / 2, ]y  

 

 

 

 
Chapter 1-4 

 

Section 1.1 Functions and their representations 
 

A function f is a rule that assigns to each element x in a set A exactly one element, called 

f(x), in a set R. The set A is called the domain and the set R is called the range of the 

function. 
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a) Following are the graphs of functions 
 

                    

                    

                    

                    

                    

  Fig 1.1      Fig 1.2     Fig 1.3 

b) Following are not the graphs of functions 
 

                    

                    

                    

                    

   Fig 1.4       Fig 1.5      Fig 1.6 

 

 
 

1. Plot the function 3 5y x  

Solution: Let us consider the following points  
 

x -2 -1 0 1 2 

( )y f x  -1 2 5 8 11 

Table 1 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

2. Find the domain:  

Examples 

 

a) Find domain of 
2( ) 5 6f x x x  

Solution: The function is a polynomial; the domain is the entire real line, ( , )   

b) Find the domain of  
2

1
( )

5 6
g x

x x
 

   y   

      

      

      

      

      

      

      

      

     x 

   Fig 1.1  
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Solution: The function is a rational function, its denominator cannot be zero, 
2 5 6 0 2, 3x x x x . The domain is ( ,2) (2,3) (3, ). 

 

                                2                    3                            

c) Find the domain of  
2

1
( )

5 6
g x

x x
 

Solution: The denominator must be strictly positive, 2 5 6 0x x .  

To solve this inequality follow the steps: 

Step 1. Solve for 2 5 6 0x x  to get 2,3x  

Step 2. Use calculator (graph and trace at test points) to check sign for the 

function 
2

1
( )

5 6
g x

x x
 at each test point. Test points are circled.  

 

                         1                     2.5                  4 

 

                                2                    3                          

Sign of ( )g x     +               undefined                 + 

 

The domain is ( ,2) (3, ) 

 

d) Find the domain of  2( ) 5 6f x x x  

Solution: For domain 2 5 6 0x x , (nonnegative) 

Step 1. Solve for 
2 5 6 0 2,3x x x  

Step 2. Use calculator (graph and trace at test points) to check sign for the 

function 2( ) 5 6f x x x  at each test point. Test points are circled. For equal 

sign in the problem we consider solid circles to include solution points.  

 

                         1                     2.5                  4 

 

                                2                    3                          

Sign of ( )g x     +               undefined                 + 

 

The domain is ( ,2] [3, )  

 

e) Find the domain of  
2

5
( )

5 6

x
g x

x x
 

Solution: We must have
2

5
0

5 6

x

x x
  with 2 5 6 0x x  

To solve this inequality follow the steps: 

Step 1. Solve for 2 5 6 0x x  to get 2,3x  and also 5 0 5x x  
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Step 2. Use calculator (graph and trace at test points) to check sign for the 

function 
2

1
( )

5 6
g x

x x
 at each test point. Test points are circled.  

 

                         1                     2.5                  4                 6   

 

                                2                    3                  5                    

Sign of ( )g x  undefined           +             undefined         +       

 

The domain is (2,3) [5, ) 

  

Exercise: 

a) ( )g x x  b) ( ) 1g x x   c) ( )
x

g x
x

 

d) 
2

3
( )

1
f x

x
  e) 

2

3
( )

1

x
f x

x
  f) 

2

3 3
( )

1

x
f x

x
 

g) 2( ) 4f x x  h) 3
2

3
( )

1
f x

x
  i) 7 2( ) 4f x x  

j) ( ) ln( )f x x   k) ( ) lnf x x   l) ( ) ln( ) lnf x x x  

m) 
2

1
( )

5 6
g x

x x
    n) 2( ) 6g x x x            o) 

2

1
( )

5 6
g x

x x
 

 

3. Even and odd functions: A function ( )f x  is even if ( ) ( )f x f x . And a 

function ( )f x  is odd if ( ) ( )f x f x . The function 
2

3
( )

1
f x

x
 is even and 

the function 
3

3
( )f x

x
 is odd. 

4. Piecewise defined function: A function defined as follows is called piecewise 

defined function  
2 2 1

( )
8 1

x x x
f x

x x
 

5. Graph the function in example 4. 

 

 

Section 1.2 A catalog of essential functions 
 

A function of the type ( )f x ax b is called a linear function . The domain is the 

entire real line. 

A function of the type 
2( )f x ax bx c is a quadratic function . The domain is the 

entire real line. 



Fall 2009 Instructor: Dr. Firoz   Updated on August 12, 2009 

 13 

A function of the type 
( )

( )
( )

g x
f x

h x
 is a rational function . The domain is the set of x 

values where ( ) 0h x . ( ), ( )h x g x  are the polynomial functions. 

 

Transformation of functions: 

 

1. The function ( )f x  is vertically transferred by k units when represented as 

( )f x k  

2. The function ( )f x  is horizontally transferred by h units when represented as 

( )f x h  

3. Suppose c > 1 

 ( )y cf x , Stretch (elongate) the graph of ( )f x vertically by a factor 

of c 

 
1

( )y f x
c

, Compress (shrink) the graph of ( )f x vertically by a factor 

of c 

 ( )y f cx , Compress (shrink) the graph of ( )f x horizontally by a 

factor of c 

 
1

y f x
c

, Stretch (elongate)  the graph of ( )f x horizontally by a 

factor of c 

 ( )y f x  reflect the graph about x axis 

 ( )y f x  reflect the graph about y axis 

Short cut form: 

The following diagram is useful to remember the stretch and shrink of a graph by a 

known factor c, with the following values. We consider the cases ( )y f cx  for 

horizontal stretch ( STH ) or horizontal shrink ( SHH ) and ( )y cf x for vertical stretch 

( STV ) or vertical shrink ( SHV ).  

 . 1c   1c  

STH       1 
SHH  

SHV   
STV  

   

 

 

Rule on vertical stretch and shrink: The graph of ( ) ( )y g x cf x  is found by 

 Shrinking vertically the graph of ( )y f x by a factor of c  when 1c  

 Stretching vertically the graph of ( )y f x by a factor of c  when 1c  
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Note: Remember that for ( ) ( )y g x cf x , when c is negative we have horizontal 

reflection or reflection along x-axis. 
 

 

Rule on horizontal stretch and shrink: The graph of ( ) ( )y g x f cx  is found by 

 Stretching horizontally the graph of ( )y f x by a factor of 1/c  when 1c  

 Shrinking horizontally the graph of ( )y f x by a factor of 1/c  when 1c  

 

Note: Remember that for ( ) ( )y g x f cx , when c is negative we have vertical 

reflection or reflection along y-axis. 

 

 

4. Composition of functions 

 

For two given functions ( ), ( )f x g x , the compositions are defined as 

( ) ( ) ( ( ))f x g x f g f g xa a  and ( ) ( ) ( ( ))g x f x g f g f xa a  

 

The domain of f ga is defined as i) x is in ( )g x  and ii) ( )g x  is in ( )f x  

 

1. For the functions 
4 2( ) 2f x x x  and ( )g x x determine the following functions 

and their domain 

  

a) ( ) ( )f x g xa   b) ( ) ( )g x f xa  
  

Solution: a) 2( ) ( ) ( ( )) ( ) 2f x g x f g x f x x xa  has domain all 0x  

b) 4 2 4 2( ) ( ) ( ( )) (2 ) 2g x f x g f x g x x x xa  has domain all x such that 
4 22 0x x which is true for all real values of x. Thus the domain is the entire 

real line.  

2. For the functions 
1

( )
1

f x
x

 and 
1

( )
1

g x
x

 determine the following functions and 

their domain 

 

a) ( ) ( )f x g xa  b) ( ) ( )g x f xa  
 

Solution: a) 
1 1 1

( ) ( ) ( ( ))
11

1
1

x
f x g x f g x f

x x

x

a  

The domain is 1x  which is domain for 
1

( )
1

g x
x

 and also for ( )g x  should be 

defined on ( )f x  when 
1

( ) 1 0
1

g x x
x

. Thus the domain is all real values of 

1, 0x  
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b) 
1 1 1

( ) ( ) ( ( ))
11

1
1

x
g x f x g f x g

x x

x

a  

The domain is 1x  which is domain for 
1

( )
1

f x
x

 and also for ( )f x  should be 

defined on ( )g x  when 
1

( ) 1 0
1

f x x
x

. Thus the domain is all real values 

of 1, 0x  

 

 

Section 1.3 The  limit of a function 
 

The graph of 
2 4

( )
2

x
y f x

x
 is not defined at x = 2 but it has limiting value 4 at 

that point. If you graph and trace at x = 2 you will find a hole. On the other hand the 

graph of 
2 4

( )
2

x
y f x

x
 has a vertical asymptote at x = 2. This graph does not 

have a hole at x = 2 and limit at x = 2 also does not exist. We examine the situation 

below: 

1. Test the value of 
2 4

( )
2

x
y f x

x
 close to 2 from left side 

x 2 1.9 1.99 1.999 1.9999 

( )y f x  - 3.9 3.99 3.999 3.9999 

And the value of 
2 4

( )
2

x
y f x

x
 close to 2 from right side 

x 2 2.1 2.01 2.001 2.0001 

( )y f x  - 4.1 4.01 4.001 4.0001 

 

In both the cases the value approaches (converse to) 4. The first case is called the left 

hand limit and the second case is the right hand limit.  

Now let us look at the second example for 
2 4

( )
2

x
y f x

x
 

2. Test the value of 
2 4

( )
2

x
y f x

x
 close to 2 from left side 

x 2 1.9 1.99 1.999 1.9999 

( )y f x  - -76.1 -796.01 -7996.001 -79996.0001 

 

And the value of 
2 4

( )
2

x
y f x

x
 close to 2 from right side 

x 2 2.1 2.01 2.001 2.0001 

( )y f x  - 84.1 804.01 8004.001 80004.0001 
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In the first case the value approaches to , on the other hand in second case the 

value approaches to . Thus the limit does not exist.  

  

Exercises 

1. Test the limit of 
sin

( )
x

y f x
x

 for x = 0 

2. Test the limit of 
1 cos

( )
x

y f x
x

 for x = 0 

 

 

Remember we have the following formulas 

 

0 0 0 0

sin tan 1 cos
lim 1, lim 1, lim 1, limcos 1
x x x x

x x x
x

x x x
 

 

 

 

 

 

Section 1.4 Calculating limits 

 
Find the limits by direct method 

 

1. 
3 2

0
lim( 3 2) 2
x

x x   2. 
1 1

/ 4
lim cos ( ) cos ( / 4) 0.667

x
x  

3. 
1 2 1 2

/ 2
lim cos ( ) cos ( / 4)

x
x  is not a number, limit does not exist.  Because 

2 / 4 [ 1,1] 

 

Note:  1( ) arccos( ) cos ( )f x x x  is defined in the domain 11 x  or [ 1,1]x  

 

4. 
2

22

2 3
lim

4 4x

x x

x
  5. 

2

21

2
lim 3

3 2x

x x

x x
 

6. 
3

21

1 3
lim

2 3 4x

x

x x
  7.  

8.    9.  

10.   11.  

12.   13.   14.  


