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Boundary layers on stationary and rotating disks have received much attention sincérutam’ka

[Z. Angew. Math. Mech1, 233(1921)] and Balewadt's[Z. Angew. Math. Mech20, 241(1940]

studies of the cases with disks of infinite radius. Theoretical treatments have focused on similarity
treatments leading to conflicting ideas about existence and uniqueness, and where self-similar
solutions exist, whether they are physically realizable. The coupling between the boundary layer
flows and the interior flow between them, while being of practical importance in a variety of
situations such as turbomachinery and ocean circulations, is not well understood. Here, a numerical
treatment of the axisymmetric Navier—Stokes equations, together with some experiments for the
case of finite stationary and rotating disks bounded by a co-rotating sidewall is presented. We show
that in the long time limit, solutions are steady and essentially self-similar. Yet the transients are not.
In particular, axisymmetric waves propagate in the stationary disk boundary layer when the vortex
lines entering the boundary layer develop inflection points, and there are subsequent eruptions of
vortical flow out of the boundary layer deep into the interior at large Reynolds number&99®
American Institute of Physic§S1070-663(96)01410-9

I. INTRODUCTION not been satisfactorily addressed in this formulation and a
long running difference of opinion concerning the nature of
The problem of laminar flow between two parallel disks the flow between the two disks hite radii continues. On
has attracted much attention over the years. This attentiothe one hand, Batchefbargues that boundary layers form on
stems from both practical, e.g., ocean circulation models angoth disks, with the interior fluid rotating, whereas
turbomachinery applications, and theoretical interests, e.gStewartsofiargues that a boundary layer forms only on the
exact solutions of the Navier—Stokes equations in certaimotating disk, with the interior being essentially stationary.
geometric limiting cases. The literature is very extensiveThe difference of opinions may in part be related to the fact
and that referred to here is by no means exhaustive. Rott anflat the similarity formulation does not address the question
Leweller! review some of the outstanding issues at that timeof where the vortex lines terminate. All the vortex lines in
Theoretical work on this class of flows has been per-this problem emanate from the rotating disk, and cannot ter-
formed mainly in the framework of similarity solutions. As minate on the stationary disk nor in the fluid interior. Here,
noted by Durlofsky and Brady,the assumption of self- we do not attempt to address the issue of where the vortex
similarity to reduce the Navier—Stokes equations from partialines in a radially unbounded flow between disks of infinite
differential equations to ordinary differential equationsradius terminate. Instead, we consider the question of
greatly simplifies the analysis, but there is no assurance as {@hether the similarity solutions are locally useful in describ-
whether the solutions are physically realizable. Within theing the flow betweerfinite disks. Self-similar treatments of
self-similar framework, flow domains are often unboundedthis probleni® are also inconclusive as they do not address
and the solutions possess singularities at infinity or the oriwhere the vortex lines terminate. Some progress can be made
gin. While it is generally accepted that similarity solutions by enclosing the disks, of finite radilR, by a cylindrical
are capable of providing bcal description of some flow, shroud also of radiuR, as suggested by Rott and Lewelfen.
their stability to non-self-similar perturbations is not ad- The two simplest situations are for the cylindrical shroud, or
dressed. Further, the existence or uniqueness of solutions #idewall, to either remain stationary or to co-rotate with the
the similarity equations needs careful interpretation. rotating disk. The two cases result in very different flows,
The problem to be addressed here is the flow betweeand this can be traced to the difference in where the vortex
two finite disks, one rotating at constant angular spQeand  lines terminate. In the stationary sidewall case, they termi-
the other at rest. The disks are separated a distdnapart.  nate at the singularity where the edge of the rotating disk
The horizontal extent of our problem remains to be ad-meets the stationary sidewall, whereas for the co-rotating
dressed. In theoretical treatments of this problem, it has beesidewall case, they terminate at the singularity where the
customary to consider disks of infinite extéftemploying a  edge of the stationary disk meets the sidewall.
similarity treatment. More recently, the question of existence  Of particular interest in these flows is how the boundary
and unigueness of solutions in the similarity formulation hadayers of the two disks couple with the interior flow. In these
been raised® The question as to the behavior of the flow finite systems governed by the axisymmetric Navier—Stokes
between the two disks and in particular near the stationargquations, do stable steady solutions exist that can at least
disk as the speed of the rotating disk approaches infinity ha®cally be described by the similarity solutions? Further, is
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there “detailed matching” between the vertical outflow from spin-down in a cylinder in order to better understand the
the stationary disk boundary layer and the vertical inflowstructure of the endwall boundary layers, in particular, the
into the rotating disk boundary layer, i.e., does the axial venature and origin of the circular waves. They determined that
locity out of one boundary layer match the axial velocity into they are a mode of instability of the Bewadt type flow near
the other boundary layer at every radial location? the stationary endwall, as suggested by SA¥&y also con-

For certain initial conditions, the two cases locally be-ducting numerical experiments where only the endwalls were
have, at least for early times, as described by the semimpulsively stopped while the sidewall continued to rotate,
infinite flows corresponding to von Kaan® and the effects of the centrifugal instability of the sidewall layer
Bodewadt'® In particular, for the stationary sidewall with the were isolated. They showed that the onset of circular endwall
flow initially at rest, the flow near the rotating disk behaveswaves was not influenced by the presence of the sidewall,
very much like von Kanman's flow. However, in this finite butis a local response to the structure of the boundary layers.
shrouded case, there is no detailed matching between the twitowever, due to the confined nature of the flow, the second-
disk boundary layers, and the interior flow adjustment re-ary meridional circulation tends to advect the vortex lines out
quired to match the flow into and out of the disk boundarytowards the sidewall, and so the rotation of the interior could
layers typically results in a flow far from geostrophic bal- not be maintained.
ance. In fact, recirculation zones develop on the axis and Here, a further modification to the spin-down flow is
unsteady flow is also observed. This case has been studié@nsidered. The modification is designed to keep the interior
extensively%l_l“and will not be discussed further here. vortex lines, in the long time limit, as close as possible to a

When the initial condition is a rotating cylinder with the configuration corresponding to solid body rotation. This is
fluid in solid body rotation and the top endwall is impul- done by maintaining the constant rotation of both the side-
sively stopped, the flow in the neighborhood of the top stawall and the bottom endwall, following an impulsive stop-
tionary disk is of Balewadt form. Mooré?® Schwiderski and  Ping of the top endwall. In this way, the vortex lines emanate
Lugt,'® Greenspan’ amongst others, suggest that the simi-from the rotating endwall and are anchored to it for all time.
larity solution of Balewadt will not be realized as they ex- Of course, the Ekman-like boundary layer flow on the rotat-
pect the boundary layer to separate from the disk at somég endwall sweeps the vortex lines radially outwards, but
distance from the origin. However, this conjecture is questhey remain anchored to the rotating disk, unlike the case
tioned by Rott and Lewelléfi who look at the shrouded considered by Lopez and Weidnfénvhere the vortex lines
flow with a stationary top and rotating side and bottom. Theywere anchored to the corners between the stationary endwalls
treat the disk boundary layers in a self-similar fashion andind the rotating sidewall. The resultant flow in the present
seek detailed matching between the vertical velocities enteflVestigation is much closer to the idealized flow of
ing and leaving the disk boundary layers. In this way, theyBodewadt in the semi-infinite domain, and may be as close
derive an approximate equation for the angular momentunS Possible to it in a physically realizable finite domain.
C'=rv, wherev is the azimuthal component of velocity, I_:’a(?5 has also stu.died this flow using the axisymmetric
halfway between the two disks. Their expression for Navier—Stokes equations. However, fae=1000 he was
compares very wel[Fig. 3 (Ref. 18 and Fig. 7(Ref. 7]  ©only able to follow the evolution from an !nltlal state of solid
with the experimental measurements of Maxworthyjor ~ Pody rotation for about three or four radians of time follow-
Re=QR2/y~2x10%, wherev is the kinematic viscosity of N9 th_e impulsive stpp, and he_nce missed the development of
the fluid. This then suggests that a self-similar treatment of'€ circular waves in the stationary endwall boundary layer
both boundary layers, at least at steady state, is appropria@nd the characteristics of the flow at steady state. _
However, the questions concerning thédBwadt solution In the following section, Sec. II, the governing equations
are still not addressed. and the numerical technique for their solution are outlined.

Bodonyi and Stewartsdhand Stewartson, Simpson, and The results for a sh.roude.d pair of disks whgre their separa-
Bodony?* look at the unsteady development of the tion is equal to their radius are presented in Sec. Ill. The
Bodewadt layer in finite and infinite disks with solid body "€Sults cover a large dynamical range, fréte=0 (Stokes
rotation far from the disks and conclude that thedBaadt ~ [1OW) to Re= 10°. For this range oRe, starting from a state
similarity solution exists. However, no stability analysis to Of Solid body rotation, and impulsively stopping the top end-
non-self-similar perturbationge.g., r-dependent perturba- Wall. our time-dependent computations evolve to a steady
tions) are considered. state, and the steady states R?;g>.10?.' have many of the

Savag?%in an attempt to investigate the stability of the fgatures of suggested by the similarity solutlc_)ns. The tran-
Bodewadt solution, conducted experiments where the flui'ents however do not, and ng> 10, the stat|or_1ary gnd—
inside a circular cylinder was initially in solid body rotation. wall boundary layer supports !nward propagating circular
Following an impulsive stop of the cylinder, the flow in the waves. FoRe~0(10"), thgse cwculgr waves become very
interior remains in solid body rotation for some time and thenonlmear, and lead to vortical eruptions out of the boundary

flow near the endwalls behaves locally like that correspondl—ayer region deep into the interior.

ing to Bodewadt flow. He observed that féte>2.5x 10°

axisymmetric waves develop in the endwall boundary Iayerél' GOVERNING EQUATIONS

and propagate radially inwards, thus destroying their self- The equations governing the flow are the axisymmetric

similar nature. Navier—Stokes equations, together with the continuity equa-
Lopez and Weidmai further investigated the impulsive tion and appropriate boundary and initial conditions. It is
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convenient to write these using a cylindrical polar coordinatg4) on the rotating bottom endwalg=0, we havey=0,
system (,d,z), relative to a stationary observer with the 7=—1,,Ir, andl'=r2,

origin at the center of the bottom disk and the positivaxial

direction being towards the top disk. For axisymmetric flow,

there exists a Stokes streamfunctigrand the velocity vec- A Computational technique

tor in cylindrical polars is The governing equations are discretized using second-
order centered differences to approximate all spatial deriva-
1 1 1 : . L i
u=(u,o,wW)=|— =i, —I', = ¢, |. (1)  tives. A non-uniform grid is used to resolve the thin endwall
r-r.r boundary layers. The grid is stretched in the axial direction

Subscripts denote partial differentiation with respect to thePY

subscript variable. This form of the velocity automatically z,=[z] —bsin(2mz])H/R,

satisfies the continuity equation. It is also convenient to in- L, . .
troduce a new variable, the angular momentiimry. T'is ~ Wherezj=(j—1)/(nz—1) for j=1-nz and employs uni-
proportional to the circulation and plays the role of a streamform spacing in the radial direction. All the results presented
function for the meridional vorticity field® In other words, ~Nhaveb=0.1. _ .

contours of " in a meridional plane are cross-sections of ~ Time integration employs an explicit second-order
vortex surfacegvortex lines, just as contours af are cross-  Predictor-corrector scheme. The elliptic equatiof) is
sections of streamsurfacéstreamlines These give the local solved using generalized cyclic reduction, and second-order
direction of the vorticity and velocity vectors in the plane one-sided differences are used to discretize the derivative
respectively, and the azimuthal components of the vector§oundary conditions. . . _
give the degree to which the vectors are directed out of the Further details of the computational technique are given

plane. The vorticity field corresponding tt) is in Lopez and Weidmaff
, 1
o=En0=| ~ T, = Vid o1, lll. RESULTS
where In this section, we show a continuous branch of steady

solutions fromRe=0 to Re=10°. This does not imply, by
any means, the uniqueness of these solutions. However, they
are stable to time-dependent axisymmetric perturbations.
. . . . _ Some preliminary experiments Be~1.1x 10*, conducted
The axisymmetric Navier—Stokes equations, in terms Ofoy Kittleman and Weidman using Hart's facility, were re-
¢, I', andy, are ported earlie?’ and show that the waves in the stationary
endwall layer remain axisymmetric. Snap-shots of the devel-
Dlﬂ:ﬁa Vir, (20 opment of the flow in the stationary endwall boundary layer
are presented in Fig. 1. The experiment consisted of a circu-
and lar cylinder of radius 23.2 cm and height 19.3 cm, com-
pletely filled with water, and Kalliroscope flakes were used
D( n/r)=i V2(qlr)+ E( plr),t +(T2r%),, (3)  forvisualizing the flow. The water temperature wa24 °C.

Re r Initially, the fluid was in solid body rotation with the cylin-
der, then at=0, the top endwallmade of Plexiglaswas
stopped. The snap-shots correspond to non-dimensional
Vi Yy=-rmy, (4) times 2.6st<12.0, where the time scale used is the rotation

rate of the cylindel)=0.226 rad S'. The experiment was
D:()t_lwz()r_l'llpr()z: conducted to see if the flow produced the axisymmetric
r r waves in the neighborhood of parameter space of interest,
1 and the results are included here to qualitatively show this to
V2= 020t O+ 201, be the case. . —

More detailed experiments and three-dimensional com-
putations are planned to further investigate the stability of
these solutions to non-axisymmetric perturbations, especially
for largerRe.

2_ 1
Vi=0ut On = O

where

andRe=QR?/v. The length scale is the radius of the cylin-
der R and the time scale is @. The other governing non-
dimensional parameter is the cylinder aspect réti&R, H
being the cylinder height. A. The steady solutions

The boundary conditions are: We begin by examining the solutions once a steady state

(1) on the axisy =0, we havey=0, =0, andI'=0; has been reached. In the following subsection, the transients

(2) on the rotating sidewall,r=1, we have =0, associated with the higher=10°) Re cases will be dis-
n=—1i,, andl'=1; cussed.

(3) on the stationary top endwalk=1, we have#=0, The Stokes problemRe=0) can be solved analytically.
n=—i,,Ir, and' =0; Pad® and Khalili and Ratff provide the unique solution for
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FIG. 1. Snap-shots at non-dimensional times as indicated, following the impulsive stef® abf the development of the boundary layer on the stationary
disk. The flow corresponds e=1.1x 10* andH/R=0.83.

this case(Khalili and Ratlf® also provide analytic solutions of I' (the vortex lines in a meridional plane. Here

when each endwall and the sidewall rotate at different con{Re=0), the concept of a boundary layer does not make
stant speedsin terms of an infinite series of Bessel and sense, but we see that we have a non-trivial flow that ap-
trigonometric functions. Figure 12 in PAds a contour plot  proaches solid body rotation as the distance from the station-
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ary disk is increased. This is a finite radius disk version of
the Badewadt flow situation.

For non-zeroRe, we solve the governing equations nu-
merically. In all cases, we solve the initial value problem
with solid body rotation as the initial condition, and the top
endwall is impulsively stopped at=0. The computed solu-
tion for I' at Re=1 is virtually indistinguishable from the
Re=0 solution presented in P&dThe form of the singular-
ity at the junction between the rotating sidewall and the sta-
tionary endwall is independent 8fe. In comparing our com-
putations with the analytic solution, we see that the
computations have no difficulty in resolving this singularity.
Figure 2 gives the numerical solutions, at steady state, for a
range ofRe as indicated. The spatial and temporal resolu-
tions used in each case are given in Table I. These indicate
that for Re< 10, the flow is in the Stokes flow limit, where
I' is independent oRe, 7, and ¢; and » and ¢ scale with
Re.

For Re=10% the computed flows at steady state show
distinct features of boundary layers on both the stationary
and rotating disks. The boundary layer on the stationary disk
has the characteristic spatial oscillations associated with the
Bodewadt solution, and that on the rotating disk is charac-
teristic of the extension of the von Kaan solution to the
case when the outer flow is rotating at a slower fatsote
the spatial oscillations in the vortex lineE) near the rotat-
ing disk.

For Re=10® andr<0.5, the flow is virtually indepen-
dent ofz outside of the boundary layers and hgs 0. (Note
that the contours are non-uniformly spaced, with more con-
tour intervals concentrated near zero, as detailed in the figure
captions) These features indicate that these flows, at steady
state, should be well described by the similarity soluti@is
Rogers and Lanég

Rott and Lewelleh consider the question of detailed
matching for the flow between a stationary and a rotating
disk enclosed by a co-rotating sidewall. Using a simple
implementation of the momentum-integral method, they de-
rived an expression for the angular momentdm (istribu-

Y
tion of the interior flow which will permit a detailed match-

|
)
ing between the two disk boundary layers, which they
med to be laminar. Th mouted lution hown iFIG. 2. Contours off, 5, andI’, at steady state, fdd/R=1.0 andRe as
assumed to be la ar. e computed solutions sho |?1_dicated. Table | gives the spatial and temporal resolutions used in each

Fig. 2 suggest that these assumptions are reasonable. Theike. The contour levels are non-uniformly spaced, with 12 posivid

A

e

T
e

1
3
1
i
]

expression fofl" is lines and 12 negative (dashed lings determined by c_level
(i) =max@ariable)x(i/12)® and c_level({)=min(variable)X(i/12)%, re-
r 0.550)r? spectively, withi=1—12. For all plots the following have been used:
— _ Lo sy _ N
0.55+ 1.26(1—(r/R)4’3)3’4' max(y)=0, min(y)=—7.5x10"", max()=100, min(@y)=—25,

max({)=1, and min[")=0.

Figure 3 shows theil'/r? estimate, along with the computed
I'/r? at the midplane foRe=10°, 10*, and 18. Rott and
Lewellert compared their expression fo/r? with the ex-
perimental measurements of Maxwortiycorresponding to  case is scaled bire*? (but we do not scale the valueswbr
Re~2x10* The comparison between theory based on lami-;). This shows that the flow foRe=10° is self-similar, i.e.,
nar detailed matching, experiment, and computations of théhe boundary layer thickness on each disk scales with
axisymmetric Navier—Stokes equations shows very goodRe?.
agreement. This suggests that the flow between a stationary This would all suggest that the story is over. However,
and a rotating disk, shrouded by a co-rotating sidewall, camll we have so far is that when the flow has reached steady
be described by a self-similar formulation at steady state. state, then a self-similar treatment is valid and that there is

In Fig. 4, axial variations ob» and » atr=0.5 in the detailed matching between the disk boundary layers, except
vicinity of each disk are plotted. The axial direction in eachin the neighborhood of the sidewall. In many cases however,
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TABLE |. Spatial and temporal resolution used in the computations shown

in Fig. 3. @ ®
T Re=1000
Re nrxnz ot 60 T e
1 51X 51 1.25¢10°5 3 3
10 51x 51 1.25¢1074 = F o
10 51X 51 1.25¢1073 5}
10° 101x 101 5x 1073 0 Pesoes
10 301x 201 1x 1072 s
—3
10'5 601X 401 5X 10 5 ”'z)slqomm s 20 0 5 “q:zke) 15 20
0.3
one is interested in the dynamics of the transient flow fol- e -
lowing the impulsive stopping of the top endwall, e.g., in 1 1
turbomachinery applications. It would be useful to know if a ay
self-similar treatment of the transient flow is also valid. This
issue is addressed next. 00 01

0 s 0 is 20 0 5 0 15 20
(1-2)sqri(Re) 2sqrifRe}

B. Transients following the impulsive stop FIG. 4. Boundary layer profiles off andv, atr=0.5, for variousRe as
The transient flow following the impulsive stopping of indicated,' corresponding @) the top stgtionary endwall, ar@) the bot-
the top endwall is virtually indistinguishable, for early times ;’Q,tha“ng endwall. The axial directiow, for each case is scaled by
(t<10), from that in the top half of a cylinder initially in '
solid body rotation following an impulsive stopping of both
its endwalls. In turn, Lopez and WeidnfAdemonstrate that For Re up to O(10%), we find that the axisymmetric
flow is indistinguishable from the impulsive stopping of the waves are confined to the boundary layer region, that they
entire cylinder for early times, except in the immediate vi-travel radially inwards, and within a few rotation times
cinity of the sidewall. In particular, in the present flow for (t~15), the boundary layer no longer supports them. The
Re>10° we observe the development of axisymmetricspace-time diagrams in Fig. 6 give a good indication of the
waves in the stationary disk boundary layer. Figuf@5 longevity of the waves, as well as their speed. The figure
shows the temporal development of these waves in theonsists of contours of on the top endwallBodewadj, the
Re=10% H/R=1 case. The corresponding cases consideredidewall, and the bottom endwalEkmar. The horizontal
in Lopez and Weidmait have H/R=2, and their Fig. 3 direction is time, from 0 to 60, and the vertical is space,
gives the early time development of the waves. Comparingtarting from the axis on the bottom rotating endwall, going
those with Fig. §) one sees that the transient flow in all out to its edge then up the sidewall, and then in along the
three cases, which for very early times corresponds to solidtationary endwall to the axis. F&te=10%, the waves are
body rotation meeting a stationary endwall, does not remaipresent only in the boundary layer. They have maximum
self-similar, losing self-similarity to these axisymmetric amplitude at about the axial location corresponding to the

waves. first inflection point in the axial variation of (the vortex
lines) and in the neighborhood af=0.5. This is where the
axial gradients id" are greatest, and hence where the turning
10 . . . of axial vorticity into the azimuthal direction via the
: A (T'%/r%), term in(3) is greatest. At thiRethere is no “sepa-
0.9 } Rout & Lewellen 1967 /’/ ration” of the boundary layer and the waves decay smoothly
0s | T gfjggggo 7 /I ] as th_ey approach the a?<is. The Qecay of th_e waves-&3 is_ _
' - /
e Re=1000 ¥ possibly due to the axisymmetric constraint that the axis is

both a streamline and a vortex line, thus the flow is
“straightened out” as it approaches=0. The result is that
nearr =0, there are no inflection points In or s to support
the wavegqsee Fig. 2. The deceleration of the waves as they
approachr =0 is very distinct in the space—time pldfSig.
6).
. As Reis increased, the waves behave more nonlinearly.
At Re=2Xx 10 the space—time pldFig. 6) shows evidence
0.0 0.2 0.4 O.I6 0.8 1.0 of successive waves pairing e#=0.5. This is most evident

, during the active times §t<10, where the track of every
second wave “disappears” following the merger with the
preceding wave. The deceleration of the waves as they
propagate inwards, together with the increased frequency
(non-dimensional with which they are produced at higher

FIG. 3. Plot of the radial distribution df/r? in the interior from Rott and
Lewellen’s theory, and off'/r2 at the cylinder half-heighz=H/2R, from
the computations @Re as indicated.
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FIG. 6. Space-time plots fdi/R=1 andRe as indicated, consisting of
7 contours on the bottom endwdlEkman, sidewall, and the top endwall
i (Bodewad}. Time increases horizontally from=0 to t=60. The contour
(b) levels are non-uniformly spaced, with 20 positieelid lineg and 20 nega-
tive (dashed linegs determined by c_level(i)=max(7)x(i/20)®> and
c_level()=min(7)Xx(i/20)%, respectively, withi=1—20. For all plots,
max(r)=100 and ming)=—100.

FIG. 5. Contours ofz, in the vicinity of the stationary top endwall,
z=H/R, at various times as indicated, f6t/R=1 and(a) Re=10% (b)
Re=10°. The contour levels are non-uniformly spaced, with 20 positive
(solid lines and 20 negative(dashed lines determined byc_level
(i)=max(y) X (i/20)?> and c_level{) =min(z)X(i/20)?, respectively, with
i=1—20. For all plots, max§)=150 and ming)=—50. flection point in the axial variation oF (of course, this is
difficult to see as the vortex lines are greatly affected by
these waves, however an animation of the solutions is indica-
Re (see Fig. § are the primary reasons for the pairing of tive of this behavior. These back waves have azimuthal vor-
successive waves. The nonlinear behavior of the waves igcity of the opposite sign to the first waves identifigabr-
much greater aRe=10. Here, not only is there merger responding to the change in signldf), and atRe=10°, Fig.
between successive waves, but there are also “back waves3(b) shows att=6 the pairing up of a forward and a back
which travel radially outwards essentially on the second inwave to form a dipole like structure which erupts out of the

Phys. Fluids, Vol. 8, No. 10, October 1996 J. M. Lopez 2611



boundary layer. It is highly unlikely that these structure are
stable to non-axisymmetric perturbations, but they are of in-
terest as there are still unexplained occurrences of boundary
layer eruptions in rotating flow¥.

Schwiderski and Ludf conjecture that the Btewadt
flows are unstable due to an inflection point instability. They E

find that inflection points in the velocity profiles are present
for Q(a+1/8)%/v=9, where a is the thickness of the i:@ -
boundary layer at the axis of rotation. The radius of curva- — |

Ro= 0.091, Re= 11000 Ro=-0.100, Re= 9000

i

Bodewadt

sidewall
sidewall

boundary layer and B/is twice the radius of curvature of the

ture of the boundary layer can be determined from the zero § § I ———
contour of 7 in the boundary layer. The curvature is quite & &3

pronounced at loviRe, is non-uniform withr, and decreases

with Re, as indicated in Fig. 2. Thé§expect boundary layer 0 t 20 0 t 20
separation to result. We have not made any serious attempt Ro= 0.167, Re= 12000 Ro=-0.200, Re= 8000
to convert their Reynolds number based on the characteristic %§ — — § _—
thickness of the boundary layer to our Reynolds number : [T— 72— 3z [Tt
based on the radius of the cylinder, however, it is reasonable 3 3

that their value of 9 corresponds to dee~10°, where in- R - & %

flection points just begin to be evide(d.g., Figs. 2 and ¥4 = T T T

In contrast to their expectations, we do not find anything like 3 ST
. . = =

boundary layer separations uriRle is a couple of orders of 5 @ D Q 5 _{\/;i_\; ™ E

magnitude larger than that at which inflection points first : —

appear. Further, foRe~10" the inflection point leads to 5 R —

waves(Fig. 5), but there is no boundary layer separation in § %

the usual sense. In summary, we agree with Schwiderski and

Lugt'® that when an inflection point develops in the 0 t 20 0 t 20

Bodewadt layer, it is unstable in that it loses its self-similar Ro= 0.333, Re= 15000 Ro= -0.500, Re= 5000

form due to the growth of axisymmetric waves, however 5 = s

their conjecture that this also leads to boundary layer sepa- % S m

ration is not supported by our computations. We also find § ig e

that a re-adjustment of the flow through interactions between = I —

the primary and the secondary flow serves to damp out the =~

waves and the final steady state, evenRa=10°, consists § § R N G

of a boundary layer with inflection points and is reasonably A @ @ 3

well describe)(/j inyself-similar termsPThe non-linear interac)-/ Tl ) ) 2&%

tion between the primary and the secondary flows leadsto a g | —— ]
re-distribution of the vortex lines away from solid body ro- § § ~—

tation to another rotating flow which is essentially indepen- ™ .

dent of the axial direction in the interior and has a radial 0 ; 20 0 ; 50

distribution close to that derived by Rott and Lewelfefor
largerReit takes a very long timgt~O(10%] to reach this _ o o N
steady state and the flow is very sensitive to small change§!C: 7- Space—time plots as in Fig. 6, wifiR=1. The initial condition at

he followina subsection we consider the sensitivity of thet:O' corresponds to thRe=10" steady state solution, with the rotation of
In the follo g Yy the bottom and sidewall impulsively changes by an amount measured by

steady solutions to small changes in rotation rates. Ro (the corresponding finaRe is indicated alsp The contour levels are
non-uniformly spaced, with 20 positivsolid lineg and 20 negativédashed
lines, determined by c_level()=max()x(i/20)®* and c_level
(i)=min(5)X(i/20)%, respectively, with i=1—20. For all plots,
C. Transients following low Rossby number changes max(;)=100 and ming)=—100.

The steady flow is more sensitive at higliee, as would
be expected. However, here we shall illustrate the sensitivity
of a moderateRe=10* solution to small changes in the ro-
tation rate of the lower disk and sidewall, i.e., small changes Figure 7 gives space—time plots ef for a range of
in Re. These changes are measured in terms of a Rossti®o. Even for quite smalRo, both for a spin-up and a spin-

numberRo, where down of theRe= 10" solution, there is clear evidence of the
R0=(Qina— Linitia)! Lsinar 107 Qfinar> Linitial fprmatlon of the_ a>_(|symmetr|c waves and a tran5|e_nt V|0_Ia-
d tion of the self-similar form of the flow. Note that spin-up is
an relatively more sensitive than spin-down. At lardee this
R o= (Qfina— Qinitia)/ Qinitiar »~ fOr Qinar< Qinitial - sensitivity is expected to be even greater.
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