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In this paper, simulations are performed of the thermocapillary motion of three-dimensional and
axisymmetric drops in a confined apparatus. The refined level-set grid method is used to track the
interface and resolve very small deformations. We compare our results to theoretically predicted
thermocapillary migration velocities of drops and to experimentally measured migration velocities
in microgravity experiments. The motivation of the present work is to address four important
questions surrounding thermocapillary migration. These are as follows. �1� What is the impact of
initial conditions on both the initial transient and steady state drop behavior? �2� What is the impact
of the domain geometry on drop behavior? �3� Do drops deform for intermediate Marangoni
numbers and are those deformations axisymmetric? �4� Can the assumption of constant temperature
fluid properties be used when simulating physical experiments? To answer the first question, we
explore the parameter space of initial drop temperature distribution and drop holding time. We find
that in lower Marangoni number regimes, the drop rapidly settles to a quasisteady state. For larger
Marangoni numbers, the initial conditions dominate the drop behavior. To address the second and
third questions, we look at the spatial distribution of tangential temperature gradients on the surface
of the drop as well as drop deformations and migration velocities. The domain geometry induces
nonaxisymmetric deformations and temperature distributions. The results of several axisymmetric
runs with realistic physical properties are examined to answer the fourth question. It is found that
the variation of material properties influences the drop migration behavior in a nontrivial way.
© 2011 American Institute of Physics. �doi:10.1063/1.3529442�

I. INTRODUCTION

Thermal fluctuations can have a significant impact on the
dynamics of gas/liquid interfaces, because for most gas/
liquid combinations both surface tension and phase transition
depend strongly on the local temperature. Important techni-
cal applications where this is the case include the atomiza-
tion of liquid fuels for combustion processes and flows of
bubbles and drops in zero-gravity environments.

A canonical multiphase flow problem isolating the im-
pact of nonisothermal flows is the thermal Marangoni-driven
migration of drops and bubbles. The first reported study of
the thermocapillary motion determined the terminal velocity
of an unconfined spherical drop in the creeping flow limit.1

Under those conditions, the drop does not deform and a
steady migration is achieved in an environment with a linear
temperature profile. There have been numerous subsequent
studies relaxing the creeping flow limit, but for the most part
these have neglected any deformations of the drop �see re-
view articles2,3�. The main motivation for those studies stems
from microgravity applications in which the velocities in-
volved may be small enough to justify neglecting deforma-
tions; however, this is not generally the case.

The first numerical study of surface deformations of an
axisymmetric bubble due to thermocapillary motion showed
that deformations tend to reduce the bubble’s velocity.4 The

first three-dimensional computations of the thermocapillary
motion of deforming drops or bubbles found, for the param-
eter regimes considered, that the drops or bubbles remain
axisymmetric, but deform into either oblate or prolate sphe-
roids depending on the density ratio between the drop/bubble
and the bulk.5 Their numerical results were consistent with
earlier predictions from axisymmetric analysis in the limit of
large thermal diffusivity.6 In an axisymmetric numerical
study of a deforming bubble with larger inertia,7 it was found
that not only does the velocity of the bubble reduce due to
deformations, but that for large enough inertia the bubble
does not settle to a steady migration velocity. The study of
thermocapillary motion in systems with several drops was
first studied in the limit of zero inertia,8 showing that in the
creeping flow limit the drops do not interact. More recently,
inertial effects have been included and strong interactions
between the deformable three-dimensional drops have been
reported.9,10

Studies of a single drop with nonzero inertia allowing
for fully three-dimensional deformations are very scarce; we
are only aware of one study.5 Very recently, diffuse-interface
models using a phase-field approach have been reported11

which account for a temperature-dependent generalized sur-
face tension �in the phase-field sense�, but the numerical re-
sults were restricted to planar two-dimensional flows.

Experimental investigations of the thermocapillary mo-
tion of drops and bubbles are hampered by gravitational ef-
fects which tend to mask the thermocapillary effect, unless
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they are conducted in a low-gravity environment. A number
of experiments have been conducted in drop towers, sound-
ing rockets, and aboard space shuttles; see the extensive re-
view article.3 Some of the more recent experiments motivate
our present investigation. These experiments have noted
complicated transients and time-dependent behavior in re-
gimes where the flow has finite viscous and thermal
inertia.12–14 Those experimental studies noted that there are
no theoretical or numerical results with which to compare
their experiments.

For a viscous drop there are four time scales which come
into play in determining the transient evolution: r0

2 /�d, r0
2 /�b,

r0
2 /�d, and r0

2 /�d, where r0 is the drop radius, � is the kine-
matic viscosity, � is the thermal diffusivity, and the sub-
scripts d and b refer to the drop and bulk liquids, respec-
tively. In the microgravity experiments these time scales
differ by up to two orders of magnitude within a single ex-
perimental run, and so complicated temporal behavior is not
surprising. The experiments in the drop tower,12 having the
relative luxury of being able to repeat many experimental
runs under nominally the same conditions, noted that the
problem is very sensitive to initial conditions. It has also
been noted by several investigators that in the experiments it
has not been possible to determine the initial temperature
distribution inside the drop. A recent numerical study with
nondeforming spherical bubbles noted that the early tran-
sients are very sensitive to the initial temperature
distribution.15 Furthermore, the liquids used in the experi-
ments �silicone oils for the bulk phase� have temperature-
dependent viscosity and density, and for the temperature gra-
dients used these variations are nontrivial. All of the
presently available theoretical and numerical results assume
constant fluid properties, except for the surface tension
which is assumed to vary linearly with temperature. The re-
view article3 concluded that the most important theoretical
problem that needs to be addressed for an isolated drop is the
consideration of the fully transient problem accommodating
the dependence of physical properties on temperature.

In this paper, we aim to answer four open questions as-
sociated with experimental results of single drop thermocap-
illary migration in microgravity.3 �i� What is the impact of
the initial temperature distribution inside the drop on the
transient motion of the drop? �ii� What is the impact of using
a square box geometry13,14 in an otherwise axisymmetric
problem? �iii� Do drops deform for intermediate Marangoni
numbers and are those deformations axisymmetric? �iv�
Does the temperature dependence of density and viscosity of
the two fluids impact the transient motion?

II. GOVERNING EQUATIONS

Consider a spherical drop of one fluid with radius r0

placed in an initially quiescent bulk fluid with an imposed
�typically positive� constant temperature gradient GT in the
vertical direction. In general, the two fluids are immiscible
with different densities, viscosities, and thermal properties.
We shall assume that the surface tension �� between the two
fluids varies linearly with gradient �T �which for most fluids
of interest is negative�,

���T�� = �0 + �T�T� − T0
�� , �1�

where �0 is the surface tension at some suitable reference
temperature T0

�.
We shall use the initial radius of the drop r0 as the length

scale and GTr0 as the temperature scale. For the thermocap-
illary motion of drops and bubbles, it is customary to use
U=�TGTr0 /�b as the velocity scale, where �b is the dynamic
viscosity of the bulk phase. This then gives �b /�TGT as the
time scale. The surface tension is scaled by �0, which for the
problems considered here is the surface tension at the initial
temperature at the center of the drop. Throughout, subscript
d refers to properties of the drop phase and subscript b to
those of the bulk phase.

With these scalings, the nondimensional linear equation
of state becomes

��T� = 1 + Ca�T − T0� , �2�

where T0 is the nondimensional initial temperature at the
center of the drop, and the capillary number, which gives the
relative importance of the tangential to normal stresses at the
drop interface, is

Ca =
�bU

�0
=

�TGTr0

�0
. �3�

The nondimensional Navier–Stokes equations governing the
motion of an unsteady, incompressible, immiscible two-fluid
system are

�r� �u

�t
+ u · �u�

= − �P +
1

Re
� · �r��u + �Tu� +

1

We
F −

�r

Fr
ẑ , �4�

� · u = 0, �5�

where u is the nondimensional velocity, P the nondimen-
sional pressure, the relative dynamic viscosity �r=1 in the
bulk phase and �r=�d /�b in the drop phase, and the relative
density �r=1 in the bulk phase and �r=�d /�b in the drop
phase. The Weber number is

We = Re Ca =
�br0U2

�0
. �6�

The Froude number is

Fr = U2/gr0 =
��TGTr0�2

�b
2gr0

, �7�

where g is the gravitational acceleration and ẑ is a unit vector
in the z direction. In this paper, we consider the limit of zero
gravity for which Fr→�.

The �dimensional� surface force F�, which is nonzero
only at the location of the drop interface x f, is16

F��x� = ���T����	�n + ���
��T��	�, �8�

where n is the local drop interface normal and 	� the inter-
face delta function. Nondimensionalizing with the above
scalings, and substituting the linear equation of state for the
surface tension, the nondimensional surface force is
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Re

We
F = �

	n

Ca
+ ��T − T0�	n + ��T	 , �9�

where � is the local interface curvature and �� is the tangen-
tial surface derivative. The first two terms on the right-hand
side correspond to the isothermal normal stress balance and
the temperature-dependent normal stress balance, and the
third term corresponds to the Marangoni force.

The nondimensional heat equation for the temperature is

�rcpr
� �T

�t
+ � · �Tu�� =

1

Ma
� · �kr � T� , �10�

where the relative thermal conductivity kr=1 in the bulk
phase and kr=kd /kb in the drop, the relative specific heat
cpr

=1 in the bulk phase and cpr
=cpd

/cpb
in the drop. The

thermal conductivity k is related to the thermal diffusivity �
by �=k /�cp. The Marangoni number is

Ma =
Ur0�bcpb

kb
=

Ur0

�b
=

�TGTr0
2

�b�b
= Re Pr, �11�

where the Prandtl number

Pr = �b/�b �12�

is the ratio of viscous to thermal diffusivity in the bulk phase.
Note that the Marangoni number is equivalent to the Péclet
number, Pe, for the characteristic velocity that is used in
thermocapillary migration of drops or bubbles.

We see that this simple problem of a single drop in a
temperature gradient field is governed by several parameters.
There are three parameters describing the dynamics: Re, Ca,
and Ma �the other three, We, Pe, and Pr, are dependent on
these�, three ratios of the material properties in the two
phases: �r, �r, and �r, as well as a geometric parameter L
giving the ratio of the length scale of the environment to the
initial radius of the drop.

A. Numerics

To determine the location x f of the phase interface, we
employ a level-set approach by defining the level-set scalar
at the interface G�x f , t�=0, with G�x , t�
0 in the drop and
G�x , t��0 in the bulk phase. Differentiating this with respect
to time yields the level-set equation,

�G

�t
+ u · �G = 0. �13�

We solve and evaluate all level-set related equations follow-
ing the refined level-set grid �RLSG� method in a separate
level-set solver LIT �Ref. 17� using an auxiliary high-
resolution G-grid with a fifth-order WENO scheme18 in con-
junction with a third-order TVD Runge–Kutta time
discretization.19 The phase interface curvature � is evaluated
on the G-grid using a second-order-accurate interface projec-
tion method.17

The balanced-force algorithm for finite-volume solvers17

is used to solve Eqs. �4� and �5�. The algorithm has been
implemented in the flow solver NGA,20 which solves the
Navier–Stokes equations on a staggered grid using a second-
order-accurate fractional step method. A third-order bounded

QUICK scheme is used to solve the temperature equation.21

Material properties of the two fluids in each control volume
are evaluated by

�r = �d/�b�cv + �1 − �cv� , �14�

�r = �d/�b�cv + �1 − �cv� , �15�

where �cv is the drop phase volume fraction of a control
volume,

�cv = 1/Vcv	
Vcv

H�G�dV , �16�

with Vcv the volume of the control volume cv. Equation �16�
is evaluated on the fine G-grid using an algebraic
expression.22

The surface force, Eq. �9�, needs to be evaluated at the
cell faces in the staggered grid layout used here. Its normal
component is calculated following the continuum surface
force model23 approximating 	n by 	n=��cv. The tangential
derivative of the temperature is calculated by

��T = �T − ��T · n�n , �17�

where the phase interface normal vector n is evaluated on the
flow solver grid by

n =
��cv


��cv

. �18�

This results in the surface force being calculated by

Re

We
F = �

��

Ca
+ ��T − T0� � � + �T
��
 −

�T · ��


��

� � ,

�19�

with all terms being evaluated at the cell faces due to the
staggered grid layout.

III. RESULTS

A. Thermocapillary migration of a drop in the limit
of zero Marangoni number

Consider a spherical drop of radius r0 of one fluid ini-
tially at rest in another fluid, both fluids having the same
thermal diffusivity. The flow field is subjected to a time-
invariant linear temperature profile, i.e., thermal conductivity
is infinite and hence the Marangoni number is Ma=0. The
purpose of this test case is to study the stability and accuracy
of the finite-volume balanced-force implementation of the
Marangoni stress. In the limit of zero Marangoni number and
small Reynolds number, Young, Goldstein, and Block1

�YGB� calculated the steady state velocity of a neutrally
buoyant drop �sphere� in a constant temperature gradient
field in an infinite unbounded domain for two fluids of equal
thermal conductivity to be

vYGB = −
2�TGTr0

6�b + 9�d
. �20�

In our computational model, a drop of radius r0=0.5 is
placed inside a box of size 10r0
10r0
15r0, with the
drop’s center at the box centerline and 3r0 above the bottom
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wall. No-slip boundary conditions are imposed on the top
and bottom walls, and periodic boundary conditions are used
in the horizontal directions. A linear temperature field is im-
posed in the vertical direction, with T=0 on the bottom wall

and T=1 on the top wall, resulting in GT=0.13̄. The fluid
properties are �d=�b=0.2, �b=�d=0.1, T0=0, �0=0.1, and
�T=−0.1. Using these values, the theoretical rise velocity of

a spherical drop is vYGB=8.888̄
10−3. In the simulations,
the rise velocity vr is calculated from

vr =
�V�vdV

�V�dV
=

�cv�cvv
�cv�cv

, �21�

where v is the vertical component of the velocity vector
evaluated at the control volume centroid.

Figure 1 shows the temporal evolution of the numeri-
cally calculated rise velocity normalized by vYGB using the
RLSG method with equal resolution flow solver and G-grids
corresponding to nx=64, 128, and 256 nodes per box width.
The RLSG method exhibits decreasing oscillation ampli-
tudes with increasing grid resolutions and converges to an
asymptotic value of vr /vYGB
0.94 in the full three-
dimensional case and to vr /vYGB
0.96 in the axisymmetric
case. These are comparable to the value of 0.97 reported in
Ref. 24. For the axisymmetric drop, it was necessary to
change the horizontal wall boundary condition to slip rather
than periodic; both of these artificial boundary conditions are
employed in order to reduce the effects of the finite geometry
in comparing with the unbounded theoretical results of
YGB.1 The slower rise velocities in the finite simulations
compared with the theoretical value determined in the un-
bounded idealized problem are probably due to confinement
effects, i.e., the difference between a finite domain with pe-
riodic boundary conditions and the infinite domain in the

theoretical approximation, resulting in differences of about
5% �similar conclusions have been made for the impact of
finite domains on solid particles25�. The differences between
the three-dimensional and axisymmetric results are also
probably due to confinement effects, i.e., the difference be-
tween a rectangular box with periodic boundary conditions
and a cylindrical sheet with slip boundary conditions, result-
ing in differences of about 2%.

In summary, the proposed method to include the
Marangoni force into a balanced-force finite-volume fluid
solver using the RLSG front tracking approach yields stable
results, comparable in accuracy to previously reported nu-
merical results for axisymmetric flows.

B. Thermocapillary migration of a drop with finite
Marangoni number

These simulations consist of calculating the thermocap-
illary motion of an axisymmetric drop and a fully three-
dimensional drop using fluids of finite Marangoni numbers.
Due to the finite Marangoni numbers, there is a two-way
coupling between the temperature equation and the Navier–
Stokes equations. This is expected to result in a reduction of
the tangential temperature gradients at the drop interface
due to the interfacial flow driven by the Marangoni stress,
which in turn will also be reduced. The aim here is to
reproduce conditions corresponding to reduced-gravity
experiments.13,14

Figure 2 shows a schematic of the test cell used in the
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FIG. 2. Schematic of the test cell.
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FIG. 3. �Color online� Axisymmetric drop rise velocity for Re=17.79 and
Ma as indicated.
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FIG. 1. �Color online� Normalized rise velocity in the limit of vanishing
Reynolds and Marangoni numbers for �a� the three-dimensional rectangular
box case and �b� the axisymmetric case for various grid sizes nx as indicated.
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microgravity experiments.13,14 It consists of a 60 mm

45 mm
45 mm rectangular box of no-slip walls. The
bottom cold wall is held at a constant T0=283 K, the top hot
wall is held at a constant T1=343 K, and the side walls are
held at a time-invariant linear temperature profile from T0 at
the bottom to T1 at the top. At time t=−1 s, a circular drop
of radius r0=5.35 mm of Fluorinert FC-75 is inserted into a
bulk liquid of silicone oil �DOW-Corning DC-200 series of
nominal viscosity 10 cS�. The drop’s initial center is 15 mm
from the bottom. The temperature of the drop is set to the
bulk fluid temperature at the drop center. Although this is a
departure from the classical initial condition of a linear tem-
perature distribution inside the drop, this is likely a better
approximation of the experiment.26 At t=0 s the drop is re-
leased. Between the insertion and release times, the drop is
held in place while the temperature and velocity fields in the
fluids are allowed to develop.

For the surface tension between silicone oil and
Fluorinert,14,27 we use �0=0.007 N /m and �T=−3.6

10−5 N /m K. The density variation with temperature of
the two liquids is assumed to be of the form

� = A + BT , �22�

where for the silicone oil A=1200 kg /m3 and
B=−0.9 kg /K m3 and for the Fluorinert A=2504 kg /m3

and B=−2.48 kg /K m3, and the viscosity variation with
temperature of the two liquids is assumed to be of the form

� = exp�C + D/T� , �23�

where for the silicone oil C=−10.17 and D=1643 and for the
Fluorinert C=−11.76 and D=1540.13,14 The thermal conduc-
tivity and the heat capacity of the silicone oil are set to a
constant k=0.133 89 W /mK and cp=1778.2 J /kg K,
and those of the Fluorinert are k=0.063 W /mK and
cp=1047.0 J /kg K. Using the above values and relations
with a reference temperature of T=313 K �evaluated at the
test cell center�, the reference values of the analyzed case are
Re=17.79, Ma=1723, and Ca=0.0275. Note that the rela-
tively high Marangoni number results in very thin thermal
boundary layers �they scale as Ma−0.5� that are challenging to
resolve. For that reason, we consider two larger thermal con-
ductivities in order to increase the thermal boundary layer
thickness, corresponding to Ma=86 and 172.

Figure 3 shows the rise velocity as a function of time for
Ma=86 and 172. In both cases, there is an initial overshoot
followed by a quasisteady rise velocity. This initial transient
behavior has also been observed in other numerical
simulations.15 Comparing the two Ma cases, there is a de-
crease in the overshoot and the quasisteady rise velocity with
increasing Ma, consistent with transient simulations of non-

TABLE I. Grid convergence for peak rise velocity of axisymmetric drop.

Points per r0 Ma Peak rise velocity Error

11.41 86 0.096 25 1.134
10−4

22.83 86 0.096 68 1.022
10−4

45.65 86 0.098 47 5.475
10−5

91.31 86 0.099 67 2.317
10−5

182.61 86 0.100 55 ¯

11.41 172 0.076 68 5.102
10−5

22.83 172 0.075 55 8.095
10−5

45.65 172 0.076 32 6.076
10−5

91.31 172 0.077 74 2.316
10−5

182.61 172 0.078 62 ¯

(a) t = 0.0 t = 7.4 t = 42.0 t = 69.1

(b) t = 0.0 t = 7.4 t = 42.0 t = 69.1

FIG. 4. �Color online� Isotherms for axisymmetric simulations with �a� Ma=86 and �b� Ma=172 at indicated times; animations of the drop rise are available
with the online version. The temperature at the bottom of the container is T=0.904 �white� and at the top it is T=1.096 �red online�; contours are drawn in
intervals of �T=0.005 �enhanced online�. �URL: http://dx.doi.org/10.1063/1.3529442.1��URL: http://dx.doi.org/10.1063/1.3529442.2�
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deformable drops.15 The peak rise velocities are of the same
order as those reported in the experiments of Ref. 13, where
a “knee” structure in the migration velocity history, similar to
that found in our own simulations in Fig. 3, was reported.

Table I summarizes the results of a grid convergence
study, showing first-order convergence of the error between
the two finest grids. To determine the error, the solution from
the finest grid is used as the “exact” solution.

Isotherm plots for Ma=86 and 172 are shown in Fig. 4;
the online version of the paper includes movies of the evo-
lutions. These provide an explanation for the observed rise
velocity dependence on Ma. Initially, the drop is subjected to
a large temperature gradient at its surface, resulting in strong
Marangoni forces and a strong induced flow field. This in
turn results in the initial peak in rise velocity. The strong
Marangoni force-induced velocities then lead to a partial ho-
mogenization of the temperature at the drop surface, thus
reducing the Marangoni force and hence the rise velocity
until a quasisteady state is reached. In the Ma=86 case, the
temperature field is only slightly disturbed except for the
local regions surrounding the drop. The relatively benign iso-
therms inside and outside the drop help maintain a significant
temperature gradient at the phase interface, resulting in the
relatively high rise velocity. The homogenization is more
pronounced at the larger Marangoni number, as is the disrup-
tion of the temperature field.

1. Initial conditions

The exact experimental initial conditions are often diffi-
cult or impossible to determine. In particular, there is consid-
erable uncertainty in the initial temperature distribution in
the drop prior to its release. In the experiments, the drop is
introduced into the box via a syringe drawing liquid from a
reservoir presumably held at a constant temperature. If after
introduction, the drop is held by the syringe tip for an ex-
tended period of time to let the velocities generated by the
introduction of the drop decay and to allow the drop’s tem-
perature to adjust to the bulk temperature distribution,
Marangoni forces will induce significant flow both in the
drop and the bulk. If, on the other hand, the drop is quickly
released, the temperature distribution inside the drop does
not have sufficient time to adjust. This leaves the exact initial
temperature distribution inside the drop unknown. In addi-
tion, the injector syringe itself is not small compared to the
drop radius, and detaching it from the drop may lead to de-
formations of the initial drop shape that are not documented
in the available experimental data �the protocol in the micro-
gravity experiments was to begin recording data some time
after the drop was released�.

To study the impact of the uncertainty in the initial tem-
perature distribution within the drop, we consider four dif-
ferent axisymmetric cases at Ma=86 and Ma=172. In the
first two cases, the temperature within the drop is assumed to
be isothermal and the drop is either immediately released or
held for 4.9 time units. In the other two cases, the initial
temperature distribution within the drop is assumed to match
the linear profile in the bulk phase and the drop is released
either immediately or after being held for 4.9 time units.

Figure 5 shows the rise velocity as a function of time for
four different initial conditions and indicated Ma. Significant
differences can be seen in the initial transients. Imposing an
initial linear temperature profile results in a much larger ini-
tial overshoot in rise velocity compared to imposing a con-
stant initial temperature within the drop. On the other hand,
holding the drop in place prior to release for 4.9 time units
reduces the overshoot in both cases. After the initial over-
shoot, the rise velocity settles to a quasisteady positive value
which is very similar in all four cases. In the Ma=172 case,
the difference between the initial peak rise velocities is far
more pronounced than in the Ma=86 case. Also, in the
Ma=86 case, the rise velocities settle to a quasisteady state
after about 30 time units. This does not happen in the
Ma=172 case until 50 time units have passed and the drop
has traveled through 50% of the apparatus. Further increas-
ing the Marangoni number to Ma=345 results in extending
the time to quasisteady state beyond 75 time units by which
time the drop has again traveled through 50% of the appara-
tus. By increasing the Marangoni number, we are decreasing
the thermal conductivity. This increases the time scale asso-
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FIG. 5. �Color online� Axisymmetric drop rise velocity for different initial
conditions with Re=17.79 and �a� Ma=86, �b� Ma=172, and �c� Ma=345.
The initially isothermal drop is released at t=4.9 �hold, iso� and at t=0 �free,
iso�. The drop with an initial temperature gradient that matches the sur-
rounding bulk phase temperature distribution is released at t=4.9 �hold,
grad� and at t=0 �free, grad�.
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ciated with the thermal diffusivity. The larger diffusive time
scale ensures that the impact of the differing initial condi-
tions will not rapidly diffuse away to yield similar quasi-
steady rise velocities. Thus, in the experiments which are
performed with large Marangoni numbers and limited run
time, the drop rise velocity history is dominated by transient
behavior.13 In summary, the simulation results indicate that
the initial condition for the temperature distribution within
the drop as well as the initial holding time has a significant
impact on the initial transient and subsequent evolution.

2. Domain geometry

Most numerical simulations of thermocapillary migra-
tion are axisymmetric, whereas the experimental apparatus is
a three-dimensional box. Here we examine the impact that
the axisymmetric simplification has on the rise velocity. To
this end, fully three-dimensional simulations were performed
with Ma=86. Table II summarizes the results of a grid con-
vergence study in the three-dimensional case, showing again
first-order convergence of the error between the two finest
grids, using the finest grid resolution as the exact solution to
calculate the error. In these simulations, we use the initial
and boundary conditions described in the beginning of Sec.
III B �i.e., no-slip walls and Dirichlet temperature boundaries
with an initially isothermal drop held in place for 4.9 time
units�.

Figure 6 shows the isotherms for the three-dimensional
simulations; the online version of the paper includes a movie
of the evolution. The vertical plane shown in this figure cuts
through the center of the box and is parallel to the x-y plane.
While these isotherms look very similar to the axisymmetric
case, the imprint of the three-dimensional geometry can be
seen in the snapshots of the vorticity in a horizontal plane

through the center of drop shown in Fig. 7. The component
of vorticity perpendicular to the page is shown in this figure.
In an axisymmetric simulation, this component would be
zero. The pattern of positive and negative vorticity is aligned
with the wall corners.

The impact of domain geometry can also be observed in
a comparison of the three-dimensional and axisymmetric
runs with varying cross-sectional areas, as shown in Fig. 8.
Observe that for the case when the axisymmetric and three-
dimensional cross-sectional areas are equal, the rise velocity
in the three-dimensional box is noticeably higher. This is
most likely due to the geometry of the box, which reduces
the blockage effects that are felt in the axisymmetric simu-
lations. Decreasing the cylindrical cross-sectional area to 0.5
with respect to the box has no impact as the diameter of the
cylinder is still sufficiently large compared to the drop ra-
dius. Further reductions in the cylindrical cross-sectional
area result in large decreases in migration velocities. The
impact of the blockage effects is shown in Fig. 9, which

TABLE II. Grid convergence for peak rise velocity of three-dimensional
drop.

Points per r0 Peak rise velocity Error

5.71 0.097 17 8.495
10−5

11.41 0.095 89 1.186
10−4

22.83 0.098 15 5.904
10−5

45.65 0.100 39 ¯

(a) t = 0.0 (b) t = 7.4 (c) t = 42.0 (d) t = 69.1

FIG. 6. �Color online� Isotherms for three-dimensional simulation with Ma=86 at indicated times; an animation of the drop rise is available with the online
version. The bottom �white� and top �red online� are at respective temperatures of T=0.904 and T=1.096 with a temperature change between contours of
�T=0.005 �enhanced online�. �URL: http://dx.doi.org/10.1063/1.3529442.3�

(a) t = 14.8 (b) t = 29.6

(c) t = 44.4 (d) t = 54.3

FIG. 7. Vorticity �z-component� contours plotted with quadratic spacing for
the three-dimensional simulation with Ma=86 at indicated times. Maximum
and minimum contour values are 1.5 and �1.5, respectively. Positive vor-
ticity �out of the page� is black, negative vorticity �into the page� is gray.
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compares the percent deformation as a function of zenith
angle for several cylindrical cross-sectional area ratios. As
can be seen, the magnitude of the deformation increases as
cross-sectional area is decreased. The impact of the blockage
effects can also be seen in Fig. 10 which compares the vor-
ticity contours for four axisymmetric simulations with differ-
ent cross-sectional areas. It can be seen that the structure of
the vorticity undergoes a minimal change inside the drop.
Outside the drop, the vorticity structure undergoes a signifi-
cant deformation due to the interaction of the wall and drop.
The impact of these blockage effects increases over time.
The difference in blockage effects between the domains oc-
curs because the distance between the wall and the drop var-
ies with azimuthal location in the three-dimensional box, but
is constant in axisymmetric simulations. There is currently
no a priori way of determining the appropriate cross-
sectional area ratio such that the cylindrical boundaries will
mimic the effect of the box boundaries. This suggests that
axisymmetric simulations will not be able to reproduce the
rise velocity observed experimentally in rectangular boxes.

The impact of domain geometry can also be seen in the
azimuthal drop deformations which have typically been ig-
nored in thermocapillary migration simulations. Figure 11
shows contours of the percent deformation away from
spherical of the three-dimensional drop surface as a function
of the azimuthal and zenith angles for the indicated time.
Mode 4 deformations corresponding to the azimuthal loca-
tion of the walls are evident at both times and appear at
different zenith angles. These deformations persist at ap-

proximately the same level under grid refinement, which
suggests that they are the imprint of the box and not a nu-
merically induced deformation.

Figure 12 shows plots of the percentage axisymmetric
deformation away from spherical of the axisymmetric drop
at four different times for Ma=86 and 172. The deformation
of the drop changes rapidly immediately following its re-
lease. This is due to the large temperature gradients at the
drop surface leading to large Marangoni forces. The magni-
tude of the deformations is small and is similar to those of
the three-dimensional drop. Although these deformations are
small, it is argued in Ref. 5 that the deformations signifi-
cantly influence the temperature distribution along the drop
surface and thus impact the drop migration behavior. The
authors of Ref. 5 investigate three-dimensional drop migra-
tion with Marangoni numbers up to Ma=50 and also observe
deformations which are nonaxisymmetric. Two snapshots of
the variation in the tangential temperature gradient along the
drop interface for three different zenith angles are shown in
Fig. 13. The imprint of domain geometry can be seen. The
significant variation in the temperature gradient which grows
over time may also explain the difference in drop rise behav-
ior between the three-dimensional and axisymmetric cases.
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FIG. 8. �Color online� Rise velocity history of the three-dimensional drop
�solid gray �solid red�� compared with axisymmetric simulations with ratios
of cross-sectional area to that of the box as indicated.
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FIG. 9. �Color online� Axisymmetric drop deformation with cross-sectional
area relative to that of the box as indicated. The “north pole” of the drop
corresponds to a zenith angle of 90°, and the “south pole” corresponds to
�90°.

(a) C-S ratio= 0.5 (c) C-S ratio= 0.13

(b) C-S ratio=0.22 (d) C-S ratio= 0.09

FIG. 10. Azimuthal vorticity contours plotted with quadratic spacing for the
axisymmetric simulations with indicated cross-sectional area ratio and
Ma=86 at time t=42.0. Maximum and minimum contour values are 4.0 and
�4.0, respectively. Positive vorticity �out of the page� is black, negative
vorticity �into the page� is gray.
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3. Fluid properties

Often, the assumption of temperature-independent den-
sities and viscosities is made in thermocapillary motion
simulations. In the experiment, the change in densities for
the given temperature range of the drop and bulk fluids is

8.6% and 5.8%, respectively. The change in viscosities for
the given temperature range of the drop and bulk fluids is
103.4% and 111.3%, respectively. Figure 14 shows the rise
velocity as a function of time when density and viscosity are
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FIG. 11. Contours of the percent deformation of the three-dimensional drop
away from spherical at two times. The contour values are 0.1% �solid line�,
0.5% �long dashes�, 0.0% �short dashes�, �0.05% �dots�, and �0.1%
�dashed-dot�. The north pole of the drop corresponds to a zenith angle of 90°
and the south pole corresponds to �90°. The solid vertical lines indicate the
azimuthal locations of the box corners.
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FIG. 12. �Color online� Axisymmetric drop deformation at various times for
Re=17.79 and Ma as indicated.
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FIG. 13. Percent variation of temperature gradient along the surface of the
drop as a function of azimuthal angle for the indicated times with zenith
angles of 0 �solid line�, �30° �long dashes�, and �60° �short dashes�. The
solid vertical lines indicate the azimuthal locations of the box corners.
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FIG. 14. �Color online� Axisymmetric drop rise velocity for Re=17.79 and
Ma as indicated with temperature-dependent densities and viscosities �solid
line� and constant densities and viscosities �dashed line�. The vertical lines
indicate the time at which the drop crossed the center plane of the box.
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treated as a function of temperature and when they are held
constant. The vertical line indicates the time at which the
center of the drop crosses the center of the box. The discrep-
ancy between the migration velocities can be explained in
terms of the drag forces acting on the drop. For the case of
constant temperature material properties, the density and vis-
cosity are computed based on the temperature at the center of
the box. We consider this our base case and compare it to the
case where the material properties are allowed to vary with
temperature. In the latter, when the drop is below the mid-
plane of the box, it “sees” a fluid density and viscosity based
on a lower temperature compared to the base case. This re-
sults in a larger drag force on the drop which leads to a
smaller migration velocity before the drop passes through the
box center. Above the midplane, the situation reverses and
the drop with variable temperature properties gains speed
due to the decrease in drag while the drop in the base case
slows down due to the increase in drag. The assumption of
constant density and viscosity is not valid in this experiment.

IV. CONCLUSION

Four of the open questions regarding thermocapillary
migration of drops have been addressed. The initial condi-
tions of the drop are not all that important for the quasisteady
behavior of the drop in low Marangoni number regimes. For
larger Marangoni numbers, the time to quasisteady state is
significant compared to the duration of the experiment. The
distance traveled by the drop during this time is also signifi-
cant compared to the size of the experimental apparatus.
Thus, for larger Marangoni numbers details of the initial con-
ditions dominate the drop behavior. This was seen by exam-
ining the rise velocity history of the drop with four different
initial conditions for Ma=86, 172, and 345. Domain geom-
etry �three-dimensional versus axisymmetric� is also an im-
portant consideration and impacts the quasisteady behavior
of the drop as evidenced by the difference in rise velocity for
three-dimensional and axisymmetric simulations. The non-
axisymmetric deformations and temperature distributions
which develop play a significant role in drop migration.
These effects coupled with the difficulty of choosing an ap-
propriate cylindrical cross-sectional area to match the three-
dimensional blockage effects make it very unlikely that axi-
symmetric simulations will be able to match the drop
behavior from experiments performed in rectangular boxes.
To make numerical simulations of thermocapillary migration
experiments feasible, the experiments should be performed
in a cylinder as opposed to a box as axisymmetric simula-
tions are orders of magnitude cheaper than full three-
dimensional simulations. The deformations of the drop are
very small; however, they influence the temperature distribu-
tion and impact the migration velocity in an appreciable way.
The deformations away from axisymmetric in the regimes
we have investigated are due to the geometry of the box. We
have not found any evidence of spontaneous breaking of
axisymmetry due to flow instabilities. The influence of the
variation of density and viscosity with temperature was non-
trivial and should be included in numerical models.
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