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Time-periodic vortex flows in an enclosed circular cylinder driven by the rotation of one endwall are
investigated experimentally and numerically. This work is motivated partly by the linear stability
analysis of Gelfgat et al. [J. Fluid Mech. 438, 363 (2001)], which showed the existence of an
axisymmetric double Hopf bifurcation, and the purpose of the experiment is to see if the nonlinear
dynamics associated with this double Hopf bifurcation can be captured under laboratory conditions.
A glycerin/water mixture was used in a cylinder with variable height-to-radius ratios between
I'=1.67 and 1.81, and Reynolds numbers between Re=2600 and 2800 (i.e., in the neighborhood of
the double Hopf). Hot-film measurements provide, for the first time, experimental evidence of the
existence of an axisymmetric double Hopf bifurcation, involving the competition between two
stable coexisting axisymmetric limit cycles with periods (nondimensionalized by the rotation rate of
the endwall) of approximately 31 and 22. The dynamics is also captured in our nonlinear
computations, which clearly identify the double Hopf bifurcation as “type I simple,” with the
characteristic signatures that the two Hopf bifurcations are supercritical and that there is a
wedge-shaped region in (I',Re) parameter space where both limit cycles are stable, delimited by

Neimark-Sacker bifurcation curves. © 2006 American Institute of Physics.

[DOLI: 10.1063/1.2362782]

I. INTRODUCTION

The flow in an enclosed stationary circular cylinder
driven by the constant rotation of one endwall is investigated
both experimentally and numerically. This flow has attracted
much attention due to the manner in which the angular mo-
mentum introduced into the system by the endwall rotation is
redistributed to form a vortical flow about the axis, which
consists of steady axisymmetric vortex breakdown recircula-
tion zones.' There have been several axisymmetric numerical
studies for cylinders with height-to-radius aspect ratios
I'=H/R e (1.6,2.8),”® where H and R are the height and
radius of the cylinder. A close examination of the linear sta-
bility results of Ref. 7 shows that in this aspect ratio range,
where the steady basic state loses stability to axisymmetric
time-periodic flow, there are two distinct Hopf bifurcations
involved leading to axisymmetric states with different fre-
quencies. The crossover point between these two Hopf bifur-
cations (the double Hopf bifurcation point) is at I'~1.72
and Re=QR?/v~=~2665 (see Fig. 1 of Ref. 7), where ) is
the rotation speed of the endwall and v is the kinematic
viscosity. As far as we are aware, no corresponding experi-
mental study has been conducted in the neighborhood of this
double Hopf point, and the desire to see if the nonlinear
dynamics associated with this axisymmetric double Hopf bi-
furcation can be captured experimentally motivated the
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present study. Nonlinear computations are also presented to
provide a theoretical basis from which to interpret the experi-
mental data.

Il. EXPERIMENTAL APPARATUS AND TECHNIQUE

The apparatus used in the present investigation is shown
schematically in Fig. 1. It is inverted from the actual experi-
mental setup for ease of comparison with the experimental
results of others that have the rotating disk at the bottom of
the cylinder (flow visualization photos are also inverted).
The description here is based on the figure as displayed.

The apparatus consists of a Plexiglas cylinder, with a
matching rotating disk at the bottom and a stationary disk at
the top of the cylinder. For convenience, commercial Plexi-
glas cylinders were initially used, but after several months of
experimentation, it was discovered that slight variations in
the radius of the cylinders led to significant changes in the
results. Hence, we fabricated a new cylinder from a solid
piece of Plexiglas rod and painstakingly polished it to optical
quality to facilitate flow visualization. The resulting cylinder
has an inner radius R=8.625+0.005 cm and a wall thickness
of 2.1 cm. The rotating disk sits neatly on a high-precision
thrust bearing mounted on an adjacent fixed plate, which in
turn is push-fitted into the bottom end of the cylinder to
ensure accurate alignment. The edge of the rotating disk has
a maximum excursion of 0.040 mm (about 0.03°) and a

© 2006 American Institute of Physics
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FIG. 1. Schematic of the flow apparatus.

nominal gap of 0.40 mm between the rotating plate and the
cylinder. The disk was driven by a microstepper motor oper-
ating at 20 000 steps/rev, with an adjustable speed range of
up to 240 rpm (2=25.1 rad/s), controlled by a function gen-
erator with an accuracy of 0.1%. The knob of the function
generator was specially modified with a worm-gear system
so that the Reynolds number can be fine-tuned by as small as
1 at each step. The height H of the flow domain can be
varied infinitesimally by changing the position of the station-
ary top disk using a 1 mm pitch screw stud to give a variable
aspect ratio, '=H/R. In the present investigation, I was
varied between 1.67 and 2.5 with an accuracy of 0.005. This
unique feature of the apparatus allows incremental changes
in I' for a fixed Reynolds number, or vice versa.

The working fluid was a mixture of glycerin and water
(roughly 75% glycerin by weight) with kinematic viscosity
v=0.404+0.002 cm?/s at a room temperature of 23.0°C. In
all cases, the viscosity was measured using a Hakke Rheom-
eter to an accuracy of about 0.5%, and the temperature of the
mixture was monitored regularly using a thermocouple lo-
cated at the bottom of the cylinder to the accuracy of
0.05°C, giving an uncertainty in the Reynolds number of
about +10 in absolute value. To minimize flow image distor-
tion due to the curvature of the cylinder, the whole cylinder
was immersed in a rectangular Plexiglas box filled with the
same working fluid (both the solution and the Plexiglas have
similar refractive indices). Due to the length of time required
to run each experiment, complicated by the fact that the cyl-
inder wall is too thick to allow efficient heat exchange be-
tween the fluid inside the cylinder and its surroundings, there
is a gradual increase in the temperature of the fluid, resulting
in an increase in Re at a rate JRe/df=25 per hour. For ex-
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periments with fixed I" and varying Re, this issue was ad-
dressed by taking note of the temperature at the time the data
were collected, and the Reynolds number was then recalcu-
lated based on the relationship between viscosity and tem-
perature obtained using a Hakke Rheometer. The data were
sampled and acquired over a short time interval (about 1
min) during which Re is nominally constant. For experi-
ments with fixed Re and variable I', the rotation rate of the
bottom disk was readjusted to account for the temperature
rise in order to maintain Re constant.

Various techniques were tried to measure the oscillatory
behavior of the flow, including particle image velocimetry
(PIV), dye visualization, and glue-on hot-film. While PIV is
an excellent technique to measure the overall flow field, it is
not well suited to measure oscillatory flow behavior as it
relies on capturing flow images discreetly. Although both dye
visualization and hot-film can provide good measures of the
oscillatory flow behavior, hot-film was chosen as it has an
added advantage, particularly in the vicinity of Hopf and
Neimark-Sacker bifurcation curves, where the flow exhibits
long transients during which dye diffusion limits
visualization-based techniques. Two flush-mounting hot-
films (Dantec 55 R47) were attached to the surface of the
stationary end plate with water-proof glue. The nominal
thickness of the sensor is less 0.1 mm, and therefore its ef-
fect on the flow was negligible. These two sensors were lo-
cated at 2/3 of the radius of the cylinder and 180° apart. It
should be noted that the hot-films were not calibrated, pri-
marily due to the design of the glue-on hot-film, which
makes calibration against a known flow velocity difficult;
once the hot-film is glued to a surface, it cannot be easily
removed (without damage) for calibration in another facility.
This is in contrast to the more conventional hot-film probe,
which can be readily shifted between facilities for calibra-
tion, but of course such probes are significantly more intru-
sive than the glue-on hot-films. Nevertheless, calibration is
not an issue for concern when measuring the temporal fre-
quencies in a flow. Given that the frequencies of interest in
the present investigation are below 1 Hz, the output signal of
the hot-film from the constant temperature anemometer
(CTA; Dantec 55 M01) was conditioned by a low-pass filter
with a cutoff frequency of 10 Hz to eliminate high-frequency
noise before it was amplified with an analog amplifier. The
output signal was sampled at 100 Hz using a computer for
subsequent analysis. Although laser Doppler anemometry
(LDA) was not attempted in the present study due to the
equipment not being available in our laboratory, past studies
have shown that hot-film or hot-wire anemometry is as good
as or even better than LDA when measuring oscillatory be-
havior for long times.

To capture flow images, food dye premixed with the
working solution at low concentration was released very
slowly into the flow domain through a 1.5 mm diameter hole
at the center of the stationary top disk, and the flow images
were recorded using a CCD camera at a rate of 25 frames per
second for subsequent reproduction.

While the utmost care was taken to machine the cylinder
to a high degree of accuracy and to set up the apparatus so
that the flow would be axisymmetric, like all experiments,
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the apparatus can never be 100% perfect and small unavoid-
able imperfections exist. To check the symmetry of the ap-
paratus, experiments were conducted for the basic steady
state at Re=1853 and I'=1.75. This particular flow condition
was chosen because it has a notorious history stemming from
the experimental results of Ref. 8§, in which it was reported
that the flow at this point in parameter space was not axi-
symmetric. Linear stability analysis,7 however, showed theo-
retically that the steady axisymmetric state is stable to gen-
eral three-dimensional unsteady perturbations, and numerous
direct numerical simulations using the three-dimensional un-
steady Navier-Stokes equations with small random perturba-
tions in the initial conditions also show evolution to the
steady axisymmetric basic state. Subsequent experiments at
this point in parameter space have also been conducted’ and
have shown that the degree to which the observed flow is
three-dimensional can be reduced by reducing the level of
imperfection in the apparatus. They obtained flow visualiza-
tion results very similar to those of Ref. 8 by tilting the
stationary endwall approximately 0.4° from horizontal (see
their Fig. 3). The same flow has also been investigated
numericallym and computed streaklines in very close agree-
ment with the dye visualization® were obtained by numeri-
cally imposing a small misalignment of the rotating endwall
(misalignment angle of about 0.1°). They also redid the lin-
ear stability analysis7 of the basic state using a different nu-
merical method and reached the same conclusion: the axi-
symmetric state is stable to all three-dimensional
perturbations at I'=1.75 for Re <2800 and unsteady axisym-
metric flow appears at about Re=2650. It would thus seem
that the three-dimensional nature of the flow visualization at
low Re=1850 is not intrinsic to the flow but is due to extrin-
sic imperfections.

That the flow visualizations at Re=1850 are extremely
sensitive to small imperfections is not surprising. The basic
state has stagnation points on the axis; in the language of
dynamical systems, these hyperbolic fixed points are struc-
turally unstable,'" and as pointed out in Ref. 12, “...certain
degenerate invariant manifolds of homoclinic or heteroclinic
orbits connecting the stagnation points can be expected to
break up under arbitrary small perturbations.” The question,
of course, is whether these arbitrarily small imperfections
have any effect on the dynamics of the flow.

Our experiments using commercial cylinders and the
specially fabricated cylinder reported here suggest that if the
imperfections are not too large, then they do not qualitatively
alter the dynamics. We have made every effort to reduce the
level of imperfections in the apparatus, but of course no ap-
paratus is perfect. Figure 2 shows flow visualizations of the
vortex breakdown bubble region at I'=1.75 and Re=1853,
using both fluorescent dye illuminated by a laser sheet and
food dye with ambient lighting. The level of imperfection is
apparently lower than in the experiments of Ref. 8 and some-
where in between the “perfect” and the 0.4° tilted cases of
Ref. 9, although the causes of the imperfections in the vari-
ous apparatus are probably different. The role of density dif-
ferences between the dye and working fluid has also been
considered."® Note that the pictures in Fig. 2 have been re-
versed from the original blue dye with white background in
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FIG. 2. Flow visualization at Re=1853, I'=1.75, using (a) fluorescent dye
illuminated by a laser sheet and (b) food dye with ambient lighting.

order to improve their contrast. The dye sheet seen in the
figure is steady, it does not precess, and there is a clear m
=1 azimuthal wave number associated with it. That being
said, it must be remembered that although the dye port is
located at the center of the stationary endwall, there is no
certainty that the dye will emerge axisymmetrically about the
axis r=0, and so even in a perfectly axisymmetric flow, a dye
sheet that is released an arbitrarily small distance off-axis
will have a nonaxisymmetric appearance with a predomi-
nately m=1 azimuthal wave number.**

Based on our flow visualization results, which compare
favorably with the result of Ref. 9, we decided to proceed
with the hot-film measurements. Note that in our earlier ex-
periments using commercial Plexiglas cylinders, distortions
in those cylinders caused flow images like those presented in
Fig. 2 to be highly nonaxisymmetric.

Before presenting the experimental results in the neigh-
borhood of the double Hopf bifurcation, we next briefly de-
scribe the nonlinear numerical computations and spatio-
temporal characteristics of the solutions, which are difficult
to obtain completely from experiments.

lll. NUMERICAL TECHNIQUE

The numerical simulations of this problem were per-
formed using the spectral code described in Ref. 15 and pre-
viously used to explore the nonlinear dynamics of confined
vortex breakdown flows.'®™'® The results presented here have
48 Legendre modes in the radial and axial directions, and up
to Ny=16 (resolving up to azimuthal wave number m=16;
these were used to test the stability of the axisymmetric so-
lutions to three-dimensional perturbations); the time step
used is 6r=5 X 1073 (which is much smaller than needed for
stability of the code in the parameter regime investigated).

IV. OVERVIEW OF THE NONLINEAR DYNAMICS

Over the parameter range reported here (I
e[1.64,1.80] and Re =2800), we have found that the basic
steady state bifurcates to axisymmetric limit cycle solutions
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FIG. 3. Contours of w for the axisymmetric time-periodic state LC, at
Re=2700, I'=1.72 at six phases over one oscillation period (7=31.89);
there are 20 positive and 20 negative contours quadratically spaced, i.e.,
contour levels are +0.15(i/20)? with i=1—20. The solid (broken) contours
are positive (negative). The left boundary is the axis and the bottom is the
rotating endwall.

LCy and LC, with different frequencies, and that these are
nonlinearly stable to three-dimensional perturbations. For
several cases throughout the parameter regime in question,
we have solved the three-dimensional governing equations
resolving up to the m=16 azimuthal wave number, using the
axisymmetric solution together with small random perturba-
tions in all m # 0 modes as initial conditions. In all cases, the
m#* (0 components of the flow decay toward machine zero.
At larger Reynolds numbers (Re >3000), some m # 0 modes
do grow and nonaxisymmetric solutions become stable.'®

Near onset, the spatial characteristics of LC; and LC, are
very similar to those of the steady state from which they
bifurcate. For both limit cycles, the oscillations consist of
pulsations in the vortex breakdown region. Figures 3 and 4
show contours of the axial component of velocity w for LC;
and LC,, respectively, both at Re=2700 and I'=1.72. As is
clear from these figures, a snapshot of the flow structure at a
point in time is not sufficient to distinguish between the two
modes. Their only robust distinguishing characteristic is their
period of oscillation, which is essentially independent of Re
and varies linearly with T'.

Figure 5 shows how the experimentally measured peri-
ods T (nondimensionalized with the rotation rate () rad/s) of
LC, and LC, vary with Re for various I'. The small variabil-
ity (<1% over a considerable range of Re) in the oscillation
period near onset is typical for a Hopf bifurcation. Figure 6
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FIG. 4. Contours of w for the axisymmetric time-periodic state LC, at
Re=2700, I'=1.72 at six phases over one oscillation period (7=22.01);
there are 20 positive and 20 negative contours quadratically spaced, i.e.,
contour levels are +0.15(i/20)? with i=1—20. The solid (broken) contours
are positive (negative). The left boundary is the axis and the bottom is the
rotating endwall.

displays the variation with I" of the nondimensional period
averaged over Re, (T), for both LC; and LC, determined
from hot-film measurements (open symbols) as well as from
our nonlinear computations (filled symbols). The agreement
between the experimentally and numerically determined pe-
riods is excellent, confirming that the unsteady experimental
flow is axisymmetric. To further verify this, we present in
Fig. 7 time series from the two hot-films placed 180° apart
on the stationary end plate. Figure 7(a) is the output for an
LC, state at Re=2760 and I'=1.704, and Fig. 7(b) is for an
LC, state at Re=2750 and I'=1.780 (each state is asymptoti-
cally stable, and reached from different initial conditions).
Notice that in both cases, the hot-film outputs are synchro-
nized (peaks match in time), providing further experimental
evidence of the axisymmetric nature of the limit cycles LC,
and LC,.

The various observed states were obtained experimen-
tally either by impulsively rotating the bottom disk to a de-
sired Re with the fluid initially at rest, or by gradually vary-
ing either H or () to reach the desired point in parameter
space while maintaining a particular flow state. Near bifur-
cation curves, the associated transients using either approach
are extremely long. Following these approaches, the results
obtained from the hot-film measurements are summarized in
a state diagram Fig. 8, along with the numerically deter-
mined Hopf bifurcation curves H; and H,, whereupon cross-
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FIG. 5. Variation with Re of the experimentally measured oscillation period
T (nondimensionalized with the rotation rate () rad/s) of (a) LC, and (b)
LC,, for I' as indicated.

ing these curves, LC; and LC, bifurcate from the steady
basic state, respectively, and the numerically determined
Neimark-Sacker curves NS; and NS,, whereupon crossing
these LC,| and LC,, respectively, change their stability, but
continue to exist on either side of the curves. The double
Hopf point at I'yy=1.723 and Reyy=2661 is where these
four curves meet. For the two Hopf bifurcation curves, we
only show H,; for I'=T"y4y and H, for I'=Ty;. These were
determined numerically by extrapolating in Re the amplitude
of the oscillations of the limit cycles LC, and LC, to zero at
various fixed values of I'. For the other halves of the two
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FIG. 6. Variation with I' of the nondimensional period averaged over Re,
(T) for LC, and LC,; the open symbols are experimentally measured, the
filled symbols are numerically computed, and the lines are best fits to the

computed data.
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FIG. 7. Hot-film data (time series over 1 min) from the two hot films placed
180° apart on the stationary end plate, showing (a) an LC; state at Re
=2760 and I'=1.704, and (b) an LC, state at Re=2750 and I'=1.780 (each
state is asymptotically stable).

Hopf curves, the respective limit cycles become unstable be-
fore their amplitudes vanish, and so good extrapolations
were not obtained. However, the loci of (I',Re) at which
they become unstable gives good estimates of the Neimark-
Sacker curves NS; and NS,. In the coexistence region be-
tween NS; and NS,, there is also a quasiperiodic mixed
mode, but in this problem it is unstable and so we only
observe it indirectly in the early transients of flow evolu-
tions. Above the Hopf curves, all initial conditions eventu-
ally evolve to either LC; or LC,. This is a characteristic
signature of a “type I simple” double Hopf bifurcation (using
the nomenclature of Ref. 19), and provides a very clear test
for experimental evidence of such a bifurcation.

2780
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2700

2660

2620 L L L L
1.66 1.68 1.70 1.72 1.74 1.76 1.78 1.80

FIG. 8. State diagram showing the numerically determined bifurcation
curves H;, H,, NS;, and NS,, and loci of experimentally observed stable
limit cycles LC, (filled symbols) and LC, (hollow symbols).
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FIG. 9. Hot-film data (time series over 1 min and corresponding power
spectral density) taken (a) 4 min, (b) 7 min, and (c) 14 min after startup from
rest with Re=2760 and I'=1.704, showing evolution to an LC; state.

V. DETAILS OF THE EXPERIMENTAL
MEASUREMENTS

Before presenting the results here, it is important to re-
iterate that the hot-films used in the present study were not
calibrated. Nevertheless, the range of Re (and therefore, ve-
locity) covered in the present study is quite small (less than
5%). Within this small range of velocity variation, the tem-
poral variation in the hot-film signal is approximately pro-
portional to the temporal variation in velocity.

To establish the characteristics of the double Hopf bifur-
cation and the associated Neimark-Sacker bifurcations, we
adopted the same strategy as in the numerical work of Ref.
17, where once a desired state was obtained at a particular
point in (I',Re) parameter space, a quasistatic parameter
sweep was carried out either by fixing I' and varying Re or
vice versa. Fixing I' and varying Re allowed us to estimate
the critical Re for the Hopf bifurcations at particular values
of I', and by fixing Re and varying I', we estimated the
Neimark-Sacker bifurcations.

A. Fixed I" and variable Re

The procedure adopted for this part of the experiment is
as follows: For a given I', the rotation speed of the disk was
started impulsively from rest to a speed corresponding to a
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FIG. 10. Hot-film data (time series over 1 min and corresponding power
spectral density) taken (a) 9 min, (b) 12 min, and (c) 18 min after startup
from rest with Re=2806 and I'=1.76, showing evolution to an LC, state.

predetermined Reynolds number. Upon reaching the preset
condition, the flow was allowed to stabilize over a period of
time, usually more than two viscous times (a viscous time
unit corresponds to R?/v, which is about 250 s, depending
on the temperature and glycerin/water ratio). Once the hot-
film signal remained unchanged for more than 1 min, the
flow was presumed to have reached an asymptotic state, and
the hot-film signal was then sampled by a PC for subsequent
analysis. Next, a parameter sweep was made along constant
I' by reducing Re (the rotation speed of the disk) very
slowly, but stopped at each predetermined Re to obtain the
required hot-film measurements in a similar manner as dis-
cussed above, until the vicinity of the Hopf bifurcation was
reached. Figure 9 shows the temporal evolution to an LC,
state when the rotating disk was impulsively starting from
rest at I'=1.704. The left column of the figure is the time
series of hot-film output, and the right column is the corre-
sponding power spectral density. At early stages of the flow
development (4 min =~0.86 viscous time units), the hot-film
signal is quasiperiodic with two dominant frequencies
0.31 and 0.46 Hz, corresponding to the nondimensional pe-
riods (scaled by Q)T,~=31.9 for LC, and T,=21.5 for LC,.
With increasing time, the LC; mode becomes progressively
more dominant, until about 16 min after start-up (3.44 vis-
cous time units) when LC; prevailed. Starting from rest at
another nearby point in parameter space, I'=1.76 and
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FIG. 11. Hot-film data (time series over 1 min and corresponding power
spectral density) showing evolution to an LC, state at I'=1.733, taken (a) 17
min, (b) 23 min, and (c) 32 min after an impulsive start from rest to Re
=2750.

Re=2806 (see Fig. 10), the initial evolution again has a qua-
siperiodic character typical of the competition between the
two limit cycles, but in this case LC, eventually wins.

B. Coexistence of the two limit cycles LC; and LC,

In this part of the investigation, I' was kept constant and
measurements were taken at different Re. For I'=1.739, it is
found that LC, can be obtained by impulsively starting the
rotating disk from rest, and likewise for I'=1.728, LC, can
be obtained in the same manner. Depending on initial condi-
tions, it is found that both LC; and LC, can be obtained at
the same I" and Re. Figures 11 and 12 show this very clearly
for I'=1.733, where the first figure shows the evolution to
LC, following an impulsive start of the bottom rotating disk
from rest to a predetermined speed (corresponding to Re
=2750), and the second figure shows how LC; was gener-
ated, also from rest, but with a gradual increase in Re from 0
to 2750 at the rate dRe/dr=5/s. This is just one of many
experimental observations we have made of the coexistence
of the two limit cycles LC; and LC, at the same point in
parameter space (I",Re); which one dominates depends on
initial conditions. The coexistence region is in between the
two Neimark-Sacker curves NS; and NS, (see Fig. 8).
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FIG. 12. Hot-film data (time series over 1 min and corresponding power
spectral density) showing evolution to an LC state at I'=1.733, taken (a) 10
min, (b) 20 min, and (c) 25 min following a gradual start from rest to Re
=2750 at a rate of JRe/dt=5/s.

C. Determination of critical Reynolds numbers
for the Hopf bifurcations

With T" fixed, reducing Re toward the Hopf bifurcation
curve led to a reduction in the amplitude of the hot-film
signal (or velocity variation) as the flow approached the
steady state. This behavior can be clearly seen in Fig. 13(a)
for an LC, mode at I'=1.769. The critical Reynolds number
is then determined by extrapolating to zero the peak-to-peak
amplitude of the hot-film. Figure 13(b) shows such an ex-
trapolation from the data in Fig. 13(a), giving an estimated
Re,~2647 for LC, at I'=1.769. Using this procedure, the
critical Reynolds numbers for other aspect ratios were also
obtained to estimate the Hopf bifurcations H; for the onset of
LC, and H, for the onset of LC5; their loci in (I",Re) param-
eter space is presented in Fig. 14 as filled and hollow circles,
respectively. The figure also shows the computed H; and H,
curves; the experimental measurements of the critical Re for
the Hopf bifurcations at the various I' are within 2% of the
computed values.

D. Fixed Re and variable I

The purpose of this part of the investigation is to further
verify the coexistence of the two limit cycles LC| and LC, in
(I, Re) parametric space, and how these limit cycles transi-
tion from one mode to the other when the Neimark-Sacker
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FIG. 13. (a) Hot-film outputs over 8 s, taken once flow transients had died
down, of the LC, state at '=1.769 for various Re as indicated, (b) variation
with Re of the peak-to-peak amplitudes of the time series shown in (a).

curves are crossed. Here, Re was kept constant while I was
varied. In Fig. 14, the “X”” symbols represent LC, states that
resulted from continuing the LC,; state past the NS; curve
following a quasistatic increase in I'. Likewise, the “+” sym-
bols in the figure represent LC, states that resulted from
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FIG. 14. The curves H;, H,, NS;, and NS, are the numerically determined
Hopf and Neimark-Sacker bifurcation curves. The filled and hollow circles
are experimental estimates of the Hopf bifurcations H; and H,, determined
by fixing I', measuring the amplitude of the oscillation at various Re and
extrapolating in Re to zero amplitude. The symbols + are experimentally
observed LC; states that evolved from an LC, initial condition on crossing
the Neimark-Sacker curve NS, as I' was quasistatically reduced, and the
symbols X are experimentally observed LC, states that evolved from an
LC, initial condition on crossing the Neimark-Sacker curve NS; as I" was
quasistatically increased.
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FIG. 15. Hot-film data (time series over 1 min and corresponding power
spectral density) taken after transients have died down (more than two vis-
cous time units), showing an LC state at Re=2750 and (a) I'=1.693 and (b)
I'=1.780.

continuing the LC, state past the NS, curve following a qua-
sistatic decrease in I'. These events lie very close to the
numerically determined Neimark-Sacker bifurcation curves,
as shown in the figure.

Starting from I'=1.693 at Re=2745, LC, was the mode
that emerged following an impulsive start from rest. By then
increasing I in quasisteady increments from I'=1.716 to
1.739 to 1.762 to 1.78, the LC, flow state was maintained
indefinitely. Typical hot-film results presented in Fig. 15
show that the LC; mode remains stable up to I'=1.78. This is
consistent with our numerical computations. We repeated
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FIG. 16. Hot-film data (time series over 1 min and corresponding power
spectral density) taken after transients have died down (more than two vis-
cous time units), showing an LC state at Re=2700 and (a) I'=1.716 and (b)
'=1.757.
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FIG. 17. Hot-film data (time series over 1 min and corresponding power
spectral density) taken at times as indicated, starting with an LC| state at
Re=2700 and I'=1.757 and increased to I'=1.780.

this procedure at lower Re=2700, starting at I'=1.716,
where the flow evolved to LC, following an impulsive start
from rest. As I" was varied in small discreet steps, LC; was
maintained up to 1.757, as shown in Fig. 16. However, when
I was increased from 1.757 to 1.78, LC,; lost stability and
transitioned to LC, after a long transient during which en-
ergy was transferred from oscillations with the period of LC,
to oscillations with the period of LC,. Figure 17 shows the
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FIG. 18. Hot-film data (time series over 1 min and corresponding power
spectral density) taken after transients have died down (more than two vis-
cous time units), showing LC, states at Re=2700 and (a) I'=1.739, (b) I'
=1.728, and (c) '=1.716; the initial condition at a given I" was the LC, state
at the next largest I" value.

corresponding hot-film output. At early stages of the flow
evolution (within the first 10 min), LC; was still dominant,
but with noticeable irregularity in the time series from the
hot-film output. After 15 min, the irregularity became stron-
ger signaling the nonlinear saturation of LC,. At a time of 20
min, the energy in the two modes is comparable, and by 42
min, all the energy is in mode LC,.

The transition from LC, to LC; across the Neimark-
Sacker curve NS, follows a process similar to the transition
from LC, to LC, on crossing the Neimark-Sacker curve NS
described above, and the results are presented in Figs. 18 and
19. At I'=1.739 and Re=2700, LC, was the dominant mode,
but as I' was reduced gradually, the hot-film output time
series became modulated and irregular, leading to the even-
tual dominance of LCy. This was repeated at many other Re
in order to estimate the two Neimark-Sacker bifurcations at
various Re, and the results are presented in Fig. 14. Though
the experimental bifurcation locations are slightly shifted
with respect to the computed curves, the shift is very small
(about 2%, which is well within experimental uncertainty).
The experimental results clearly reveal the characteristics of
the double Hopf bifurcation under laboratory conditions.
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FIG. 19. Hot-film data (time series over 1 min and corresponding power
spectral density) taken at times as indicated, starting with an LC, state at
Re=2700 and I'=1.716 and decreased to ['=1.704.

VI. DISCUSSION AND CONCLUSIONS

Using linear stability analysis, Ref. 7 showed the exis-

tence of an axisymmetric double Hopf bifurcation. Our hot-
film measurements provide, for the first time, experimental
evidence of the existence of this double Hopf bifurcation,
and reveal the presence of two stable coexisting axisymmet-
ric limit cycles with periods of approximately 31 and 22 and
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mode competition between them. These results are also cap-
tured in our nonlinear computations, which clearly identify
the double Hopf bifurcation as “type I simple” (using the
nomenclature of Ref. 19), with the characteristic signatures
that the two Hopf bifurcations are supercritical and that there
is a wedge-shaped region in parameter space where both
limit cycles are stable, delimited by Neimark-Sacker bifurca-
tion curves. Despite numerous warnings that the enclosed
swirling flow is extremely sensitive to  small
imperfections,lo’zo our experimental results show that if the
imperfections are sufficiently small (we make no attempt
here to rigorously quantify “small” in the experimental set-
ting, but others'*” have done so numerically for very spe-
cific types of imperfections), the qualitative dynamics do not
change and, at least for this problem, the quantitative effects
are a very small shift in the location of the bifurcation
curves.

While linear stability predicts the double Hopf bifurca-
tion, it says nothing about the nonlinear behavior of the flow
following the bifurcation. In particular, the linear stability
analysis of the steady axisymmetric basic state does not pro-
vide information on the Neimark-Sacker bifurcations NS,
and NS, (which are Hopf-type instabilities of the limit cycle
states); the loci of these bifurcations delineate the region of
mode competition between the two limit cycles. In order to
say anything about this competition, one must do some non-
linear analysis. The simplest thing to do is to perform a cen-
ter manifold reduction and a normal form analysis in the
neighborhood of the double Hopf bifurcation.'*! Doing
such an analysis gives a multitude of possible nonlinear sce-
narios describing all possible competition dynamics.lg In or-
der to pinpoint which scenario corresponds to a particular
flow problem requires detailed spatio-temporal information
about the bifurcating limit cycles, which may be obtained
from quantitative experimental measurements or fully non-
linear computations. We have obtained both in this study, and
they both give consistent results indicating that the double
Hopf bifurcation is “type I simple.” Further, our experiment
and fully nonlinear investigation reveals that the dynamics
associated with the center manifold reduction persist over a
large range of Re and I', as illustrated in Fig. 8. Furthermore,
these dynamics are robust to the low-level imperfections and
noise that are inherently present in the physical laboratory
experiment.
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