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Figure 18. Hot-film output time series and corresponding power spectral density for
H/R = 2.5, Re = 2800 with forcing frequency ωf =0.5 and forcing amplitude A as indicated.
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Figure 19. Fluorescent dye illuminated with a laser sheet through a meridional plane of
LCF at Re = 2800, H/R = 2.5, A = 0.04, and ωf = 0.5 at various times over about two forcing
periods.

the vortex breakdown bubble (figure 20e) coincide quite well, as they should for
steady axisymmetric flow. But of course this LCF is not steady. The corresponding
hot-film data (figure 18d) establish that this flow is a limit cycle synchronous with
the forcing frequency. Neither the streaklines nor the streamlines clearly show where
the oscillations are. By plotting contours of the azimuthal component of the vorticity
(figure 21e) we clearly see that the oscillations are restricted to the sidewall boundary
layer, as was suggested by the laser-sheet visualizations of figure 19 and movie 4.
Movies of the numerically computed streamlines and azimuthal vorticity contours of
LCF at ωf = 0.2 and 0.5 (movies 5 and 6 respectively) are available with the online
version of the paper, illustrating the spatial characteristics of the oscillations just
described.

Figures 20 and 21 show the changes in the vortex breakdown bubble and the
sidewall boundary layer when ωf increases from 0.1 to 0.6 in steps of 0.1. We can
clearly appreciate that the transition from an oscillating to a quiescent axial bubble
is gradual and continuous with variation in ωf , i.e. there is no bifurcation between



460 J. M. Lopez, Y. D. Cui, F. Marques and T. T. Lim

(a)

(b)

(c)

(d)

(e)

( f )

Figure 20. Computed streamlines of LCF over one forcing period 2π/ωf (time increases
from left to right) at Re = 2800, H/R = 2.5, A = 0.04, for increasing values of ωf : (a)
ωf = 0.1 (ωf /ω0 ≈ 0.576), (b) ωf = 0.2 (ωf /ω0 ≈ 1.15), (c) ωf = 0.3 (ωf /ω0 ≈ 1.73), (d) ωf = 0.4
(ωf /ω0 ≈ 2.31), (e) ωf = 0.5 (ωf /ω0 ≈ 2.88), (f ) ωf = 0.6 (ωf /ω0 ≈ 3.46).

the oscillatory bubble and the quiescent bubble, all of these solutions are LCF states.
Figure 21 shows that while the vortex breakdown oscillations are quenched with
increasing ωf , the oscillations in the sidewall boundary layer increase in amplitude
and decrease in wavelength. Movie 6 with the online version of the paper shows that
these boundary layer oscillations propagate up the sidewall from the rotating disk
to the fixed lid (a close examination of the upper sidewall boundary layer region in
movie 4 shows similar upward propagating waves).
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Figure 21. Computed azimuthal vorticity contours of LCF over one forcing period 2π/ωf at
Re = 2800, H/R = 2.5, A =0.04, for increasing values of ωf : (a) ωf = 0.1 (ωf /ω0 ≈ 0.576), (b)
ωf = 0.2 (ωf /ω0 ≈ 1.15), (c) ωf = 0.3 (ωf /ω0 ≈ 1.73), (d) ωf = 0.4 (ωf /ω0 ≈ 2.31), (e) ωf = 0.5
(ωf /ω0 ≈ 2.88), (f ) ωf = 0.6 (ωf /ω0 ≈ 3.46).

5. Discussion and conclusions
We have conducted an experimental and numerical analysis of the harmonically

modulated unsteady vortex breakdown flow in a cylindrical container of aspect ratio
H/R = 2.5, in the region where the flow remains axisymmetric (from Re ≈ 2710 up to
Re ≈ 3000). We have explored a wide range of frequency forcing values, for moderate
forcing amplitudes; figure 7 shows the explored region and the bifurcations we have
observed. The quasi-periodic flow QP having both the natural frequency ωn of the
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Figure 22. Streamlines (right two panels) and contours of the azimuthal vorticity (left two
panels) for LCF at A = 0.04 and ωf = 0.5 (showing a snapshot in time) and for the (unstable)
basic state which was computed using arclength continuation and finite difference in Lopez
et al. (2001). (a) Re = 2800, (b) Re =3000, (c) Re = 4000.

unsteady vortex breakdown bubble and the forcing frequency ωf , exists between two
Neimark–Sacker bifurcations curves (the axis A= 0 and the solid line in figure 7); a
variety of resonance horns emerge from both curves, connecting them. As there are
no symmetries in this problem, except the rotational SO(2) symmetry which is not
broken for the parameter values studied, the dynamic behaviour is generic, and so
we have also found period-doubling regions. The dynamics observed are very rich,
and we have explored some of them in detail, in particular the 2:1 resonance, where
theoretical results covering the whole region between the two Neimark–Sacker curves
are available in the literature, and we have found a very good agreement with these.

What is particularly novel in the present study is the spatial characteristics of the
forced limit cycle LCF that exists for forcing amplitudes above the second Neimark–
Sacker curve. For forcing frequencies less than about twice the natural frequency,
the oscillations of the vortex breakdown bubble are enhanced, whereas for forcing
frequencies greater than about twice the natural frequency, the oscillations of the
breakdown bubble are completely quenched and all the oscillations in LCF are
restricted to the sidewall boundary layer region. Furthermore, the quenched LCF

structure is essentially the same as the structure of the steady axisymmetric base state
(except of course near the sidewall); see figure 22(a) which compares the snapshots of
LCF at Re =2800, A= 0.04 and ωf =0.5 with the (unstable) basic state at Re = 2800
which was computed using arclength continuation and finite difference in Lopez et al.
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(2001). Note that at Re =2800 the base state is only unstable to a single Hopf mode,
LCN . By Re = 3000, the basic state has undergone a second Hopf bifurcation to LCS .
Forcing the system in the axisymmetric subspace at Re = 3000, also with A= 0.04 and
ωf = 0.5, results in an LCF which, apart from the sidewall boundary layer region, also
coincides remarkably well with the unstable base state (see figure 22b). At Re = 4000
the base state has undergone a third Hopf bifurcation, and for the same forcing
amplitude and frequency (A= 0.04 and ωf = 0.5) all three Hopf modes are quenched
and the resulting LCF still coincides remarkably well with the unstable base state (see
figure 22c).

This open-loop control study has shown that the low-amplitude modulations can
either enhance the oscillations of the vortex breakdown bubble (for low frequencies)
or quench them (for high frequencies). Enhancing the oscillations can be beneficial in
some applications where mixing is desired, such as swirl combustion chambers. The
results indicate that high-frequency modulations of unsteady vortex breakdown drive
the system to the unstable basic state in the vortex core region. This suggests that
the basic state, which exists for all Reynolds numbers, can be used as a goal in a
closed-loop control strategy. This would be interesting to explore in other applications
where unsteady vortex breakdown is prevalent, such as the tail buffeting problem.
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