Coupling Between a Viscoelastic
Gas/Liquid Interface and a
Swirling Vortex Flow

While the structure and dynamics of boundary layers on rigid no-slip walls in rotation
dominated enclosed flows are still an area of active research, the interactions between
rotating or swirling flows with a free surface have received comparatively less atten-
tion. For the most part, investigations in this area have been focused on clean free
surfaces, which may be treated as stress-free. However, in most practical situations
the surface is rarely clean, and even under laboratory conditions, it is quite difficult
to achieve a clean free surface. Most impurities in liquids are surface active, and
hence the name surface active agent or surfactant. These surfactants tend to establish
an equilibrium surface concentration which alters the interfacial tension and interfa-
cial viscoelastic properties of the gas/liquid interface. The coupling between the bulk
swirling flow and the interface is provided via the tangential stress balances, and
these stresses on the interface are dependent upon the surface concentration of
surfactant, which in turn is altered by the interfacial flow. Forces acting on the
interface include surface tension gradients (elastic) and the viscous resistance to
shear and dilatation. These viscoelastic properties vary with the surfactant concentra-
tion on the surface. Here, we present numerical studies of flow in a cylinder driven
by the constant rotation of the bottom endwall with the top free surface being contami-
nated by a Newtonian surfactant. Comparisons with a clean free surface and a no-
slip stationary top endwall provide added insight into the altered dynamics that result
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Jfrom the presence of a small amount of surfactant.

1 Introduction

Many geophysical and industrial flows are dominated by gas/
liquid interfaces. Gas/liquid interfaces in general, and the ocean
surface in particular, are rarely free of surfactants. The amount
of surfactant required to have a significant effect on the hydro-
dynamic behavior of the interface can be as low as a fraction
of a kg km™2, and the surface tension may be halved with 1 kg
km™? of many surfactants. At these concentrations, surfactants
form an expanded monomolecular surface film or monolayer.
Surfactants make the interface not only elastic (surface tension
variations as a result of variations in the surfactant surface
concentration), but also give it surface (or excess) viscosity,
which can be many orders of magnitude larger than the viscosity
in the bulk multiplied by an appropriate bulk flow length scale
(Hirsa et al., 1997a). In many fluid dynamic systems which
have a gas/liquid interface (even when the ratio of inertial to
surface tension forces is large), the transport of mass, momen-
tum, and energy is strongly influenced by the viscoelastic nature
of the interface; for high Reynolds number flows see Hunt
(1984), Asher and Pankow (1991), Hirsa et al. (1995), and
for low Reynolds number flows see Grotberg (1994).

In recent years it has been demonstrated that at any instant,
the bulk flow near an air/water interface with surfactant is
described by interfacial boundary conditions ranging from a
clean free surface to a state with characteristics similar to that
of a solid wall (Tryggvason et al., 1992; Tsai and Yue, 1995).
The variations in the interfacial boundary conditions are depen-
dent on the concentration levels and viscoelastic properties of
the surfactant. Furthermore, not only does the presence of a
surfactant alter the subsurface flow, but also the subsurface flow
alters the conditions on the surface, primarily by redistributing
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the surfactant on the interface and to/from the bulk. This leads
to a coupled nonlinear system rich in dynamical behavior.

We address not only the influence that the interfacial stress
imparts upon the hydrodynamics in the bulk, but also the influ-
ence of the bulk flow on the dynamics of the interface. When
the interface is covered by surfactants, a boundary layer (com-
parable to the boundary layer on a solid wall) can form at the
interface with both elastic and viscous properties. The formation
of the free surface boundary layer significantly increases wave
damping; it also alters gas transfer rates, reduces turbulence
by shedding surface parallel vortices, and tilts surface-normal
vorticity, among other effects. It is essential to understand this
dynamic nonlinear coupling between the interior flow and the
surface processes in order to be able to interpret observations
of surface flows and to develop predictive capabilities for both
the surface and the subsurface flows.

Studies incorporating the hydrodynamic coupling with the
interface have typically included the elastic effects due to sur-
face tension variations (e.g., Foda and Cox 1980; Wang and
Leighton 1990; Tryggvason et al.,, 1992; Ananthakrishnan and
Yeung, 1994; Grotberg, 1994). These studies considered the
interface itself as being inviscid. The experiments of Hirsa et
al. (1995) showed that in flows where the surface velocity
field is solenoidal, the surface shear viscosity has a significant
influence on the subsurface velocity field. The surface shear
viscosity is a relatively easy property to measure, however ex-
periments (Maru and Wasan, 1979) have shown that the surface
dilatational viscosity may be several orders of magnitude larger
and is a difficult property to quantify (Edwards et al., 1991).
The recent study by Tsai and Yue (1995) included for the first
time both surface viscosities in hydrodynamic computations of
the interactions of surface-parallel vorticity with a contaminated
air/water interface in planar two-dimensional flows. However,
they treated these as constant coefficients whereas it is known
(Maru and Wasan, 1979; Tsai and Yue, 1995) that these quanti-
ties vary with, amongst other things, the surface concentration
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of the surfactant. Further, in the flows they considered the sur-
face velocity is everywhere normal to the surface vorticity and
both are tangent to the surface. Here, we consider flows where
the inner product of surface velocity and surface vorticity is not
identically zero, and also the surface viscosities are functions
of surface concentration. We derive the appropriate interfacial
conditions by balancing the tangential stresses at the interface,
written in terms of the surface vorticity, and couple these to a
Navier-Stokes solver for the whole flow. The formulation is
applied to a model problem that is chosen to isolate and high-
light individual processes. The model problem is that of flow
in an open cylinder driven by the constant rotation of the bottom
endwall with the top free surface covered by a monolayer of
insoluble surfactant. A schematic is given in Fig. 1.

It is often seen that the elastic effects, due to surface tension
gradients, lead to flow instability (Sternling and Scriven, 1959),
" and that interfacial viscosity effects tend to damp these instabili-
ties. This is generally true when the vorticity in the bulk flow
is predominantly surface-parallel. However, when the vorticity
near the interface is predominantly surface-normal, the interfa-
cial viscous effects dominate the dynamics. The interfacial
viscous effects provide a mechanism for the tilting of surface-
normal vorticity, in an analogous manner that molecular viscos-
ity does at a rigid wall, and leads to secondary motions, bound-
ary layer formation, boundary layer separation, internal shear
layers, etc. Once the surface-normal vorticity is tilted into sur-
face-parallel vorticity, the elastic effects at the interface also
come into play, and there is a dynamic interaction between the
elasticity and the viscosity on the surface and the vortical flow
in the bulk.

2 Interfacial Rheology and the Development of
Boundary Conditions for Vorticity at a Contaminated
Interface

We shall be concerned here with non-deforming surfaces,
i.e., negligible Froude number flow. The physical flows that
this formulation is primarily being derived for involve very little
free surface deformation regardless of the amount of surfactant
(Spohn et al., 1993). Also, we consider here axisymmetric
flow as it contains the hydrodynamics of interest (both surface-
normal and surface-parallel vorticity, and the turning and
stretching of vorticity).

The governing equations are the axisymmetric Navier-Stokes
equations, together with the continuity equation and appropriate
boundary and initial conditions. Using a cylindrical polar coor-
dinate system (r, 8, z) and the Stokes streamfunction s, the
nondimensional velocity vector is u = (u, v, w) = (—1/rdys/
Oz, T'/r, 1/rOy/8r) and the associated vorticity vector is @ =
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(—=1/rol'1 0z, n, 1/r0T'/0r). The nondimensional axisymme-
tric Navier-Stokes equations are:

pr 1 _,
DU _ 1 gy, 2.1
Dr Re V* (21
Dnp noy 10T* 1 2 n
U SN S ~1Y), @2
Dt r*8z r® 8z Re v r? (2.2)
where
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A
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v is the kinematic viscosity, 1/£2 is the time scale and R is the
length scale, where § rad s~' is the rate of rotation of the
bottom endwall and R is the radius of the cylinder, which is
filled to a depth H.

We begin our treatment of the interface by considering the
Boussinesq-Scriven surface fluid model (Boussinesq, 1913;
Scriven, 1960; Slattery, 1990):

T = (0'* + (Kf'Y - /'Lx)divs ﬁs)ls + 2IJ‘SDS’ (2'3)

where the surface stress tensor T is described as a linear func-
tion of the surface rate of deformation tensor

2D = (V' I, + L+ (V,05)7).

In this constitutive equation, «* is the surface dilatational viscos-
ity, p’ is the surface shear viscosity, o* is the thermodynamic
interfacial tension, ii” is the surface velocity, div; is the surface
divergence operator, V, is the surface gradient operator, and I
is the tensor that projects any vector onto the interface. The
surface stress 7 can then be expressed as (Slattery 1990):

T = V,o* + V,((«¢’ — p*)div, i)
+ 2(Vu')- D° + 24 divy D°.

Noting that there is no slip at the interface, so the tangential
component of fluid velocity is continuous across the interface,
we balance the above surface stresses with the corresponding
components from the bulk flow, using cylindrical polars and
nondimensionalizing o* with o,, a characteristic value of the
surface tension, so that o = o*/0;, and putting A\, = u'/uR,
A = k*/uR, and A, = N + N, where 4 is the shear viscosity
of the bulk fluid, the nondimensional stress balance in the azi-

muthal direction is
or or 14r o) ) R
h "( r8r>+ or <8r r)’ 24

8z "o

and in the radial direction

B0 1 0% 1 8%
= Ca A )\'K+ S A AT
K or “(rz ordz v 6r282>
1 0% Oher, | 2 O ON,
o DY Py ST (g5
r Ordz Or r’ 8z Or (25)

where C, = o,/ uf)R is the capillary number.
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Fig. 2 Nonlinear equations of state for various surfactant/water sys-
tems; symbols are experimental measurements of Kim (1996) and solid
lines correspond to model Eq. (2.6)

Equations (2.4) and (2.5) represent the balance of forces on
a surface element resulting from viscous traction or shearing
stress from the bulk, surface tension (or surface pressure) gradi-
ents, and surface viscosity effects. Their solution for I" and 7
on the interface provide the boundary conditions for the bulk
flow Egs. (2.1) and (2.2). Note that Egs. (2.4) and (2.5) are
also coupled to the bulk flow through normal derivative terms
in " and ¢, respectively, at the interface. It is clear that the
stress balance in the azimuthal direction does not include any
elastic term, only surface shear viscosity terms. If the flow near
the interface is purely azimuthal, i.e. y = n =0, " # 0, and
the vorticity in the bulk is initially normal to the interface, then
if the surfactant system has a very small surface shear viscosity,
the flow behaves as if the surface is clean, regardless of the
elastic properties of the surfactant. This was dramatically dem-
onstrated in recent experiments (Hirsa et al., 1995).

The surface tension, o*, and the surface shear and dilatational
viscosities, p’ and «°, depend on the thermodynamic state of
the interface and thus are functions of the surface concentration
of the surfactant, ¢*, Most previous theoretical considerations
have used a linear equation of state, i.e. o* « ¢*, and have either
set ' and k* to zero, or by linearizing about an equilibrium state
have taken them to be constant coefficients. These linearizations
are strictly only valid about an equilibrium concentration level.
In problems where there is significant surface velocity, the con-
centration can be locally far from equilibrium and the nonlinear-
ity of the equation of state and variations in x* and «* with
surfactant concentration need to be taken into account.

Experiments (Gains, 1966; Poskanzer and Goodrich, 1975;
Kim, 1996; Hirsa et al., 1997b) have measured the equation of
state for a variety of surfactant/water systems (stearic acid,
hemicyanine, and oleyl alcohol), and they can be modeled by
an equation

[
o* — o, = — s tan ! ﬁ(c——?—'> , (2.6)
T i

where the dimensional surfactant concentration, ¢ *, and surface
tension, o*, are to be nondimensionalized by ¢; and o;, the
concentration and surface tension at the inflection point of the
equation of state, respectively; ¢ is the saturation surface pres-
sure, i.e. the range in surface tension between that of a clean
air/water interface and that of the surfactant-saturated interface.
1t should be noted that the extrapolation of this model to large
¢*, as suggested in Fig. 2, is dangerous as many surfactant
systems, and in particular stearic acid/water and hemicyanine/
water, may undergo molecular reorientation or phase changes
for increasing ¢*. We characterize a surfactant system by two
parameters, a Marangoni number M = —(c¢;/0;)(8c%/0c*)
evaluated at ¢* = ¢; and 8 = Mno,; /6.

Journal of Fluids Engineering

For the surface dilatational viscosity «°, there is no generally
accepted measurement over a range of surfactant concentration
(Edwards et al., 1991). For now, we will model both y* and
k* with p*(c*) and k*(c*) = 0 as ¢* — 0, and both u'(c*)
and x°(c*) — constant as ¢* — o, A simple ad hoc function
for the dimensionless surface viscosities A,(¢) and N\ (c¢) will
be used in this initial study:

4 c
Mo e M AT

2.7

where A\ .(c¢) = A, and A\, (¢) > A, as ¢ > o,
For insoluble surfactants on a nondeforming interface, the
transport equation of ¢ is given by

Qﬁ + Vs (cu’) = !

Vic,
ot Pe®

(2.8)

where Pe* = QQR/D" is the surface Peclet number and D" is the
coefficient of interfacial diffusivity, and u* is the dimensionless
surface velocity, using QIR as the velocity scale. Equation (2.8)
is solved, along with the evolution equations for " and 7 in the
interior, with 9¢/9r = 0 at r = 0 and 1, to give ¢(#) at each
time level, from which d¢/0r is obtained. The boundary condi-
tions on ¢, together with # = 0 at r = 0 and 1, ensure that the
insoluble surfactant is conserved on the enclosed domain r €
[0, 1]. The term o /Or in (2.5) can be obtained from do/0r =
doldcOclOr, where do/dc is determined from the appropriate
equation of state and dc/0r from (2.8). The gradients O\ /Or
and O\,/O0r in (2.4) and (2.5) are obtained in the same fashion
using the model Egs. (2.7).

3 Coupling of the Interface Dynamics to the Bulk
Flow

The axisymmetric Navier-Stokes Egs. (2.1) and (2.2) are
solved using a second-order accurate in both time and space
finite-difference scheme. Second-order central differences are
used for all terms except the time derivatives. The advection-
diffusion equation for c is also discretized in space using central
differences in r and second-order one-sided differences in z
at the interface. A two-stage second-order predictor-corrector
scheme is used for temporal evolution; the scheme is essentially
the same as that previously used in related problems (e.g., Lo~
pez, 1990, 1995; Lopez and Weidman, 1996; Lopez and Shen,
1998), with the distinction being the implementation of the
interfacial conditions.

The gas/liquid interface is treated as nondeforming, so that
it is a flat stream-surface. The surface boundary condition on
i is that ¢ is constant and continuous with the flow on the axis.
We can take ¢y = O on the surface. That leaves 7 and T", and
their boundary conditions are given by the solutions to (2.4)
and (2.5). In the explicit scheme used, n and I" on the interior
grid points are updated to the new time-level first. Then the
left-hand side of (2.4) can be written as a second order one-
sided difference approximation to the normal derivative. This
approximation is in terms of the just updated values of I" one
and two grid points in from the surface and the yet unknown
value of I on the surface. Equation (2.4) then becomes a sec-
ond-order ordinary differential equation for I" on the surface,
with T" = 0 at r = 0 and 1. Using second-order central differ-
ences, this results in a tridiagonal system and is readily solved
by standard techniques (e.g., LAPACK routines).

The boundary condition on 7 is a little more involved. The
viscous terms couple the surface condition with the recently
updated interior flow (as in the case for I' above). Here, we
first compute 9y/0z on the surface using second-order one-
sided differences of the solution to Vi = —rn with the updated
7 on the right-hand side. Then, 8(8y/8z)/0r and 8* (9! 8z)/
Or? are formed using center-differences and one-sided differ-
ences at r = 0 and 1. In this way, the viscous contribution to
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Fig. 3 Influence of different initial uniform concentrations on (a) the
elastic production of surface azimuthal vorticity and (b) the redistribution
of surfactant for a surfactant system with the hemicyanine/water equa-
tion of state, neglecting surface viscosity effects, at steady state for
Re = 2126, H/R = 2.5

1 on the surface is calculated. The elastic contribution (both
the viscous and the elastic contributions are imposed simultane-
ously) requires information concerning the surface tension gra-
dients 0o /0r.

4 Results

In our model problem, the fluid in the open cylinder is initially
at rest. Before any fluid motion, the surfactant is uniformly
distributed on the free surface. The initial concentration of sur-
factant, ¢, is low enough to be considered as a monomolecular
layer (monolayer). Note that in general ¢, #+ 1. At ¢t = 0, the
bottom endwall is impulsively set to rotate at constant angular
speed 2. An Ekman boundary layer develops on the rotating
disk with thickness of O(Re ~'/?), This rotating boundary layer
sends fluid radially outwards in a spiraling motion while draw-
ing fluid into it from above. A sidewall boundary layer is also
established. In time, fluid with angular momentum reaches the
vicinity of the surface covered by the surfactant monolayer,
where it is turned and advected towards the center. This flow
results in a nonuniform distribution of the surfactant, with an
accumulation of the surfactant near the center.

4.1 Nonlinear Equation of State Effects and Elastic In-
terfaces. Herein, we use three different insoluble surfactant
groups, stearic acid, hemicyanine, and oleyl alcohol with water
as the bulk fluid. Molecules within a monolayer at a gas/liquid
interface can exist in different states, analogous to three-dimen-
sional liquid, solid, or gas states (Adamson, 1982). Stearic acid
is a solid-like surfactant (Gains, 1966) with relatively large
viscosities, hemicyanine is known (Hirsa et al., 1995) to change
from liquid-like to solid-like behavior at large concentration,
and oleyl alcohol is a liquid-like surfactant with low viscosities
but strong elastic behavior. For stearic acid/water M = 0.43
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Fig. 4 Influence of different equations of state on {a) the elastic produc-
tion of surface azimuthal vorticity and (b) redistribution of surfactant
{co = 0.5), at steady state for Re = 2126, H/R = 2.5

and B8 = 5.62, for hemicyanine/water M = 0.51 and § = 3.90,
and for oleyl alcohol/water M = 0.72 and § = 3.27.

We first investigate the elastic effects of surfactants caused
solely by surface tension gradients. In general, the elasticity of
the surface depends strongly on both the composition of the
surfactant, as well as the surfactant concentration. The influence
of the initial surfactant concentration on a system with an equa-
tion of state corresponding to hemicyanine is shown in Fig. 3
(note that here we only consider surface tension gradient effects
and are setting the interface to be inviscid, i.e., elastic; Section
4.2 treats the viscoelastic case incorporating the surface viscosi-
ties). The presence of surfactants generally lowers the local
interfacial tension, and the variation in surfactant concentration
gives rise to surface tension gradients and establishes a closed-
loop interaction among the hydrodynamic motion, surfactant
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Fig. 5 Influence of surface shear and dilatational viscosities on the pro-
duction of surface azimuthal vorticity for Re = 2126, H/R = 25, M =
0.43, B = 5.62, Pe® = 500, and ¢, = 0.5: (a) elastic interface, A, = A, =
0.0; (b) viscoelastic interface A, = 1.0 and A, = 5.0
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near the interface redistribute the surfactant. The flow near the
interface consists primarily of a swirling flow spiraling radially

concentration, and surface tension. This is referred to as a Ma-
rangoni effect. We observe in Fig. 3 (a) that an azimuthal com-
ponent of vorticity is produced on the surface. At larger initial

1993 and Lopez, 1995)

ds. For a clean interface, conservation of angular momen-
tum (see discussions in Spohn et al.,
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leads to a recirculation cell attached to the interface near the
axis, where the radial flow on the interface is outwards. With
elastic interfaces, similar behavior is found. The redistribution
of surfactant by advection is resisted by diffusive processes (all
cases in Fig. 4 had a surface Peclet number of 500) and the

elastic force due to surface tension gradients. We see that the

Of the three surfactant systems considered, oleyl alcohol/
water has the strongest elastic behavior and stearic acid the

2.5 flows with
ith a clean interface and

reach steady state within one or

two hundred rotations of the bottom endwall. All the cases

2126, H/R

all three systems,.as well as flows w
with a stationary no-slip top,

weakest (see Fig. 2). For Re

d) suffers the most redistribution,

with the outer part of the interface (» > 0.8) being virtually
clean and there is a corresponding large build up of surfactant
for r < 0.1 where the level is well beyond saturation, i.e. surface
tension gradients vanish. So, even though there are strong varia-

tions in concentration throughout 0 =

ic aci

least elastic system (stear

ted using a uniform grid with

91 radial and 226 axial nodes and a time increment of 1072.

shown in this paper were compu

These spatial and temporal resolutions were previously found
(e.g., Lopez, 1990, 1995) for the rigid top and stress-free sur-
face cases to give grid independent results. Tests with the elastic

r = 1 for stearic acid,

and viscoelastic surfaces also indicate that these resolutions are
adequate. The steady-state distribution of the surface azimuthal

to 0.35 < r < 0.65 due to the nonlinearity of the equation of

the elastic production of surface azimuthal vorticity is restricted
state,

vorticity for the three surfactant systems (due only to elastic

4(a), along with the

ig.
corresponding distribution of surface concentration of the sur-

F:

18 given 1n

terfacial processes) i

m

For the more elastic cases, the redistribution of surfactant is
far less and is everywhere below saturation levels. The outer

factants in Fig. 4(b). The initial uniform concentration was ¢,

the presence of surfac-

0.5. In considering elastic interfaces,
tants has no direct influence on I" at the interface and 7 is only

parts of the interface are still cleaned somewhat, but the produc-
tion of surface azimuthal vorticity is more wide spread, although

stearic acid. The recircula-

at a lower peak intensity, than with

affected through the surface tension gradients. The bulk motions
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tion near the axis leads to a reversal in the concentration gradient
there and the production of negative surface azimuthal vorticity.
The same would have occurred with stearic acid if the concen-
tration there had not been at saturation levels. This suggests,
that in these type of flows, a build up of a boundary layer type
flow near the axis would be more pronounced for lower initial
concentration levels ¢.

4.2 Viscoelastic Interfaces. The discussion so far has
concerned elastic interfaces, where we have artificially set the
surface shear and dilatational viscosities to zero. Now, we in-
clude their dynamic effects via the model Eq. (2.7). In this
study, we use this ad hoc model as the available rheological
information needed is lacking. Incorporating surface shear and
dilatational viscosities according to (2.7) with A, = 1.0 and A,
= 5.0, we first investigate how this influences the production
of surface azimuthal vorticity for a surfactant system with the
equation of state corresponding to stearic acid.

The inclusion of surface viscosities results not only in a quan-
titative change, but also a qualitative change in the characteris-
tics of the flow. The production of surface azimuthal vorticity
is shifted and extended over a much broader central area (see
Fig. 5). A number of factors are at play here, all interacting
nonlinearly. Whereas for the elastic case the only contribution
to 1 on the surface comes from surface tension gradients, in the
viscoelastic situation the right-hand side of (2.5) includes a
viscous contribution due to the surface flow and the bulk flow
near the surface. Also, the right-hand side of (2.4) is no longer
zero, and this leads to vortex line bending at the surface (8T'/
Oz # 0) which contributes to the production of 5 via the —1/
r?0I'%/ 8z term in (2.2). Note that this vortex line bending at
the interface, i.e. vortex lines not meeting the interface normally,
is only possible for viscous interfaces, regardless of the concen-
tration level. These surface viscosity-influenced productions of
surface vorticity alter the surface flow and result in a different
distribution of surfactant concentration, which in turn alters the
distribution of surface tension gradients. All of these processes
are coupled nonlinearly; they affect not only the surface flow
and the bulk flow immediately adjacent to the interface, but
also produce large scale global changes in the bulk flow.

In order to gain an impression of the global effects of a
viscoelastic interface, we compare the steady state flow when
the top is stationary no-slip, a clean free surface, surfactant
contaminated with M = 0.43, § = 5.62, Pe’ = 500, A, = 5.0,
and A, = 1.0 (viscoelastic), and A, = A, = 0.0 (elastic). The
corresponding contours of ¢, n, and I are presented in Fig. 6.

On the no-slip stationary endwall the fluid separates at r =
0 and a central vortex is formed whose core size depends on
the thickness of the boundary layer from which it emerged
(Fig. 6(a)). For a clean stress-free top surface there is a large
recirculation zone on the axis attached to the free surface, pro-
ducing a reversed (directed radially outwards) surface flow near
the axis (Fig. 6(»)). The boundary layers caused by the accu-
mulation of surfactant materials are shown in Figs. 6(c) and
6(d). When the surface viscosities are set to zero, the elastic
production of surface azimuthal vorticity is localized (Fig.
6(c)). Comparing the elastic case with the clean surface case,
we find that the presence of inviscid surfactants has virtually
no effect on I'; whereas, the viscous contributions are seen to
cause substantial vortex line bending, particularly for r < 0.65
where the concentration of surfactant is largest in the viscoelas-
tic case (Fig. 6(d)). Note that if the flow were planar two-
dimensional, there would be no flow component corresponding
to I', and hence the surface vorticity production associated with
vortex line tilting, i.e., 8I'/0z # O at the interface, which is
only active for viscous surfactants, would not exist. So, if the
flow is planar two-dimensional, this mechanism of surface vor-
ticity production, whose predominance depends on the viscous
nature of the interface, is not present regardless of how viscous
the interface may be. For planar two-dimensional flows, the
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vorticity has only one nonzero component and it corresponds
essentially to 7 in the present axisymmetric flow, so surface
viscosity effects will also be present in planar two-dimensional
flows via the corresponding viscous terms in (2.5).

In comparing all four cases shown in Fig. 6, it is very striking
that although the elastic production of surface vorticity is active
with inviscid interfaces, it only produces a very localized effect
and the resultant bulk flow is a small perturbation away from
that when the surface is stress-free. However, inclusion of the
surface viscosity terms causes a dramatic global change in the
flow. The surface layer that results is as intense as the boundary
layer due to the stationary no-slip top. The resultant bulk flow is
very similar to that of the no-slip case, but the vortex breakdown
recirculation cells on the axis are more intense for the viscoelas-
tic case. In fact, although the same Re is used in both cases,
the viscoelastic surfactant bulk flow has characteristics of a bulk
flow with a no-slip top at a higher Re.

5 Conclusions

The viscoelastic effects due to the presence of insoluble sur-
factants on the surface of a swirling vortex flow have been
investigated numerically. The hydrodynamic coupling between
the bulk swirling flow and the surfactant-covered surface flow
is provided via the tangential stress balance at the interface, and
this balance is dependent upon the surface concentration of
surfactant, which in turn is altered by the interaction of bulk
and surface flows. The viscoelastic properties of surfactants
are functions of the surfactant concentration, for which we are
presently using ad hoc models until they are determined experi-
mentally. We investigate not only the elastic influence caused
solely by surface tension gradients of different surfactant groups
and surfactant concentration, but also surface viscosity effects
caused by both surface dilatational and shear viscosities. Com-
parisons among stress-free clean top surfaces, no-slip tops, and
contaminated surface flows provide a first look at the dynamics
of flows where the inner product of the surface velocity and
surface vorticity is not identically zero and the surface viscosi-
ties are treated as functions dependent upon the surfactant con-
centration. It is clear from this preliminary investigation that
the viscous properties of a surfactant influenced interface can
have a dramatic quantitative and qualitative impact on both the
interfacial and the bulk flows, not only local to the interface,
but also globally. This is so even at relatively low concentration
levels of surfactant. In a future study, we will include soluble
surfactants, deforming free surfaces, as well as incorporating
empirically determined viscoelastic properties of the surfactants
into our numerical simulation.
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