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Abstract

Kernel density estimation has been used with great success with data that may be assumed
to be generated from independent and identically distributed (iid) random variables. The meth-
ods and theoretical results for iid data, however, do not directly apply to data from stratified
multistage samples. We present finite-sample and asymptotic properties of a modified density es-
timator introduced in Buskirk (Proceedings of the Survey Research Methods Section, American
Statistical Association (1998), pp. 799-801) and Bellhouse and Stafford (Statist. Sin. 9 (1999)
407-424); this estimator incorporates both the sampling weights and the kernel weights. We
present regularity conditions which lead the sample estimator to be consistent and asymptoti-
cally normal under various modes of inference used with sample survey data. We also introduce
a superpopulation structure for model-based inference that allows the population model to reflect
naturally occurring clustering. The estimator, and confidence bands derived from the sampling
design, are illustrated using data from the US National Crime Victimization Survey and the US
National Health and Nutrition Examination Survey.
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1. Introduction

Nonparametric kernel density estimation is commonly used to display the shape of a
data set without relying on a parametric model. Rosenblatt (1956) and Parzen (1962)
provided early results on kernel density estimation; since then, much research has been
done in the area. Wand and Jones (1995) summarized some of the work done through
the mid-1990s.

In most previous work it is assumed that Y;,...,Y, are independent and identically
distributed (iid) continuous random variables with common density f. Using a kernel
function K and a positive bandwidth b, f(x) is estimated by

n
JiaGe )= (bn)™" > K[(x — Y;)/b). (1)
i=1

Density estimates are of interest in survey samples for many of the same reasons
they are of interest in the iid setting: they provide a snapshot of the shape of the
data and a means for comparing different populations or subgroups. In the National
Crime Victimization Survey (NCVS), for example, it is of interest to estimate the
density of the variable “victim age” for different types of victimizations. Current Pop-
ulation Survey (CPS) data can be used to estimate the density of household income
for two-person households. Data from the National Health and Nutrition Examination
Surveys (NHANES) can provide estimates of the density of cholesterol in the popula-
tion of 40—49-year-old African-American men. In each of these examples, a smoothed
density estimate provides more information than a series of point estimates for means
and quantiles.

The iid assumptions used for model (1), however, are generally not valid for data
from a complex survey. Stratification may reflect a violation of the identically dis-
tributed assumption, and clustering may violate the independence assumption. To adapt
density estimation to the survey setting, Buskirk (1998, 1999) and Bellhouse and
Stafford (1999) independently proposed incorporating the survey weights into a density
estimator of the form in (1). Buskirk (1998, 1999) concentrated on a direct analogue
of (1); Bellhouse and Stafford (1999) considered in addition the use of binned survey
data in density estimation. Although density estimation has been considered for data
from complex surveys, asymptotic properties of the estimators have not been thor-
oughly explored. In this paper we establish sufficient conditions for a kernel density
estimator, defined in Section 2, to be consistent and asymptotically normal.

The asymptotic properties established in this paper provide a foundation for inference
about a density when estimated using complex survey data. To derive the properties,
however, we need to specify frameworks for asymptotic inference with samples from
finite populations. Three frameworks are considered: model-based, design-based, and a
combination of the design-based and model-based frameworks.

In the traditional (model-based) approach to inference, the function in (1) estimates
an underlying continuous density function f(x) that is assumed appropriate for a pop-
ulation of interest. It is assumed, for example, that the observed values of cholesterol
level from the sample are the realized values of random variables having density f(x).
The joint probability distribution of Yi,...,Y, provides the basis for inference about
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f(x), and it is assumed that the sampling design is noninformative—that is, the prob-
abilities of inclusion only depend on the Y;’s through concomitant variables in the
model.

In the design-based approach to survey sampling, however, inferences depend on
the probability distribution induced by the sampling design and not on the probability
distribution from an underlying model. Inferences drawn using a design-based approach
typically refer to a particular finite population of interest and usually ignore any para-
metric structure in the corresponding superpopulation. Quantities of interest in survey
samples are often characteristics of the finite population such as means or totals—in
NHANES, for example, one may be interested in the proportion of 40—49-year-old
men who have cholesterol levels greater than 200 in the year 2001. The distribution
of cholesterol levels in the finite population is discrete, however. Thus, an underlying
theoretical density function assumed to generate the finite population—a superpopula-
tion density—will often be the quantity of interest. There is thus an assumed two-stage
process: first, the elements in the finite population are assumed to be realizations of
random variables with a joint probability distribution. Then the sample is selected,
using a probability sampling design, from the elements in the finite population.

We are thus interested in the asymptotic properties of density estimation in three
settings: with design-based inference, with model-based inference that ignores the sam-
pling design, and under a combined approach that assumes the two-stage process de-
scribed above. Hartley and Sielken (1975) presented a superpopulation framework
within which survey design-based inference could be imbedded. Pfeffermann (1993)
formalized the combined inference framework in which inference could be made to
the superpopulation via inference through the design. With this combined approach
emphasis is typically given to estimating parameters associated with the superpopula-
tion model using design-based consistent estimators of finite population quantities; the
finite population quantities, in turn, are consistent estimators of the superpopulation
parameters under the proposed model. Graubard and Korn (2002) studied variance es-
timation using a combined inference approach. Rao (1999) discussed the importance
of estimators that are consistent under the sampling design—they provide robustness
against model misspecification that can occur in a pure model-based approach.

Pfeffermann (1993) and Krieger and Pfeffermann (1997) assumed that finite popula-
tion values were generated by iid random variables. This assumption works for deter-
mining properties of estimated means and totals; for density estimation, however, it is
incompatible with a more realistic superpopulation structure in which different strata or
clusters have different underlying densities. To derive properties of the estimator under
model-based and combined approaches to inference, we propose an expanded super-
population model for densities in Section 3. The new superpopulation model allows
different densities in different strata, and incorporates dependence for clustering in the
population.

Nonparametric smoothing has been used in other problems in survey sampling. Korn
et al. (1997) introduced a method for smoothing the empirical cumulative distribu-
tion function. Korn and Graubard (1998a) suggested nonparametric smoothing as a
way to display bivariate relations from survey data, and Cowling et al. (1996) pro-
posed smoothing methods for spatial survey data. Breidt and Opsomer (2000) used
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nonparametric smoothing with auxiliary information for regression-type estimators of
population totals, and Bellhouse and Stafford (2001) developed estimators for nonpara-
metric regression functions with survey data. Many of the issues and results discussed
in this paper apply to those settings as well.

The organization of the paper is as follows. The estimator and some finite population
properties are given in Section 2. Consistency and asymptotic normality under the
various frameworks of inference are addressed in Section 3. Section 4 provides a
discussion of bandwidth issues, and Section 5 treats estimation near a boundary. Section
6 presents applications to the NCVS and NHANES.

2. The sample weighted kernel density estimator

We define the sample weighted kernel density estimator in the context of a stratified
two-stage sampling design. Extensions to more than two stages of sampling within
each stratum are readily made.

The finite population is assumed to be divided into L strata. Stratum /s has N,
primary sampling units (psu’s); we sample n; of these psu’s. Let N = Zﬁ:l Nj, and
n= Zﬁ:l n;, be the total number of psu’s in the population and sample, respectively.

Cluster samples are taken independently from each stratum; the inclusion probabilities
are

ngh) = Pp(psu i from stratum /% is included in the sample),
with 25\2] nl(h) = ny. Throughout, the subscript D indicates the probability distribution
induced by the design. The joint inclusion probabilities are

ng’) = Pp(psu’s i and j from stratum / are included in the sample).
At the secondary sampling unit (ssu) level, psu i of stratum % has Qy; ssu’s; n%)l is the
conditional probability that ssu / of psu i is included in the sample, given that psu i is
included. The ngh‘)l satisfy E,Qi"l ny")l = qpni, Where gj; is the number of ssu’s sampled

from psu i of stratum 4. We have Qh:Z?ZI Ohi, Q:ZL1 Oy, and W, =0,/0. Thus,
QO is the total number of observation units in the population, and W, is the stratum
weight for stratum A.

Let % ={1,...,0} denote the index set for the finite population of Q observation
units. In addition, let ¥, denote the sample of psu’s selected from stratum %, and %,
denote the sample of ssu’s selected from psu i of stratum /. The probability sample of
size g = Zi:l Zieyh qni that is taken from % according to the probability distribution
D is denoted by &.

The quantity yj; is observed on unit (hik). The sampling weight for observation

N e ) _(h) -1 . . . . . .
(hik) is wpy = [ nk‘i] . The weights are used in sampling practice to give unbi
ased estimates of population quantities; wy; is the number of population observation
units represented by sampled observation unit (hik). The Horvitz—Thompson (Horvitz
and Thompson, 1952) estimator of the finite population total Z],:ZI Yok Z,gi"l Vhik
is Z(,”.k)e(, Whik Vhik’ 0= Z(hl.k)e(/ wpir estimates O, the total number of population
observation units.
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If every unit in the finite population were observed, then a density estimator corre-
sponding to the iid estimator in (1) would be

L Ny On

Fusb)=(bO) "> S S KI[(x — yu)/b). ()

h=1 i=1 k=1

Buskirk (1998, 1999) and Bellhouse and Stafford (1999) proposed estimating f%(x;b)
by using the sampling weights. Define the sample weighted kernel density estimator
(SWKDE) by

JoGb)=b0)" Y wiK[(x — yua)/b] 3)

(hik)es

In a simple random sample, where L =1, O = O =N, and wy = N/n, (3) gives the
same estimate of the density as (1).

The following assumptions for the kernel function K will be referenced throughout
the paper.

(K1) K(x) = 0 and K(x)=K(—x) for all x.

(K2) [ K(x)dx=1.

(K3) jfooo x*K(x)dx < oo.

(K4) There exists a constant m such that K(x) < m for all x.

The following theorem gives two useful properties of ﬁ/. The proof of the theorem is
straightforward and hence is omitted.

Theorem 1. Assume that (K1) and (K2) hold, and that the bandwidth b is the same
for all x. Then

(1) ff(/,(x;b) is a probability density function in x.

(i) [° xfp(;b)dx=0"" 3 Wiy
(hikyes

Thus, if X has density f, and the bandwidth is constant, the expected value of X
is the usual Hajek-type estimator of the finite population mean.

The estimator _/}y(x;b) in (3) is a ratio of Horvitz—Thompson (1952) estimators of
population totals. Let

Ky(u) = b~ 'K[u/b] (4)
and define
upik(b) = Kp(x — Ynir)- ©))

Then
Un(b) =" wnw(b)/my);

k€S yi
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is a design-unbiased estimator of the population total in psu i of stratum %, Ui(b) =
Z/?il unik(b). Also

L
O0)=>"> " Uub)/n” = > wigun(b) = O f,(x; b)

h=1 i€, (hikyes

is the Horvitz—Thompson estimator of the finite population total U (b):ZL] Un(b)=
S SN S 9 (b and U(b) is thus design-unbiased for U(b). As noted in
Bellhouse and Stafford (1999), then, f;}(x; b)=U(b)/0 is approximately design-unbiased
for ﬁz,(x;b) = U(b)/Q, for each x.

The design-based variance of ffg,(x;b), denoted Vp| f;(x;b)], may be calculated by
standard survey sampling techniques described in Lohr (1999, Chapter 6). The Sen—
Yates—Grundy form of the design-based variance of the population total U(d) is

5 Sy R ; Uy’
ZUOEM MM IR AIEC S
=1 | i=1 j>i T ;i
S Vp[Ui(b)]
D i
+y — [ (6)
i=1 i
Using linearization,
Vol fy(x; D)l = Vp{O™'[U(b) — £, (x;5)O1}. (7)

Quantiles may also be estimated using fg,(x;b). Let 0, represent the 100 pth per-
centile. Denote the ordered sample values by yig,...,y4q and let wig,...,w,, be

the weights corresponding to yi.,..., V4. Then 0, may be estimated by 0, satis-
fying f_o‘;o ff(/(x) dx = p. As a consequence, ép is between y;, and y;i1,, where
doi< Wiy/O < p and dois) Wiy/O < 1— p. This differs from many of the other meth-
ods proposed for estimating quantiles (see, for example, Woodruff, 1952; Sedransk and
Sedransk, 1979; Kuk, 1988) in that we use the smoothed density to interpolate be-
tween y;, and y;i.,,. Francisco and Fuller (1991) used a step function to estimate the
cumulative distribution function, and estimate 8, by y;;1.,. Under their regularity con-
ditions, 0 p has the same asymptotic properties as the estimators in Francisco and Fuller
(1991). However, we expect that the smoothed estimate will behave better in small
samples when the underlying superpopulation density is continuous; the small-sample
performance is currently being investigated.

Chambers and Dunstan (1986), Rao et al. (1990), Chambers et al. (1992), and Rao
(1994) all use auxiliary information in estimating the cumulative distribution function,
so their estimates of quantiles can be expected to be somewhat more efficient if the aux-
iliary variables are correlated with y. We note that auxiliary information can be incor-
porated into the smoothed estimate of the quantile by calibrating the sampling weights.
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Likewise, the weights used in fy,(x; b) may also be modified to incorporate calibration
and nonresponse adjustments. Since the quantity of interest is a density, methods dis-
cussed in Deville and Séarndal (1992) may be used to ensure that the calibrated weights
are nonnegative.

3. Asymptotic properties and inference

We now examine consistency and asymptotic normality of fy(x;b) under different
sampling designs and superpopulation models. For design-based inference, we use the
setup of Isaki and Fuller (1982), with a sequence of nested finite populations {%(¢)}
where % (i) C %(i + 1). The corresponding sample from %(¢) is denoted .#(t); the
samples from successive superpopulations are not necessarily nested. Population %/(¢)
has L(¢) strata and a total of N(z) psu’s and Q(t) ssu’s; similarly the sample ()
contains a total of n(z) psu’s and ¢(¢) ssu’s. We examine properties of the estimator
as t — o0.

In the design-based setting, writing ﬁ/(x; b)=U(b)/Q allows calculation of design-
based means and variances for fixed sample and population sizes. Asymptotic results,
however, depend on the sample size, the sampling design, and the bandwidth b, which
is assumed to converge to 0 as n(¢) — oo. In a simple random sample, for example,
ffg,(x;b) is the sample average of the uy;(b) for units in the sample. The observations
unik(b), though, are a function of the bandwidth b which is converging to 0; conse-
quently, standard results on consistency and central limit theorems for finite population
sampling which treat the observations as fixed quantities (see, for example, Krewski
and Rao, 1981) do not directly apply. We write b = b(?) to treat the convergence of b
to 0. We then specify conditions for the rate of convergence of b(¢) in order to obtain
consistency in the different frameworks for inference. In the following, the index ¢ is
suppressed unless needed for clarity.

For model-based inference in the sample survey setting, assume Yjiy,...,
Yi(),Nu(1).01 v, @re distributed according to some joint probability distribution and that
ik 18 a realization of Yy that gives the measurement in the ¢th finite population. Prob-
abilities in the model-based setting are denoted by the subscript M. Since interest is
often in a theoretical underlying density, f(x), rather than in the finite population quan-
tity, f%(x;b), we also examine asymptotic properties under the combined framework
discussed in Pfeffermann (1993) and denoted by the subscript C. The main interest in
this framework is in estimating the superpopulation density f, but an estimator that is
design-based consistent for the corresponding finite population quantity will be consis-
tent under the combined distribution if the model holds for the finite population. As
stated in Section 1, this approach can provide protection against model misspecification.

In this section, in addition to deriving asymptotic properties of fy(x;b), we also
consider consistency and asymptotic normality of ﬁ,/(x;b) under an assumed model.
Model-based inference using jAZZ/(x;b) is of interest when the entire finite population is
observed and underlying densities vary among strata and clusters, or when the model
assumptions are believed to hold for a data set regardless of sampling design.
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3.1. Consistency in stratified multistage sampling

Different regularity conditions for pointwise mean squared error (MSE) consistency
are needed in the three frameworks for inference. Krieger and Pfeffermann (1997)
discussed the notion of consistency in these frameworks. In design-based inference,
since f »(x;b) is approximately design-unbiased for the corresponding finite popula-
tion quantity f »(x;b), we need only show that Vp[ fy(x b)] — 0. Model-based MSE
consistency is achieved if MSE,[ f #(x;6)] — 0, where the subscript M indicates that
the expectation is taken using the joint probability distribution in the model; in this
case, the sampling design is irrelevant and the finite population quantity ﬁ,/(x;b) is
one realization of a random process. Finally, ﬁ/(x; b) is pointwise MSE consistent for
f(x) under the combined distribution if

Ev{Ep[fy(x;b) — fFOP|Y,} =0 as 1 — oo,

where Y, is the vector of the Q(¢) random variables generated in finite population
U (t).

3.1.1. Design-based consistency

We first consider consistency under the probability distribution induced by the sam-
pling design. In Section 2, ﬁ,(x;b) was shown to be approximately unbiased for
f,;,((x; b) under the design. We use the following assumptions (C1)—(C5), adapted from
Isaki and Fuller (1982) and Korn and Graubard (1998b), to show MSE consistency of
ﬂ/(x; b) in the design-based framework.

(C1) np(t) =1 for all h.

(C2) There exists a constant B such that Q;(¢) < B for all 4, i, and ¢.

(C3) There exists a constant 0 > 0 such that 6 < n(h)(t) and 0 < n(” .(¢) for all h,i,k,t.

(C4) There exist sequences {o;(¢)}, h=1,...,L(¢), such that n(h)(t) n(h)(t) n(h)(t) <
() 7" (1) 7 (1) and max) <p<oNi(0)o(t) = O(1).

(C5) N(t)b*(t) — oo and b(t) — 0 as t — oo.

Note that in this section we assume that the same bandwidth is used for both ffy,(x; b)
and for f,(x;b); we discuss the possibility of using different bandwidths in Section 4.

Theorem 2. Suppose that conditions (C1)—(CS) hold in stratified two-stage sampling
and that the kernel function satisfies (K1)—(K4). Then Vp[ f,(x;b(t))] — 0 as t — oo,
uniformly in x.

Theorem 2 is proven in the appendix.

Assumptions (C1)—(C5) are not unduly restrictive; they would be satisfied under
many reasonable sampling designs. In the special case of stratified random sampling,
01i(1) = 1, n" = 7" = ny /Ny, and 7 = ny(ny — 1)/INu(Ny — D], so 7 (1) 2" () —

T (1) < ah(t)ngh)(z)n§h>(t) if and only if o(t) = (Ny — m)/[nma(N, — 1)]. Condi-
tlon (C4) is thus equivalent in stratified random sampling to the condition
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max Nj(¢)/n;(¢) = O(1); it ensures that all strata are represented in the sample as
t — oo. Likewise, condition (C3) prevents occurrences such as almost all of the
observations being taken from one stratum. Conditions (C4) and (C5) together imply
that n(1)b*(t) — oo.

With conditions (C1)—(C5), design-based consistency is achieved either when the
sample sizes within each stratum increase with # or when the number of strata L(¢)
increases with z. If different strata have different underlying densities, the requirements
that each stratum be represented asymptotically in the sample ensure that we will not
miss part of the overall density because of the sampling design.

Cluster sampling presents different challenges for density estimation than does strat-
ification. In stratified sampling, each stratum is guaranteed to be represented in the
sample; if the underlying densities f), differ among the strata, each density will be
represented by at least one data point. The danger in cluster sampling, if clusters have
different underlying densities, is that a cluster making an important contribution to the
overall density f may not be sampled; this situation may lead to poor estimation of
f. Conditions (C3) and (C4) ensure that no one psu within a stratum will dominate
the density estimation within that stratum.

Condition (C5) is stronger than the usual condition for pointwise MSE consistency
in the iid model; namely, that n(¢)b(t) — oo. The condition n(¢)b(t) — oo is also
the one used for the binned estimators in Bellhouse and Stafford (1999). The stronger
condition (C5) is needed here because pointwise MSE consistency is required for every
possible finite population. Indeed, Theorem 2 proved uniform consistency, but the same
conditions are needed for pointwise consistency in the design-based framework. The
following counterexample, using a simple random sample, shows that n(¢)b(t) — oo is
not sufficient for design-based pointwise MSE consistency.

Example 1. In this example, we construct sequences of finite populations #(¢) and
samples (¢) that satisfy (C1)—(C4), and show that condition (C5) is necessary to
have VD[fy(x; b(t))] — 0 as ¢ — oo for these sequences. Let g(k)=max {j € Z : 2j(j—
1) <k} and define the sequence yi,ya,... by i = (—1)F[2g(k) — 1171 if &k < 262%(k)
and yp = (—1)F[2g(k)]7" if k > 2g%(k). Let N(t) =1, n(t)=1%/2, and b(t)=1"". Let
(t) be the first N(¢) elements of {y;};>1 and let #(¢) be a simple random sample
of n(t) elements in %(t). Then n(t)b*>~#(t) — oo for any 0 < & < 1 and assumptions
(C1)—(C4) are met, but n(¢)b*(t) — 1/2 as t — oco. Take the kernel to be uniform,
K(z)=(1/2)j0,11( |z |). With x =0, Uy; = (¢/2)I}0,1(ty;). By construction, if ¢ is even,
then exactly half of the elements of %(¢) are greater than b(¢) in absolute value. If ¢ is
odd, then exactly [N(z)—1]/2 elements of %(t) are greater than b(¢) in absolute value.
Thus, using (6), VD[ffV(t)(O; b(t))] = l—létz/(t2 — 1)+ o(1). The asymptotic variance of

T (0:b(1)) is 1/16.

3.1.2. Consistency under model assumptions

In contrast to design-based inference, the condition n(¢)b(t) — oo is sufficient for
consistency in model-based inference, or inference under the combined distribution
induced by the model and design. Often, in inference under the combined distribution,
the random variables generating the finite population are assumed to be iid (as in
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Isaki and Fuller, 1982, and Bellhouse and Stafford, 1999). This assumption causes
difficulty for density estimation, however, because it implies that there are no clustering
effects in the superpopulation. It seems reasonable that units in the same cluster would
be considered dependent in the superpopulation. We introduce here a model for the
densities that supports the concept of cluster sampling.

For a superpopulation model that accords with the motivation for a stratified cluster
design, assume that the finite population is generated by random variables { Y}
Assume that any random variables Yj; and Y;; within the same psu are positively
correlated, and that the random variables generating psu i in stratum /% are independent
of those generating any other psu. Specifically, let (Y, Yi) have joint density gp,
with the property that

/ oo, ) du = / g(u ) du = £(x) (8)

and assume that Y, and Y,,; are independent if (hi) # (rp). Property (8) is satisfied,
for example, if Yiu = i + o + enik, Where ay; ~ N(0,02,), ek ~ N(0,0%), and all
oy and &, are independent, i.e., the random variables generating the finite population
satisfy the conditions for the one-way random effects model with normal errors within
each stratum. Then the common joint density for any pair of random variables in the
2 2
Th Ouh ‘|
2 2 |’
Our T
2

where 17 = 02, + ¢%,. The common marginal density in stratum % is N(u, t3). With
this random effects model, the random variables within each psu satisfy the conditions
of a single-parameter version of the model proposed by Isaki and Fuller (1982).

We employ the following regularity conditions for the superpopulation model.

same psu is bivariate normal with mean [y, ;)" and covariance matrix [

(M1) (Yhir, Ynir) have joint density g,, where g, satisfies (8). The marginal density
of Yui, fn, has continuous second derivative f} that is square integrable and
monotone in both (—oo, —M) and (M, o0) for some M. The variables Yj; and
Y., are independent if (ki) # (rp).

M2) f(x) = Y5y Wi fi(x).

(M3) sup, maxi <<r(r) fr(x) = G(t) = O(1).

(M4) sup, max; <p<r) | f7(x) | = D(t) = O(b~" (1))

(M5) N(t)b(t) — oo and b(t) — 0 as t — oo.

Assumption (M2) states that the overall density is a mixture of the stratum densities,
weighted by W;,=Q,;/Q. Stratification with random sampling accords with a special case
of this model, in which Yj; has density f; and all random variables are independent.

Note that for model-based approach to be useful for density estimation, we must
assume that the sampled units follow the model in (M1). If the sample selection prob-
abilities depend on the values of the response after conditioning on explanatory vari-
ables in the model, there may be sample selection bias due to the informative design.
In this case a more complicated model would need to be adopted in order to incor-
porate the information in the sampling design. See Pfeffermann et al. (1998) for more
discussion of informative designs in model-based inference. We assume throughout the
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remainder of the paper that the sample design is noninformative: the sample inclusion
probabilities within each stratum are independent of the values of the response.

Under the superpopulation model in (M1)—(M4), f;,/(x; b) is a random quantity. Let
* denote the convolution operator. Define R(¢) = [ ¢?(u)du for any function ¢ and
let io(K) = [ u’K(u)du. The following results are given in Wand and Jones (1995,
Chapter 2).

Lemma 1. Assume conditions (K1)—(K4) and (M1). Then for any x € R,

Ep[Kp(x — Yie )] = (Kp * f3)(x), C))
(Kp * fa)(x) = fulx)+ % B f1(x)ma(K) + o(b?), (10)
(K * fi)x)=b"" fH(x)RK) +o(b™"). (11)

Under the model, the population quantity f;,/(x;b) is a biased estimator of the un-
derlying function f(x); from Lemma 1, the model-based bias under conditions (M1)
and (M2) is

L
En[fy(x:b) = fGO]1 =D Wi(Ky x f1)(x) — f(x)

h=1

— % P 1" (x)ua(K) + o(b*). (12)

This coincides with the bias for the estimator (1).

Standard results from density estimation do not apply for calculating the model-based
variance of f%(x;b) and ff(/(x;b) because of the assumed dependence within clusters.
Instead, we use a bivariate convolution, defined as

Yiulx;b) = // Kp(x — u)Kp(x — v)gn(u, v)du do. (13)

Note that ¥;,(x; b) = Ep[Kp(x — Vi )Kp(x — Ypi)] for any i < Nj, and any k # [. Under
condition (M1), then,

L Ny Ohi

Vil 7 s )] = é S5V | Kok~ Vi)
h=1 i=1 j=1
1 L N,
- SN HOulKE * 1)) — Ky f3) ()]
h=1 i=1
+ 0u(On — DIWi(x:0) — (Kp * f1)* ()]} (14)

If the stratum densities and their absolute second derivatives are uniformly bounded,
in the sense of conditions (M3) and (M4), then f,/(x; b(t)) is MSE-consistent under
the model and under the combined distribution when nb — oo, provided that certain
conditions on the designs are met. The conditions needed for consistency are given in
Theorems 3 and 4.



176 T.D. Buskirk, S.L. Lohr|Journal of Statistical Planning and Inference 128 (2005) 165—190

Theorem 3. Assume conditions (C1), (C2), and (M1)—(MS5) hold, and that the kernel
Sfunction satisfies (K1)—(K4). Then MSE [ f,(x; b(t))] = 0 as t — oo. If, in addition,
(C3) holds, and

Z Z Wik = On + 0o(Qh) (15)

i€ k€S

for each h, then MSEy[ f,(x;b(t))| #1 — 0 as t — oo.

Theorem 4. Assume conditions (C1)—(C4) and (M1)—(M5) hold and that the kernel
function satisfies (K1)—(K4). Then Ex{Ep[f,(x;b) — f()]*|Y,} — 0 as t — oo.

Note that in Theorem 3, the condition in (15) is necessary since the expectation
operator averages over populations generated by the model, not over possible samples.
Without (15), the estimator ﬂ/(x; b(t)) could be badly biased under the model because
the sum of the weights in the particular sample % could be far from ;. An alternate
estimator, using actual values of Q; instead of the sampling weights, would be better
in the model-based setting; such an estimator would avoid restrictions on the sampling
design.

Why are different rates needed for consistency under the design-based and the
model-based or combined inference? The model assumptions in the latter two modes
of inference allow a slower increase in the sample size. In design-based inference, one
must have consistency under every possible finite population and sample, no matter
how implausible. In model-based inference, the boundedness requirement for the indi-
vidual stratum densities and their absolute second derivatives ensures that on average,
misbehaving populations will not occur.

Although strict conditions on g; are not needed for consistency, the expressions for
the variances of f,;l(x; b(t)) and fy(x; b(t)) simplify if we require the joint density to
be smooth and bounded. The conditions in the following theorem, which is proven in
the appendix, guarantee that the within-psu correlations do not approach 1 as ¢ — oco.

Theorem 5. For all h, suppose gy is absolutely continuous with respect to Lebesgue
measure and that g;, and its absolute second partial derivatives are uniformly bounded
and continuous in a neighborhood of (x,x). Then, under conditions (M1)—(M5) and
(K1)—(K4),

A 1
Vil (s b(1))] = 0b SEORK) +0[(Qb)™']. (16)

If, in addition, (C1)—(C4) hold, then

N 1
Vulfy (e bN) = G > Wil fORK) + o(1)] (17)
(hik)es
and
. L N, Q ]
VelUB)=> > b—é’;,)[fh(x)R(K) +o(1)]. (18)

h=1 i=1 o7
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The asymptotic variance of .}A‘%(x; b(t)) under the model is the same as if all obser-
vations were independent. The asymptotics are driven by the increase in the number
of psu’s as ¢t — oo. Because the psu sizes in the population are bounded, as t — oo
it becomes less and less likely that two observations from the same psu would appear
in the bandwidth window, so the dependence has negligible effect asymptotically.

3.2. Asymptotic normality in stratified multistage sampling

3.2.1. Design-based inference

It is a common practice to sample the psu’s without replacement with inclusion
probabilities proportional to size. The dependence induced by sampling without re-
placement, however, greatly complicates central limit results, as documented by Sen
(1988). To avoid the dependence induced by sampling without replacement, following
Krewski and Rao (1981) we show design-based asymptotic normality for an estimator
where the psu’s are sampled with replacement.

We use the following setup for sampling with replacement. As before, there are
L(t) strata. From stratum 7, n,(¢) psu’s are sampled with replacement; on draw j (for

., n(t)), psu (hi) is sampled with probability p;,, where ) ;"] Nt pni=1. Define

the random variable Z,; to be 1 if psu & is selected on draw j and O otherwise. Since
sampling is done with replacement, Z,; and Z;; are independent when (%) # (h';")
Let

Uhk(b)
Np Phi

X;(b) = Zzh,k

(19)

The X;,’s are independent with Ep[X;,;(b)]=Uj(b)/my. Define X (b, )=} S 1x;;(b).
Let the sample estimator of the density be

Ja(e;b) = 07X (b,1) (20)

for O a design-consistent estimator of Q; then f,}(x; b) is approximately design-unbiased

for f;,/(x;b) since Ep[Q~'X(b,1)] = f;,/(x;b).
Also define 6°(¢) = Vp[X(b,1)] and, when all nj, > 2, define

ny np 2
(1) = Z Z (Xh,(b) - thxb)/nh) : (21)
=1

h=1 j=1

By (2.10) of Krewski and Rao (1981), Ep[62(¢)] = ¢*(¢). The following limiting dis-
tribution results, proven in the appendix, then hold.

Theorem 6. Assume conditions (K1)—(K4), (C1), (C2), and (CS) hold. Suppose there
exists a constant 0 >0 such that 6 < Nj(t)pp and 6 < nk for all h, i, and k.

Further suppose that maxy, N,(t)/n;(t) is bounded and that llmtﬁOO b(t)a(t)=oc. Then,
conditionally on Y,

[X (b, 1) — Qf(x; b)]/a(1) =5 N(0,1)
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as t — oo. Furthermore, if ny, =2 for h=1,...,L(t), then

b(t) .o 2
m[a (t)fa(t)]|Y%,,O (22)

as t — o0.

Asymptotic normality can be demonstrated for without replacement sampling for the
special situation where n,(t) — oo and Nj(t) — n;(¢t) — oo for every stratum 4. This
is done by applying Lemma 2.1 of Hajek (1960), which shows that with-replacement
results apply to the without-replacement situation.

Using Theorem 6, an approximate 95% confidence interval for ﬁ”(x;b) is given by
fR(x; b)+1.966(1)/0. If sampling were done without replacement, substituting ffy(x; b)
for fR(x;b) in the confidence interval while retaining the with-replacement variance
estimate 62(¢) would generally result in a slightly conservative design-based confidence
interval.

The variance ¢(¢) can also be estimated using the jackknife method. In this case,
since U(b) is an estimated population total, the jackknife estimate of ¢2(¢) reduces to
GA(1).

3.2.2. Asymptotic normality under model assumptions

Under the model assumptions in (M1)—(MS5), ﬁ,,(x;b) is asymptotically normal;
in addition, f}(x;b) is asymptotically normal under the combined distribution. The
following theorem is proven in the appendix.

Theorem 7. Assume conditions (K1)—(K4), (M1)—(MS5), (C1) and (C2) hold. Also
assume that g, and its second partial derivatives are continuous and uniformly bounded
in a neighborhood of (x,x). Then, as t — oo,

A, A

Foy (3 b) — Ene[fyy(x; )]
Vil fy(x; )]

If, in addition, the conditions of Theorem 6 hold, and if n(t)/Q(t) — 1 and
n(t)b(t)a?(t))O*(t) —ras. 7 as t — oo, where 0 < 2 < 1 and 0 <y < oo, then

Falrsb) — En[ ) (x; b)]
Vel fu(x; b)]

—p N(0,1). (23)

—p N(0,1). (24)

Theorem 7 can be used to construct confidence intervals for Ej[ ﬁ”(x;b)] under
the combined mode of inference. Since Vc[X(b,1)] = Ey[c*(t)] + VuEp[X(b,1)], an
approximately unbiased estimator of V[ fr(x; b)] is given by

Vel faw; )] = 6/0 + R(K) fyl(x; 0)/(0b), (25)
where the second term estimates V[ ﬁ,,(x; b)] given in (16). Then an approximate 95%

confidence interval for Ey[ f%(x; b)] can be calculated as fR(x; b)£1.964/V¢[ fR(x;b)].
If sampling fractions n;,/N; are small, the second term in (25) will be small relative
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to the first term, so that Vc[ﬁ(x; D)~ Vol fje(x; b)]. As with design-based confidence
intervals, fR(x; b) can be replaced by the without-replacement estimate fy(x; b) to give
a slightly conservative confidence interval under the combined distribution.

The confidence intervals in this section are for EM[‘}AS,,(x;b)]. Following standard
practice, they can be adapted to form confidence intervals for f(x) either by under-
smoothing so that the asymptotic bias is negligible, or by shifting the interval using
an estimate of the bias.

4. Bandwidths

One important aspect of density estimation is choice of the bandwidth . When b is
too large, the density is oversmoothed and the model-based bias of ﬁ/(x;b) is large;
when b is too small, the bias is small but the variance of f,,(x;b) is large. In order
for fy)(x;b) to be a density, the same bandwidth should be used for each value of
x; however, local kernel density estimators are sometimes used in which the optimal
bandwidth can vary with x. In this section we first explore bandwidth issues from a
design-based perspective. We then derive two sets of optimal bandwidth sequences to
be used with ff,,(x;b) and _/},,,,(x;b) under the model-based and combined approaches
to inference.

4.1. Bandwidths under design-based inference

In Sections 2 and 3 we used the same bandwidth sequence b(¢) in ffy(x; b), fAR(x;b),
and ﬁZ,(x;b). Using the same bandwidth ensures that in the design-based setting,
fy(x; b) and fAR(x; b) are both consistent and approximately unbiased for f%(x; b). How-
ever, it raises the question of whether ﬁ”(x;b) is the appropriate quantity to be esti-
mated: typically, the population size is much larger than the sample size, so it might be
more appropriate to estimate ﬁz,(x; by ) instead, where by, is smaller than the bandwidth
b used in f,(x;b) or fo(x;b).

If one bandwidth sequence {b4} is used for the finite population quantity, and a
different bandwidth sequence {by} is used for the estimator from the sample, then it
is possible that ffy(x; bg) may not be consistent for ﬁ?,(x; ba). The following example
illustrates that the pointwise design-based bias may be infinite when the bandwidths
for sample and population differ.

Example 2. Define the sequence yi,),... by yr = k= '(=1)* and let K(z) =
(1/2)o.1)( | z]). Let N(£) =12, n(t) =1*/2, by(t)=1t"" and by(t)=2t"". Let %(t) be
the first N(¢) elements of {y;};>; and let &(¢) be a simple random sample of n(¢)
elements in %(t). Under this construction there are precisely (¢ — 1) elements of %(¢)
outside of [ — by, by] and [(# + ¢t mod 2)/2 — 1] elements outside of [ — by, bs]. Then

A . | 2 | P
Eplfy(0:b5)) = fy(0sbw) = . > K(tyi/2) =+ D K(tyi) = fg +0(1).
i=1 i=1

The design-based bias at 0 thus tends to —oo as t — oc.
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In t}le design-based setting, then, it is best to use the same bandwidth b=by =b for
both f;, and f;,. This does not tell what the common bandwidth should be, however; we
need to adopt a model-based or combined inference framework to select a bandwidth.

4.2. Bandwidths under the combined distribution

In the combined approach to inference, an underlying theoretical density function f,
rather than ﬁ,,/(x; b), is the quantity of interest. In this approach, then, it is acceptable to
consider the same bandwidth for fz, and fy since f}, is used only in proving properties
of fy and is not considered to be of interest in itself. The model-based bias of fy is
used in determining the mean squared error. Problems such as that in Example 2 will
not occur because of the averaging over possible finite populations under the model.

Throughout this section, we assume that the conditions in Theorem 5 hold. Using
the combined distribution for the sample quantity and Eq. (18), the asymptotic mean
squared error (AMSE) of fy(x;b) is

2 L Ny o)
AMSEc[ fy (x; b)] = [ bzf”(xmz(K)} +3 3 7 ’“(h) FHORK),
h=1 i=1
where 1, and R(K) were defined preceding Lemma 1. Thus the locally optimal band-
width sequence for fy(x;b) is given by

M\ /5

RKK) Sy Sty O nx)/m”
Q" () 13(K )

By imposing integrability assumptions on the second-order derivatives of the underly-

ing densities f, we can use the asymptotic mean integrated squared error (AMISE) to

derive globally optimal bandwidth sequences. Here, AMISE( f )=/ AMSE[ f (x;b)]dx.
Then

BN S,x) = < (26)

R 1 l
AMISEc[f, (3 0)] = 7 B3 (KIR(S") + hz; Z 2%1 -
and the globally optimal bandwidth for fc/ is
opt N Ohi < R(K) >1/5
By = ~ 27
. <;Z nf’”) OR(f"2(K) 27)

As would be expected, the locally optimal bandwidth is more sensitive to the pointwise
behavior of both f and its second derivative than is the global bandwidth. Note that if
the entire finite population is included in the sample, i.e., ﬁ/ = f%, then the first factor
in (27) is one, so that the optimal global bandwidth for f% is the same as in the iid
setting.

The optimal bandwidths discussed in this section are theoretical quantities that de-
pend on the unknown underlying density function and its second derivative. In practice,
a plug-in or cross-validation method (see Wand and Jones, 1995) can be used to select
a bandwidth for the iid case and then the bandwidth can be adjusted for fy as in (27).
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Note that the expression in (27) simplifies under certain sampling designs. If a prob-
ability proportional to size design is used with nl(-h) = n,Qyi/Op and if n,/N, = n/N
for all A, then b%P'(F,) = {[NR(K)]/[nOR(f")13(K)]}'°. Consequently, under strati-
fied random sampling with proportional allocation as well as certain other designs, the
optimal global bandwidth is the same as in the iid case.

In practice, the quantities Qy; may be unknown by a secondary data analyst. We be-
lieve a reasonable approach to bandwidth selection in many large-scale surveys (which
often are designed so that the sampling weights are approximately equal) is to start
with a bandwidth selected as though the data were iid with sample size ¢; the initial
bandwidth may need to be expanded if measurements from the same psu are highly
positively correlated because in small samples the variance term under the combined
distribution may be larger than the asymptotic quantity given in Theorem 5.

If the assumptions in Theorem 5 are met and the optimal asymptotic bandwidth is
used, the AMISE under the combined distribution has order O(¢~*?). Since a sample
size of 100 is often considered to be adequate in the iid setting, we suggest that an
overall sample size of 100-200 will generally give a reasonably accurate estimate of
the density with data from a complex survey.

5. Density estimation near boundaries

For the asymptotic results in Section 3 and the bandwidth discussions in Section 4
we have assumed that no boundary effects arise. Measurements in surveys, however,
often take only positive values. In this section we consider density estimation near a
boundary. Without loss of generality suppose that f has support [0,00). Also suppose
that the kernel K has support [ — 1,1]. In this setting the design-based results are
still valid. In Theorem 2, for example, fy(x,b) is design-based consistent for ﬁ,/(x,b)
for all x. However, fﬁ,,(x,b) may be positive for x < 0 and may be model-biased for
estimating f(x) for x near 0.

One method for reducing the model-based bias for x near 0 is to use the boundary
kernel introduced in Gasser and Miiller (1979): Let p =x/b and define

ay(p) — ai(p)u
ao(p)azx(p) — ai(p)

K*(u, p) = K(u), (28)
where a/(p):ffl z/K(z)dz. Note that for p > 1, K*(u, p)=K(u). The density estima-
tors f 7(x,b) and /} %(x,b) are defined by (2) and (3), respectively, with K[(x — yux )/b]
replaced by K*[(x — ypir)/b,x/b] for x < b.

We study asymptotic properties for a sequence of points x =x(¢) = p b(¢t) for fixed
p€(0,1) as t — oo. First note that under the conditions of Theorem 2,

Ep[{/5(x(0);b(t)) — fiy (x(1); b(1))}*] — 0 (29)

as t — oo, so the estimator is design-consistent near the boundary. The proof of
(29) follows that of Theorem 2, noting that for all p€(0,1) ao(p)az(p) — al(p) =
ap(0)a2(0) — a?(0) > 0, so K*(u, p) < cK(u) for a constant c.



182 T.D. Buskirk, S.L. Lohr|Journal of Statistical Planning and Inference 128 (2005) 165—190

For properties under the model-based and combined approaches, replace condition
(M1) by (M1*):

(M1*) (Yhir, Vi) have joint density g,, where g; satisfies (8). The marginal density
of Y, f1, has second derivative f ;l’ that is square integrable and continuous
on (0,00) and monotone in (M,o0) for some M. The variables Y3 and Y.,
are independent if (hi) # (rp).

Then under conditions (M1*), (M2), and (K1)—(K4), the model-based bias near the
boundary has order O(b?): for x = pb and p < 1,

b ,
Eulf3((0:;0)] = f(x) + = " (0+) /_1 WK (u, p)du + o[6?], (30)

where f”'(0+) = lim, o /”'(x). Also, under the conditions in Theorem 5 with (M1)
replaced by (M1%),

N 1 p
Vulf 5 (e(0): b(1)] = —— f(0+) / [K*(u, )’ du + o[(Q) '] 31)
Ob .
and
. L N, . p
VelOf 5t BN =D > bn?,;) [fh(0+) /_ 1 [K*(u, p)) du+o(1)| . (32)

h=1 i=1 i
Egs. (31) and (32) are proven similarly to the corresponding results in Theorem
5, using results in Jones (1993). Neither ﬁ;/ (x;b) nor f}/(x;b) is guaranteed to be a
density, but the estimated functions can be normalized so that they integrate to 1.

6. Applications

We present two examples of smoothed density estimates from complex surveys, il-
lustrating the confidence bands calculated using the results of this paper. Since the
sampling fractions are small in both surveys, we estimate the variance under the com-
bined distribution by 62/0, where 6% is defined in (21). The jackknife is used to
calculate 62.

The US National Crime Victimization Survey (NCVS) is an ongoing stratified mul-
tistage sample with a rotating panel design; although it is designed to be approximately
self-weighting, nonresponse and ratio adjustments vary the final weights. Fig. 1 shows
the estimated density function for ages of female victims of sexual assault, using the
1994 NCVS (US Department of Justice, 1998). The bandwidth value b=5 was chosen
subjectively. Since the NCVS interviews only persons aged 12 and over, the bound-
ary kernel in (28) was used for women under age 17; for the boundary region, we
used the bandwidth value [2b — (x — 12)] discussed in Gasser and Miiller (1979) and
Jones (1993). In the 1994 NCVS, there were 237 female victims of sexual assault, so
the design-based confidence bands calculated using the jackknife are relatively wide.
The density estimate shows a feature of the data that is not readily discernible from
summaries using means and quantiles. The estimated mode for age of sexual assault
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Fig. 1. Density estimate for the ages of female victims of sexual assault, using Epanechnikov kernel function
and a 5-year bandwidth.

0.010

0.008

—— Density Estimate

-=-= 95% Confidence Band
using Jackknife

density
0.006

0.004

0.002

0.0

50 125 200 275 350 425 500 575 650 725
Total Serum Cholesterol (mg/dL)

Fig. 2. Density estimate for the total serum cholesterol levels of US adults, aged 17 or older, using
Epanechnikov kernel function and a 6.5-unit bandwidth.

victims is close to age 20; however, another minor peak appears to occur around the
age of 32. Although the confidence bands are wide around the secondary peak, the
same phenomenon occurs in NCVS data sets from other years.

Fig. 2 estimates the density of total serum cholesterol using data from the US
National Health and Nutrition Examination Survey III (¢ =16764), with data provided
by the US Department of Health and Human Services (1996). We used
a Gaussian approximation to the density to estimate R(f”') by (3/8)n~ /257> =13 x
10~%, where s=44 estimates the standard deviation of the population. For the Epanech-
nikov kernel used, R(K) = 3/5 and u(K) = 1/5, so a preliminary bandwidth,
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using results in Section 4 and acting as though the sample were iid, was estimated
as ((3/5)/(16764R(f"")/25))"/° = 14.4. We reduced this to 6.5 for the figure so that
we would not miss features of the density by possible oversmoothing. It is readily
seen that the distribution is slightly skewed to the right. Because of the large sample
size, the jackknife confidence bands are tight around the density estimate. The jack-
knife, however, gives confidence intervals around fy(x;b) as an estimator of f,,z,(x;b).
The confidence intervals thus include only the variance and do not incorporate the
model-based bias in f,(x; b).

7. Discussion

In this paper, we have presented sufficient conditions needed for consistency and
asymptotic normality under three frameworks for inference in survey sampling: design-
based, model-based, and a combined approach. These theoretical results justify infer-
ence about density functions in the survey sampling context. We illustrated the theoret-
ical results by estimating the density and constructing confidence bands for data from
two large US surveys. We also introduced a new superpopulation model that is more
appropriate for stratified multistage samples than the one usually used in which random
variables generating the finite population are assumed to be iid. The superpopulation
model developed here may also be used for model-based or combined inference in
settings other than density estimation.

We believe that each of the three settings for inference may be appropriate in certain
contexts. Design-based inference is appropriate if the population quantity of interest
is in fact f,,, Model-based inference is appropriate if the entire finite population is
measured, or if one has reason to believe that the model adopted explains all the
salient features of the data.

In most survey sampling settings, however, we believe that the combined distribution
will be most appropriate for inference about densities. For the NCVS example, the
combined approach assumes an underlying density for the ages of female victims of
sexual assault in 1994; this would likely be the quantity of interest for social scientists.
The combined distribution also incorporates features of the design, however, so that
the design-based variance is employed and the resulting estimator is more robust to
model misspecification.
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Appendix. Proofs

Proof of Theorem 2. We suppress the index ¢ for notational ease. Condition (K4) im-
plies that u; () < b~'m for all h,i,k and consequently, by assumption (C2), that

Upi(b) < b~ 'Qpim < b~ 'Bm.
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Thus for each 4, (C3) and (C4) imply that

Ny Ny 2
Z/z’:[n(h)  _ (h)] Uni(b) — Upi(b)
RO
i=1 j>i i j
N N, 2 2
- ZI (h) (h) <Um(b)> <Uhj(b)>
w ] T Tm
Ui Vi
i=1 j=1 i j

h
OC},BI’)’!2 N ()th f-h)th
S 2p2 ZZ (h) Q)

i=1 j=1 J

Ny
o Bm? Z 203 Ohi _ o Bm* Oy

L i A

Similarly,
On O -
(h) (h) (h) i i
VolUnl = = ZZ( T ™ T )[ an (h)]
k 1 14k Ty My
O Qi [ h) (h)
B ) DY i I
S 2 0 n) = b2
k=1 1=1 LT ki

Thus, using the expression in (6),

L(1) 2 2
O VplUMBN < 0) { B Onty, OnBrm }
h=1

b%o b262
Bm? )
25z Wl
0b*o —

This expression converges to 0 as Nb> — oo. The variance Vp[ fy(x;b)] is shown to
converge to 0 uniformly in x by using standard linearization arguments for the variance
of a ratio, since f,(x;b) < b~'m, Q~2f2,(x;b)Vp[Q] and Q2 f,,(x; b) Covp[U(b), 0]
both converge to 0 as Nb> — co. O

Proof of Theorem 3. Note that by the Cauchy—Schwarz inequality, ¥(x) < (K7 /4)(x).
Thus, using (14),
L Ny

Vil fy (e b)] < > ZZQh,(Kb * f1)(X).

h=1 i=1
Using (11), (M3), and (M4), we have for any x € ‘R that

L Ny,
Ml sb) < g3 3 3 O s /R + o(1)]
h=1 i=l1
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» GOR(K)

1 1
Q2 ;;an b( ) [ + ( )]
< 5 )

This quantity converges to 0 by (M5). Likewise, the bias of fU(x;b) tends to 0 by
(M4).
Similarly,
2

Z Z Z whik | (Kj * f)(x).

=1ic€), \kES)

Because Y,c o, Yoxe, Wiik=0n+0(0) for each h, 0=y | [Os+0(Qi)]=0+0(Q)

and

Vil fip(x; b)) <

G

Vil fop(x; b)) < ) 522[Qh+ o(ON)] —~—~—[1+o(1)],

B R(K)
0> +0(Q%) b(1)
which tends to 0 as Qb — co. [

Proof of Theorem 4. Since fy(x; b) is approximately design-unbiased for f%(x; b), and
since Ey[ f%(x; b)] — f(x) — 0 by Theorem 3, we need only examine the asymptotic
behavior of Ey[Vp(U(b) | Y)]. Viewing the components of (6) separately, the model
assumptions in (M1) imply that

2
g, | (Un®) _ Uy®)
72:Eh) 7I;‘h)

Ohi Oni Oni 2
Z( (h)> (Kb*fh)<x)+zz( )> W) (x; b)
k T

1\ k=1 I#k

Oy Onj O 2
Z( (h)) (Kh *fh)(x)'l"ZZ( ()> Yu(x;b)
/ /

k=1 Ik

2 2
%ﬁ%ﬁiﬂmf Yo < (ﬁff;) + (ﬁ%) (K} * £1)().

J

Similarly,
ElVo(Ub))] < 50u(KE * 1))

So, using the above results with (C3) and (C4),
Ey [Ep ({U(b) ~ U} |Y)]
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Ny Np 2 N >
Uni(b) — Upi(b) VplUpi(D)]
) _ iy (U J
=3 ZEM > I ] ( @ o | T > 0

i=1 j#i j i=1

1 L Ny Ny i (h) Qh (h) O
PP Zah[ ’(hi 50 ]+52’ (KZ * 1))
=1 T

i=1 =

1 L N, Q
=52 {2Zah hgh) }(Kb * /1))

h:l

. O
< D _[Boymy + 115 (K} * f1)(@)

h=1

72 [Boymy + 1] [/#RK) + o(b(1))].

h=

On
52b(1)
Thus O 2Ey[Ep({U(b) — U(b)}*| Y)] — 0 as ¢ — oo by (C4) and (M3). [I

Proof of Theorem 5. Using Taylor’s theorem as is done in the proof of Lemma 1, it
is shown that ¥ (x;b) = gp(x,x) + o(b). Because Oy; < B, the other terms in (14) are
asymptotically negligible relative to the first term. The results in Lemma 1, then, imply
(16) and (17). Eq. (18) is shown similarly: Using the expression for the
En[Vp(U(b)|Y)] given in the proof of Theorem 4 together with the relations

Yo =ny and YV, 1 = (ny, — Dn"” from Theorem 6.1 of Lohr (1999), it
is shown that

Np
Erolln =33 ”(,,) D0i -1 £, yR) + o)

h=1 i=1

Thus Ve[U(b)] = ExVo[U(b)] + Vau[U(b)], and Vi [U(b)] is derived from (16). [

Proof of Theorem 6. Since the Xj,;’s are independent and Vp[X(b,1)]=0>(t) < oo, the
asymptotic normality requires only verification of Liapunov’s condition that

L ny
Z ZED[ | X5 — EpXj | 211 = o(a (1))

h=1 j=1

1

for some 1 > 0. Since wup; < m for all &, k, and j, we have that

<b”
| Un() puc — Un(b) | < 2(b0*)™'N)Bm
for all # and k. Consequently, using the boundedness of Nj/ny,

L

> Ep [1Xy — EpXi|’]

h=1 j=I
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ny

1 A
Z > Ep {nh(Xh‘i — EpXy;)? HI}E}{X| Uk (b)) pwe — Un(b) |

h=1 j=1

1

< 2Bm(b8*)~! ZZ—ED (Xij — EpXy; )]

h=1 j=1

< b 'Ca (1),

where C is a constant. Liapunov’s condition with # =1 thus holds because b(#)a(z) —
oo. For the consistency of the variance estimate, we use similar bounds on the second
moments of Xj;(b) along with the weak law of large numbers. [

Proof of Theorem 7. Both of these results are proven similarly to the asymptotic nor-
mality result in Parzen (1962), again using the Liapunov condition employed in the
proof of Theorem 6. To show (23), note that

3 [0S ()]

h=1 i=1

L N, Ouw . — Y
(Qb)mZZZEM[K 7( b ﬂ

h=1 i=1 k=1

1+n
< (QBb> Lf(x) / K1y du + o(1)].

Using the asymptotic model-based variance in (16), then, Liapunov’s condition holds
as Ob — oo.

The result in (24) is shown by applying the central limit theorem for superpopulation
parameter estimators in Bleuer and Kratina (2000). We write

Vnb( fo(x; b) — En[ f(x; B)]) = Vnb( fo(x; b) — fi,(x; b))
Vb (f,(x;b) — Exlfy,(x; b)]).

The first term in the sum converges to a normal distribution by Theorem 6; the second
term converges in distribution to N(0, 4 f(x)R(K)) by (23). Using Lemma 5.1 of Bleuer
and Kratina (2000), the necessary conditions for asymptotic independence of the two
terms are met because the third absolute moment of X;;(b) is O(N,?nh_3 b~?) because
of the condition that N,(#)py > 6 > 0 and because Ey[U},] = O(b~?). Result (24)
follows by Slutsky’s theorem. [
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