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Abstract We introduce a multitype version of the contact process with sexual reproduction
on the d-dimensional integer lattice Z

d in which a genotype is attached to each occupied
site. Individuals are produced by pairs of occupied sites and their genotype determined from
the genotypes of the parent pair according to the Mendel’s laws of inheritance. Relying on a
number of new techniques, we prove that the genes may coexist in d ≥ 3 whereas the system
clusters in d ≤ 2. The analogous result has already been proved for two simpler models, namely
the voter model and the multitype contact process.

1. Introduction

Since its introduction, the contact process [8] has been intensively studied by mathematicians and
widely employed by biologists. The contact process is a continuous-time Markov process whose state
at time t is a function ζt that maps the d-dimensional lattice Z

d into {0, 1}. In the demographic
context, one shall think of sites x ∈ Z

d in state 0 as being empty, and sites in state 1 as being
occupied by an individual. Independently of each other, individuals produce offspring at rate λ
and die at rate 1. An offspring produced at site x is sent to a site y chosen at random according
to a transition probability p(x, y) on Z

d which is translation invariant and symmetric. When the
target site y is already occupied, the offspring produced at x and the individual at y coalesce,
or equivalently the birth at site x is suppressed. The dynamics at site x ∈ Z

d are thus formally
described by the transition rates

c0→ 1 (x, ζ) = λ
∑

y

p(x, y) ζ(y) and c1→ 0 (x, ζ) = 1,

where ci→ j(x, ζ) denotes the rate at which the state of site x flips from i to j. One of the most
important properties of the contact process is the existence of a critical value λc ∈ (0,∞) such that
the process starting with a single individual always dies out when λ ≤ λc while there is a positive
probability that it survives when λ > λc.

The sexual reproduction contact process is a closely related process in which offspring are pro-
duced by pairs of occupied sites rather than single occupied sites, i.e., individuals have exactly two
parents instead of one. The dynamics at site x ∈ Z

d are described by the transition rates

c0→ 1 (x, η) = λ
∑

y1 6=y2

p(x, y1) p(x, y2) η(y1) η(y2) and c1→ 0 (x, η) = 1 (1)

where, as previously, p(x, y) is a transition probability on Z
d which is translation invariant and

symmetric. We have taken the sum over the set of y1, y2 ∈ Z
d such that y1 6= y2 to have a
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biologically meaningful birth mechanism in which individuals have two (distinct) parents. The first
transition rate indicates that if site x is empty then, at rate λ, two sites y1 and y2 are chosen
independently and at random with probability p(x, y1) and p(x, y2), respectively. If both sites are
distinct and occupied then site x becomes occupied.

While the contact process has been intensively studied during the past 35 years, much less atten-
tion has been paid to the sexual reproduction process. Noble [14] and Neuhauser [13] investigated
a particular case of the process (1) in which individuals are located on the rescaled lattice ǫZ, and
offspring are produced by pairs of adjacent (distance ǫ apart) occupied sites. In [14], the offspring
is sent to either site adjacent to the parent pair with equal probability, and adjacent sites exchange
their contents at rate ǫ−2 which is referred to as fast stirring. In [13], an offspring produced by a
pair of occupied sites (y, y + ǫ) is sent to a site chosen at random according to a certain transition
probability, the offspring has access to an ever-growing number of sites as ǫ ↓ 0 which is referred
to as long range dispersal. In both [14] and [13], it is proved that if the birth rate λ exceeds some
critical value then the process survives (i.e., has a stationary distribution with a positive density of
occupied sites) provided ǫ > 0 is sufficiently small, the focus is on the exact estimate of this critical
value when ǫ ↓ 0. Durrett and Gray [5] and later Chen [1, 2] also studied the problem of survival of
a stochastic spatial model with sexual reproduction, called symmetric sexual reproduction process,
in dimensions d ≥ 2. In their model, site x becomes occupied at rate λ whenever a pair of sites
adjacent to x and Euclidean distance

√
2 apart are occupied. In contrast, the main purpose of this

article is not on survival so we will assume from now on that the birth rate λ is fixed so that the
model described by the transition rates in (1) survives in the sense that there exists a stationary
distribution with a positive density of occupied sites.

The stochastic model {ξt : t ≥ 0} we introduce in this article is a multitype version of the
sexual reproduction process (1) describing the evolution of a population of diploid individuals. The
state space maps the d-dimensional integer lattice into the set {0, aa, ab, bb}. One shall think of
sites in state 0 as being empty, and sites in state aa, ab, and bb as being occupied by a diploid
individual with genotype aa, ab, and bb, respectively. While the demographic evolution is described
by the transition rates (1), at each birth, the genotype of the offspring is determined according
to the Mendel’s laws: the genotype of an offspring produced by the parent pair (y1, y2) will be
the combination of one of the two alleles of the individual at y1 and one of the two alleles of the
individual at y2. The alleles are chosen at random, independently and uniformly. We call this process
the sexual reproduction process with genotypes, abbreviated by SRG from now on. Recall that the
transition probability p(x, y) is translation invariant and symmetric, which implies the existence
of some probability density function q(x) such that p(x, y) = q(y − x). For technical reasons, we
assume in addition that q(x) has variance σ2 < ∞.

The main objective of this article is to prove that the behavior of the SRG is similar to that of
the voter model [3, 9] and the multitype contact process [12] in the sense that the process clusters in
one and two dimensions whereas alleles a and b may coexist (there exists a stationary distribution
with a positive density of each genotype) in higher dimensions. Although the results are similar,
the birth mechanism of the sexual reproduction process is too sophisticated so that the long-term
behavior of the SRG can be understood by using the techniques of [3, 9, 12]. In particular, our
proof relies of a variety of new techniques introduced for this purpose.

The non-spatial model. Before we study the behavior of the spatially explicit model, we look
at its mean-field approximation [6], that is, we pretend that all sites are independent and that
the system is spatially homogeneous. This then results in a system of differential equations for
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the densities of homozygous and heterozygous. Let uaa (respectively, ubb) denote the density of
homozygous of type a (respectively, b), and uab the density of heterozygous. The first step is to
investigate the demographic density u = uaa + uab + ubb. It follows from the dynamics that

du

dt
= − u + λ (1 − u)u2. (2)

When λ ≤ 4, any solution of (2) converges to 0, whereas when λ > 4, there are two additional
equilibriums which are both positive, namely

ρu =
λ −

√
λ2 − 4λ

2λ
and ρs =

λ +
√

λ2 − 4λ

2λ
.

If the initial density is strictly smaller (respectively, strictly larger) than ρu then the density con-
verges to 0 (respectively, ρs), i.e., 0 and ρs are stable while ρu is unstable. Returning to the model
including genotypes, the mean-field ordinary differential equations can be written

duaa

dt
= − uaa + λ (1 − u)

(

uaa +
uab

2

)2
(3)

duab

dt
= − uab + 2λ (1 − u)

(

uaa +
uab

2

) (

ubb +
uab

2

)

(4)

dubb

dt
= − ubb + λ (1 − u)

(

ubb +
uab

2

)2
. (5)

To find the equilibrium states, we let

σa =
2 uaa + uab

2 (uaa + uab + ubb)
and σb =

2 ubb + uab

2 (uaa + uab + ubb)

denote the frequencies of genes of type a and b. Then, equations (2) and (3) imply that

duaa

dt
= − uaa + λ (1 − u)σ2

a u2 = − uaa + σ2
a

(

du

dt
+ u

)

so that uaa = σ2
a u at the equilibrium. By symmetry, ubb = σ2

b u and so uab = 2σaσb u at the
equilibrium. To compute the fractions of genes of type a and b at the equilibrium, we observe that
combining equations (3), (4) and (5), we obtain

d

dt

(

2 uaa + uab

2 u

)

=
d

dt

(

2 ubb + uab

2 u

)

= 0,

that is, the fractions of genes are preserved by the dynamics. In conclusion, the demographic
evolution is described by equation (2) while the genes mix up in the population in such a way that,
at the equilibrium,

uaa = σ2
a(0)u uab = 2σa(0)σb(0)u ubb = σ2

b (0)u

where σa(0) and σb(0) denote the fractions of genes of type a and b at time 0. This is referred to
as the Hardy-Weinberg equilibrium in population genetics.

Note that the behavior of the mean-field approximations of the voter model and the multitype
contact process are similar. For the voter model, the densities of types are preserved, while for the
multitype contact process, only the frequencies of types are preserved. For the SRG, the preserved
quantities are the frequencies of genes of type a and of type b. In conclusion, provided the birth
rate is large enough to ensure survival, the mean-field approximations of all three models predict
coexistence, i.e., existence of a stable equilibrium with a positive density of each type.
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The spatially explicit model. It has been proved for the voter model and the multitype
contact process that the inclusion of a spatial structure in the form of local interactions translates
into a spatial segregation in one and two dimensions, while both types of particles may coexist in
higher dimensions. The result for the voter model is due to Clifford and Sudbury [3] and Holley and
Liggett [9], and the result for the multitype contact process to Neuhauser [12]. For both models,
the key of the proof is duality. The dual process starting at {x, y} allows to trace the history of the
individuals at sites x and y back to time 0 by keeping track of their ancestors, so to determine the
state of these sites at the current time from the configuration at earlier time. In the voter model,
the dual process is a system of coalescing random walks. The ancestral lines of the individuals at
sites x and y eventually coalesce with probability 1 in dimensions d ≤ 2, whereas there is a positive
probability that they never coalesce in dimensions d ≥ 3. The result for the voter model follows
from the fact that coalescence of the ancestral lines is equivalent to the existence of a common
ancestor that determines the (common) type of x and y. In the terminology of population genetics,
x and y are said to be identical by descent. The dual process of the multitype contact process is
more complicated. However, the ancestral lines can be divided into independent and identically
distributed pieces so that the same argument as for the voter model applies.

Our analysis of the SRG also relies on duality. The techniques employed, however, are quite
different, and our proof requires the introduction of a number of new concepts. To formulate our
main result, we let g(i, x, t) ∈ {0, a, b} denote the type of the ith gene (i = 1, 2) of the individual,
if it exists, located at site x at time t. By convention, 0 denotes the absence of individual.

Theorem 1 Assume that initially the random variables {g(i, x, 0) : x ∈ Z
d, i = 1, 2} are indepen-

dent and = a and = b with probability θ and 1 − θ, respectively. Then, the process ξt converges in

distribution to the measure π as t → ∞ with

π = θ πaa + (1 − θ)πbb in d ≤ 2

= νθ in d ≥ 3,

where πaa and πbb denote the limits starting from all sites occupied by individuals of genotype aa
and genotype bb, respectively, and where νθ is a translation invariant measure under which the

densities of genes of type a and b are both positive whenever 0 < θ < 1.

Recall that the birth rate λ has been fixed so that the upper invariant measure of the sexual
reproduction process (1) has a positive density of occupied sites. To prove Theorem 1, we will need
to make the following technical assumption

Conjecture 2 The dual process {η̂s(x, t) : s ≥ 0} of the sexual reproduction process (1) starting

at space-time point (x, t) lives forever or dies out exponentially fast, i.e.,

P (T < inf {s ≥ 0 : η̂s(x, t) = ∅} < ∞) ≤ C1 exp(−γ1T )

for suitable C1 < ∞ and γ1 > 0.

We refer the reader to Section 3 for a rigorous definition of {η̂s(x, t) : s ≥ 0}, the dual process
of the sexual reproduction process. The estimate in Conjecture 2 is well-known for the contact
process (and the dual process of the contact process since the contact process is self-dual). The
proof relies on the analogous estimate for oriented percolation together with the fact that, viewed
on suitable length and time scales, the contact process dominates oriented percolation (see for
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Figure 1. Snapshots of the process with birth rate λ = 7.8 at times 100 and 1000, respectively. In both realizations,
the process evolves on the 400×400 square with periodic boundary conditions and starts from the “all heterozygous”
configuration. The color code is black = 0, dark grey = aa, pale grey = ab, and white = bb.

instance Lemma 7, Section 11.b, in [4]). Unfortunately, we do not know how to prove Conjecture 2
for the sexual reproduction process. Lemma 3.1 below, however, strongly suggests that the dual
process of the process (1) grows like a contact process from which a proof of Conjecture 2 (using
again a comparison with oriented percolation) would follow.

2. Sketch of the proof

The key to prove Theorem 1 is duality. The strategy is similar to that of the proof of the analogous
result for the voter model [3, 9] and the multitype contact process [12]. The idea is to keep track
of the ancestors of the ith gene of the individual at site x and of the jth gene of the individual at
site y by going backwards in time. The aim is to prove that the resulting ancestral lines coalesce
for almost all realizations of the process if and only if d ≤ 2. This implies that both genes are
asymptotically identical by descent (and so identical) in low dimensions d ≤ 2 while they may be
different in higher dimensions d ≥ 3. In view of the birth mechanism (sexual reproduction), the
dual process of the SRG appears to be more complicated than the dual processes of the voter model
and the multitype contact process. In particular, our proof mainly relies on the introduction of a
number of new concepts that we now define intuitively to facilitate the understanding of the global
strategy. These key concepts are written in italics below.

Topology of the dual process. The first consequence of sexual reproduction is that the dual
process starting at (x, t) consists of a finite collection of finite subsets of Z

d rather than a finite
collection of sites as for the multitype contact process or a single site as for the voter model. That
is, the dual process starting at (x, t) is given by

η̂s(x, t) = {B1, B2, . . . , Bn}, 0 ≤ s ≤ t,
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where each Bk ⊂ Z
d is a finite set containing the ancestors (the two parents, or one parent and

two grand parents, or the four grand parents, . . . ) of the individual at site x at time t ≥ 0. To
investigate the topology of the dual process, we will consider a collection µ of independent coin flips
which assign the value 1 (Heads) or 2 (Tails) to each birth occurrence, and will construct a new
process called µ-process in the following way: at each birth attempt, we pick one of both parents
at random as indicated by the corresponding coin flip, and pretend that the birth occurs if the
chosen site is occupied and the target site empty. The genotypes of the parent and its offspring are
unimportant in this construction. This makes the µ-process a contact process. We call µ-ancestral

tree the dual process of the µ-process starting at space-time point (x, t). We will prove that the
dual process of the SRG lives forever if and only if for any collection of coin flips µ, the µ-ancestral
tree lives forever. Moreover, conditioned on survival, each set B belonging to the dual process has
a nonempty intersection with each of the µ-ancestral trees.

The ancestral path. The second step is to keep track of the ancestor of the ith gene of the
individual at (x, t) through a process gs(i, x, t) referred to as ancestral path. As for the multitype
contact process, the elements of the dual process can be arranged according to the order they
determine the type of (x, t). This order relationship will be referred to as ancestor hierarchy, and
the minimal element for this order denoted by Bs(x, t) and called first ancestor set. This set contains
all the actual ancestors of (x, t). To identify which of these ancestors is the actual carrier of the
ith gene of (x, t), we will introduce an additional set-valued process Hs(i, x, t) containing all the
potential carriers at time t−s of the gene under consideration. Since, at each birth, the gene we are
tracking down originates from exactly one of both parents, there exists a collection µ of coin flips
such that the set {Hs(i, x, t) : s ≥ 0} is equal to the µ-ancestral tree starting at (x, t). In particular,
results of the previous subsection imply that, conditioned on survival of the dual process,

Bs(x, t) ∩ Hs(i, x, t) 6= ∅ at any time s ≥ 0. (6)

By construction, the ancestral path follows the first ancestor in the intersection (6) going backwards
in time. The mathematical definition of first ancestor in this context will be given later.

Renewal points. After constructing the ancestral path, the next step is to break its evolution
at some points called renewal points in order to define an embedded random walk. To define renewal
points in the case of the SRG, we introduce the concept of a family. Let B ⊂ Z

d be a finite set and
let t ≥ 0. Then, the family of (B, t), denoted by Fs(B, t), can be seen as a generalization of the
dual process starting from a finite set rather than a single site. Families have some nice properties,
including the following Markov type property:

Fs+u(B, t) =
⋃

D∈Fs(B,t)

Fu(D, t − s) ∀ s, u ≥ 0, ∀ B ⊂ Z
d finite.

Relying on the previous equation, we will prove that the family of (B, t) lives forever if and only
if the dual process starting at (z, t) lives forever for any z ∈ B, and that when it does not, it dies
out exponentially fast. Renewal points will be defined as the space-time locations of the ancestral
path occurring when the family of the first ancestor set lives forever. To prove that the sequence of
renewal points {(Sj , Tj) : j ≥ 1} performs a random walk, we will first show that, if the individual
present at the jth renewal point transmits its kjth gene on its way up to (x, t), then

gs+Tj
(i, x, t) = gs(kj , Sj , t − Tj).
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This implies that the original ancestral path can be defined by gluing together the ancestral paths
starting at consecutive renewal points, which is the key to prove that the sequence of renewal points
performs a random walk. In other respects, using that families live forever or die out exponential
fast, we will obtain that the spatio-temporal displacements between consecutive renewal points
have exponential bounds. Techniques developed in [12], Sections 3-5, then imply that the random
walk defined by the sequence of renewal points is recurrent in d ≤ 2 and transient in d ≥ 3.

Identity by descent. The proof of Theorem 1 is now straightforward. The idea is that recur-
rence of the sequence of renewal points in d ≤ 2 translates by duality into a spatial segregation
through the fact that occupied sites are asymptotically identical by descent. In contrast, transience
in d ≥ 3 implies that distinct ancestral paths may evolve indefinitely without overlapping, which
allows different individuals to have different genotypes. See [12] for more details.

3. Duality and contact type substructure

This section is devoted to the construction of the dual process. The aim is also to exhibit somewhat
interesting connections between the dual process of the sexual reproduction process and the dual
process of the contact process (see Proposition 3.3 below).

Construction of the SRG. The first step is to construct the process (1), from collections
of independent Poisson processes, which is referred to as Harris’ graphical representation [7]. The
construction of the SRG only requires an additional collection of independent coin flips. These coin
flips indicate which gene an offspring inherits from its parents. For any y, z1, z2 ∈ Z

d, we consider
the two collections of independent Poisson processes

arrival times: Tn(y, z1, z2) Un(y)

rate: λ q(z1 − y) q(z2 − y) 1

We draw an arrow from z1 to y and an arrow from z2 to y at time Tn(y, z1, z1) to indicate that
a birth may occur: if sites z1 and z2 are both occupied then site y becomes occupied if it is not
already. We also put a death mark “×” at site y at time Un(y) to indicate that if site y is occupied
then it becomes empty. To construct the SRG starting from ξ0 : Z

d −→ {0, aa, ab, bb}, we first
order (artificially) at random the genes of each individual, and assume by convention that, if a
birth occurs at site y at time Tn(y, z1, z2), then the ith gene, i = 1, 2, of the individual at site y
originates from the individual at site zi. To determine which genes an offspring inherits from its
parents, we introduce a collection of independent random variables ν(·) with

P (ν(n, y, z1, z2) = (i, j)) = 1/4 ∀ n ≥ 1, ∀ y, z1, z2 ∈ Z
d, ∀ i, j = 1, 2. (7)

Then, condition on the event that ν(n, y, z1, z2) = (i, j), if it exists the offspring sent to site y at
the arrival time Tn(y, z1, z2) inherits the ith gene of site z1 and the jth gene of site z2.

Definition of the dual process. The dual process {η̂s(x, t) : 0 ≤ s ≤ t} starting at space-time
point (x, t) allows us to keep track of the ancestors of the individual at site x at time t by going
backwards in time. In the case of the sexual reproduction process, the dual process is a collection
of finite subsets of Z

d which starts from the singleton η̂0(x, t) = {{x}}, and evolves as follows:

1a. If a birth event occurs from sites z1 and z2 to site y at time t − s then η̂s(x, t) is obtained
from η̂s−(x, t) as follows: for each set B ∈ η̂s−(x, t) which contains y, we add a set B′ which
is obtained from B by removing y and adding z1 and z2.
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1b. If a death event occurs at site y at time t − s then η̂s(x, t) is obtained from η̂s−(x, t) by
removing any set B containing y.

Later on, the event described in 1a above will be written B → B′ at time t− s. A nice property of
the dual process is that it allows us to deduce the state of site x at time t from the configuration
at earlier times. More precisely, it follows from the previous construction that

x ∈ ηt if and only if B ⊂ ηt−s for some B ∈ η̂s(x, t) (8)

where ηt is identified with the set of occupied sites: ηt ≡ {z ∈ Z
d : ηt(z) = 1}. The dual process is

naturally defined only for 0 ≤ s ≤ t but it is convenient to assume that the Poisson processes in
the construction are defined for negative times and η̂s(x, t) for all s ≥ 0.

µ-ancestral trees. To understand the topology of the dual process, we will compare its struc-
ture with the well-known tree structure of the contact process. The first step is to define a new
process from the graphical representation introduced above supplemented with a collection of in-
dependent coin flips. We introduce a collection of independent random variables µ(·) with

P (µ(n, y, z1, z2) = 1) = P (µ(n, y, z1, z2) = 2) = 1/2 ∀ n ≥ 1, ∀ y, z1, z2 ∈ Z
d. (9)

We define a new process ζµ
t that maps Z

d into {0, 1} as follows.

1. If the label µ(n, y, z1, z2) = i and the parent site zi is occupied at time Tn(y, z1, z2) then,
regardless of the state of the other parent site, y becomes occupied if it is not already.

2. An individual at site y at time Un(y), if it exists, is killed.

In other words, at each birth occurrence, we pick one of both parent sites at random and pretend
that the birth occurs whenever the chosen site is occupied and the target site is empty. It follows
that the evolution of ζµ

t at site y ∈ Z
d is described by the transition rates

c0→ 1 (y, ζµ) = λ
∑

z

q(z − y) ζµ(z) and c1→ 0 (y, ζµ) = 1. (10)

The transition rates in (10) indicate that ζµ
t is the contact process with birth parameter λ and

dispersal kernel q. Given a graphical representation and a collection µ(·), we call ζµ
t the µ-process

associated to the sexual reproduction process introduced in (1) constructed from the same graphical
representation. We let ζ̂s(µ, x, t) denote the dual process of the µ-process starting at (x, t) and call
µ-ancestral tree the space-time set {ζ̂s(µ, x, t) : s ≥ 0}. Let

Θs(x, t) = {ζ̂s(µ, x, t) for some µ(·)} =
⋃

µ(·)

ζ̂s(µ, x, t).

Then, Θs(x, t) is a finite collection of finite subsets of Z
d that starts at Θ0(x, t) = {{x}} and evolves

according to the following rules:

2a. If a birth event occurs from sites z1 and z2 to site y at time t − s then Θs(x, t) is obtained
from Θs−(x, t) in the following way: we remove each set A ∈ Θs−(x, t) which contains y and
add two sets A′ and A′′ which are obtained from A by adding z1 and z2, respectively.

2b. If a death event occurs at site y at time t − s then Θs(x, t) is obtained from Θs−(x, t) by
removing y from any set A ∈ Θs−(x, t).
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To conclude this section, we prove that the dual process of the sexual reproduction process lives
forever if and only if for any collection µ(·) of independent coin flips the corresponding µ-ancestral
tree lives forever. The necessary condition only is useful to prove Theorem 1. However, we consider
that the equivalence is sufficiently interesting in itself to give its complete proof.

Lemma 3.1 Assume that η̂s(x, t) 6= ∅. Let A ∈ Θs(x, t) and B ∈ η̂s(x, t). Then A ∩ B 6= ∅.

Proof. Since at any time s ≥ 0 the dual process is finite with probability 1, we can order the
birth events and the death events occurring in the dual process and prove the result by induction
on the number of occurrences of Poisson processes contained in the dual process. The property to
be proved is satisfied at time s = 0 since η̂0(x, t) = Θ0(x, t) = {{x}}. Assume that the property
is satisfied by time s (until time s−), with t − s denoting the arrival time of a Poisson process
occurring in the dual process, and let A ∈ Θs(x, t) and B ∈ η̂s(x, t).

1. Assume first that t − s = Tn(y, z1, z2) for some y, z1, z2 ∈ Z
d. Then, rule 1a above implies

that there exists B′ ∈ η̂s−(x, t) such that

B = B′ or B = B′ ∪ {z1, z2} − {y}.

(a) Assume that B = B′. In this case, we apply rule 2a to find a set A′ ∈ Θs−(x, t) such
that A′ ⊂ A. By assumption, we have A′ ∩ B′ 6= ∅ so that A ∩ B 6= ∅.

(b) Assume that B = B′ ∪ {z1, z2} − {y}. If y /∈ A then A ∈ Θs−(x, t) so that

A ∩ B = (A − {y}) ∩ B = A ∩ (B − {y}) ⊃ A ∩ B′ 6= ∅.

If y ∈ A then either z1 or z2 belongs to A so that A ∩ B 6= ∅.

2. Assume that t − s = Un(y) for some y ∈ Z
d. By rule 2b, there is a set A′ ∈ Θs−(x, t) such

that A = A′ − {y}. Moreover, rule 1b implies that y /∈ B and B ∈ η̂s−(x, t). Putting things
together, we deduce that

A ∩ B = (A′ − {y}) ∩ B = A′ ∩ (B − {y}) = A′ ∩ B.

By assumption, we have A′ ∩ B 6= ∅ (since B ∈ η̂s−(x, t)). In particular, A ∩ B 6= ∅.

This completes the proof. �

Lemma 3.2 Assume that η0 ≡ 1 and A 6= ∅ for any A ∈ Θt(x, t). Then at any time s ≤ t

A ∩ ηt−s 6= ∅ for any A ∈ Θs(x, t).

Proof. As previously, we prove the result by induction on the number of occurrences of Poisson
processes. Since η0 ≡ 1 the property to be proved holds for s = t. Assume that the property holds
until time t − s, the arrival time of a Poisson process. Let A ∈ Θs−(x, t).

1. Assume that t − s = Tn(y, z1, z2) for some y, z1, z2 ∈ Z
d.

(a) Assume that y /∈ A. Then rule 2b above implies that A ∈ Θs(x, t) so that

A ∩ ηt−s− ⊃ A ∩ ηt−s 6= ∅.
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(b) Assume that y ∈ A and z1 /∈ ηt−s. Then A′ = A ∪ {z1} ∈ Θs(x, t) so that

A ∩ ηt−s− ⊃ A ∩ ηt−s = (A ∪ {z1}) ∩ ηt−s = A′ ∩ ηt−s 6= ∅.

(c) By symmetry, the same holds when y ∈ A and z2 /∈ ηt−s.

(d) Assume that y ∈ A and z1, z2 ∈ ηt−s. Then the individuals at z1 and z2 give birth to an
individual which is sent to site y so that y ∈ ηt−s− . In particular,

A ∩ ηt−s− ⊃ {y} 6= ∅.

2. Assume that t − s = Un(y) for some y ∈ Z
d. Then we have ηt−s− = ηt−s − {y}. Moreover,

rule 2b implies that the set A′ = A − {y} belongs to Θs(x, t). It follows that

A ∩ ηt−s− = A ∩ (ηt−s − {y}) = (A − {y}) ∩ ηt−s = A′ ∩ ηt−s 6= ∅.

This completes the proof. �

Proposition 3.3 We have η̂s(x, t) 6= ∅ for any 0 ≤ s ≤ t if and only if

(A 6= ∅ for any A ∈ Θs(x, t)) for any 0 ≤ s ≤ t.

Proof. Assume that η̂s(x, t) 6= ∅. Let B ∈ η̂s(x, t). Then, Lemma 3.1 implies that

A ⊃ A ∩ B 6= ∅ for any A ∈ Θs(x, t).

Reciprocally, assume that for any set A ∈ Θt(x, t), A 6= ∅. Since Θ0(x, t) = {{x}}, an application
of Lemma 3.2 with s = 0 gives ηt(x) = 1 provided the process starts from the all occupied config-
uration. The duality relationship (8) then implies that η̂s(x, t) 6= ∅ for any 0 ≤ s ≤ t. �

4. Keeping track of the genes

The duality relationship (8) indicates whether a site is occupied or not at a given time depending
on the configuration of the system at earlier times. Since we are interested in the genotypes as well,
we also need to determine the spatial location at earlier times of the ancestors of the genes of the
individual under consideration. More precisely, given x ∈ Z

d and t ≥ 0, we will define two processes
denoted by gs(i, x, t), i = 1, 2, indicating the spatial location at time t − s of the ancestor of the
ith gene of the individual at (x, t). These processes are embedded in the dual process.

The first ancestor set. As for the multitype contact process [12], the elements of the dual
process starting at (x, t) are arranged according to the order they determine the genotype of the
individual located at site x at time t. This order relationship will be referred to as the ancestor
hierarchy. In contrast with the multitype contact process, the ancestor hierarchy for the SRG is
only a partial order but it has a unique minimal element. Another difference between the multitype
contact process and the SRG is that, in the former, each particle has exactly one parent, whereas in
the latter, each particle has exactly two parents. It follows that, for the multitype contact process,
the first ancestor reduces to a single site. The particle at this site, if it exists, is of the same type
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as the particle at site x at time t. In the case of the SRG, the minimal element of the dual process
is a set which is linearly growing with respect to s. This set is denoted by Bs(x, t) later, and called
first ancestor set at time t − s.

To define the first ancestor set, the first step is to extend the concept of dual process to the
concept of family. For any finite set B ⊂ Z

d and any time t, we let Fs(B, t) denote the backwards
process defined in the following way. A set D belongs to Fs(B, t) if and only if there is a sequence
of times s0 = 0 < s1 < · · · < sn+1 = s and sets D1 = B, . . . , Dn, Dn+1 = D such that

1. For i = 1, 2, . . . , n, Di → Di+1 at time t − si and

2. For i = 0, 1, . . . , n, there is no death mark in Di+1 between times t − si+1 and t − si.

Recall that the notation Di → Di+1 has been defined in 1a above (see page 7).

Definition 4.1 The backwards process Fs(B, t) is called the family of (B, t).

The reader will observe that, when B = {x}, the family of (B, t) is equal to the dual process
starting at (x, t). In particular, a family can be seen as an extension of the dual process starting
from a finite set rather than a single site.

We now give a formal algorithm to determine the first ancestor set of the dual process, and refer
the reader to the left hand picture of Figure 2 for a concrete example where the first ancestor set
is drawn in thick lines. For simplicity, we have drawn the picture assuming that each parent pair
is a pair of nearest neighbors. Let B0 = {x} and a dual time s ≥ 0. To determine Bs(x, t) we first
define by induction a sequence of finite subsets Bi as follows:

Bi → Bi+1 at time t − ui for some ui ≤ s and Fs−ui
(Bi+1, t − ui) 6= ∅ (11)

with ui maximal. The sequence halts at i = n when there is no set Bi+1 such that (11) holds. We
then define the first ancestor set at dual time s by setting

Bs(x, t) = Bi∗ where i∗ = min {0 ≤ i ≤ n : Bi ∈ η̂s(x, t)}.

Note that Bn ∈ η̂s(x, t) so that i∗ is well defined. Moreover, by construction, provided all the sites
in the first ancestor set Bs(x, t) are occupied at time t− s, the genotype of the individual at site x
at time t is determined by the genotypes of the individuals in Bs(x, t) at time t − s.

The set of the potential carriers. The first ancestor set is linearly growing in time, containing
two parents, or one parent and two grand parents, or four grand parents, etc. To determine which
one of these individuals carries the ith gene (i = 1, 2) of the individual under consideration, we
introduce an additional set-valued process, denoted by Hs(i, x, t) and defined from the Harris’
graphical representation and the collection of coin flips introduced in (7). The process evolves
according to the following rules, starting at H0(i, x, t) = {x}.

3a. If a birth occurs at site y ∈ Hs−(i, x, t) at time t − s = Tn(y, z1, z2) then

Hs(i, x, t) = Hs−(i, x, t) ∪ {z1} or Hs(i, x, t) = Hs−(i, x, t) ∪ {z2}

depending on whether y gave its first or second gene when it has been added to the dual
process, respectively. If the birth occurs at site y = x before a × is encountered at site x then
the set Hs(i, x, t), i = 1, 2, is obtained from Hs−(i, x, t) by adding site zi.
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(x, t) (x, t)

(2, 1)

(1, 2)

(2, 2)

(1, 1)

(2, 1)

(1, 1)

(1, 2)

(1, 2)

(2, 2)

(2, 1)

(1, 1)

Figure 2. Bs(x, t) and Hs(i, x, t), i = 1, 2.

3b. If a death occurs at y ∈ Hs−(i, x, t) at time t − s then Hs(i, x, t) = Hs−(i, x, t) − {y}.
See Figure 2, picture on right, for an example. The processes Hs(i, x, t), i = 1, 2, are drawn in
grey and black thick lines, respectively, and constructed from the graphical representation and the
collection of independent coin flips ν(·). For simplicity, we have drawn the picture assuming that
for each parent pair (z1, z2), we have z2 = z1 + 1. Note that rules 3a and 3b imply that there exists
another collection of coin flips µ(·) whose law is given by (9) such that the space-time set

H(i, x, t) = {Hs(i, x, t) : s ≥ 0}

is equal to the µ-ancestral tree starting at (x, t). In particular, as for the multitype contact process,
the elements of Hs(i, x, t) are arranged according to the order they determine ζµ

t (x), where the
interacting particle system ζµ

t is the contact process introduced in (10). This ancestor hierarchy
induces a total order that we denote by ≺ later.

In the case of the multitype contact process, the ancestor hierarchy has first been described by
Neuhauser [12] and defined recently in a more rigorous way by Lanchier [11]. The basic idea is to
introduce a function φs that maps the dual process into a set S∞ of sequences:

φs : Hs(i, x, t) −→ S∞ = {{1, 2, . . . } ∪ {∞}}N.

The set S∞ is additionally equipped with the usual lexicographic order ≪ where

(u1, u2, . . .) ≪ (v1, v2, . . .) if and only if

{

ui = vi for i = 1, 2, . . . , n − 1

un < vn

for some positive integer n. The function φs is strictly monotone in the sense that

for all x1, x2 ∈ Hs(i, x, t), φs(x1) ≪ φs(x2) if and only if x2 ≺ x1. (12)
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The ancestor hierarchy on the dual process Hs(i, x, t) is thus naturally induced by the lexicographic
order on S∞ through the function φs. The function φs corresponds to a labelling of the µ-ancestral
tree and is defined inductively by going backwards in time. The original branch starting at site x
at dual time 0 is labelled (∞,∞, . . .). Now, assume that a birth event from x1 to x2 occurs at dual
time s0 to include site x1 to the dual process, and let

φs0
(x2) = (u1, u2, . . . , un,∞, . . .) with ui < ∞ for i = 1, 2, . . . , n

denote the label on the parent branch (the one at site x2 at dual time s0). Then, we set

φs0
(x1) = (u1, u2, . . . , un, m,∞, . . .)

if the new branch at site x1 is the mth one (going backwards in time) originated from the branch
at site x2. Also, φs(x1) = φs0

(x1) until a death mark × is encountered at site x1 when the site
is removed from the dual process. This construction implies that the first ancestor as defined in
(12) through the mapping φs is the actual ancestor of the individual at site x at time t for the
contact process ζµ

t . In particular, provided it is located in the first ancestor set Bt(x, t) at time 0,
this ancestor carries the ith gene of the individual at site x at time t for the SRG.

The position of the ith gene. We now define a process gs(i, x, t) which indicates the actual
position at time t− s of the ancestor of the ith gene of (x, t). By construction of the SRG from the
graphical representation and the collection of independent coin flips ν(·) defined in (7), we have

gs(i, x, t) ∈ Bs(x, t) ∩ Hs(i, x, t) at any time s ≥ 0

provided the intersection Bs(x, t)∩Hs(i, x, t) is nonempty. To determine the location of the actual
ancestor at time t − s, we write

Hs(i, x, t) = {gs(i, 1), gs(i, 2), . . . , gs(i, ns)}

with the convention that gs(i, k) ≺ gs(i, ℓ) if and only if k < ℓ, and set

gs(i, x, t) = gs(i, k0) where k0 = min {1 ≤ k ≤ ns : gs(i, k) ∈ Bs(x, t)}. (13)

By construction, the ith gene of the individual at (x, t) is of the same type as the jth gene of the
individual at site gs(i, x, t) at time t − s where j is determined by the collection of independent
coin flips ν(·). See Figure 3, picture on left, for an illustration where gs(i, x, t), i = 1, 2, are drawn
in grey thick lines and black thick lines for i = 1 and i = 2, respectively. In the general case, the
existence of the ancestral path gs(i, x, t) is insured by the following

Lemma 4.2 Assume that ηt(x) 6= 0. Then Bs(x, t) ∩ Hs(i, x, t) 6= ∅ for all 0 ≤ s ≤ t.

Proof. First of all, the assumption ηt(x) 6= 0 implies that

η̂s(x, t) 6= ∅ at any time s ≤ t (14)

so that the first ancestor set Bs(x, t) ∈ η̂s(x, t) is well defined. Moreover, as previously mentioned,
the space-time set H(i, x, t) is equal to the µ-ancestral tree starting at (x, t) for some collection of
coin flips µ(·). In particular,

Hs(i, x, t) ∈ Θs(x, t) at any time s ≤ t. (15)
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Lemma 3.1 together with (14) and (15) then implies that

Bs(x, t) ∩ Hs(i, x, t) 6= ∅ at any time s ≤ t.

This completes the proof. �

5. Coalescing ancestral paths. Proof of Theorem 1

The proof of Theorem 1 essentially relies on an idea of Kuczek [10] that consists in breaking the
evolution of the backwards process gs(i, x, t) into independent and identically distributed pieces at
certain points called renewal points. Since the dual process grows linearly in time, between two
consecutive renewal points gs(i, x, t) is contained in a triangle-shaped set. In addition, we prove
exponential bounds on the width and height of the triangles which makes the sequence of renewal
points a recurrent random walk in d ≤ 2, and a transient random walk in d ≥ 3.

Properties of the families. To define renewal points, we first prove some of the properties of
the concept of family introduced in Definition 4.1 above.

Definition 5.1 Let a finite set B ⊂ Z
d, and a time t ≥ 0. We say that (B, t) lives forever if its

family lives forever, i.e.,

Fs(B, t) 6= ∅ at any time s ≥ 0.

We provide comparisons between the families of (B, t) and (z, t) when z ∈ B, and some estimates
on the extinction time of a family. More precisely, we prove that a family lives forever or dies out
exponentially fast. These results are stated in Lemmas 5.2-5.4 below.

Lemma 5.2 Assume that (x, t) lives forever. Then at any time s ≥ 0 there exists B ∈ Fs(x, t)
such that (B, t − s) lives forever.

Proof. Let u ≥ 0 and B ∈ Fs(x, t). Then the definition of family implies that

Fs+u(x, t) =
⋃

B∈Fs(x,t)

Fu(B, t − s).

In particular, if (x, t) lives forever then there exists B ∈ Fs(x, t) such that Fu(B, t− s) 6= ∅ at any
time u ≥ 0, i.e., (B, t − s) lives forever. This completes the proof. �

Lemma 5.3 For any finite set B ⊂ Z
d,

τ(B, t) := inf {s ≥ 0 : Fs(B, t) = ∅} = inf {τ(z, t) : z ∈ B}.

In particular, (B, t) lives forever if and only if (z, t) lives forever for any site z ∈ B.

Proof. Let z0 ∈ B such that s0 := τ(z0, t) = inf {τ(z, t) : z ∈ B}. Then for any site z ∈ B there
exists a finite set Bz ∈ Fs−

0

(z, t). By construction,

D :=
⋃

z∈B

Bz ∈ Fs−
0

(B, t)
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so that Fs−
0

(B, t) 6= ∅. This implies that τ(B, t) ≥ inf {τ(z, t) : z ∈ B}.
To prove the converse, let D ∈ Fs−

0

(B, t). Then, by definition of the family of (B, t),

D =
⋃

z∈B

Bz for some Bz ∈ Fs−
0

(z, t), z ∈ B. (16)

Since s0 = τ(z0, t) there is a death mark × at some site y ∈ Bz0
at time t − s0. The expression

(16) implies that y ∈ D at time t − s0 so D /∈ Fs0
(B, t). This holds for any set D so that we can

conclude that Fs0
(B, t) = ∅ and then τ(B, t) ≤ inf {τ(z, t) : z ∈ B}. �

Lemma 5.4 Assume that (B, t) lives forever and that B → D at time t. Provided Conjecture 2

holds, there exist C1 < ∞ and γ1 > 0 such that

P (s < τ(D, t) < ∞) ≤ 2 C1 exp (−γ1s).

Proof. Since B → D at time t, there exist y ∈ B and z1, z2 ∈ Z
d such that

t = Tn(y, z1, z2) for some n ≥ 1 and D = B ∪ {z1, z2} − {y}.
Since (B, t) lives forever, Lemma 5.3 implies that (z, t) lives forever for any z ∈ B. In particular, a
new application of the previous lemma leads to

P (s < τ(D, t) < ∞) ≤ P (s < τ(z, t) < ∞ for some z ∈ D)

≤ P (s < τ(zi, t) < ∞ for some i ∈ {1, 2}) ≤ 2 × P (s < τ(z1, t) < ∞)

so that we just need to prove that

P (s < τ(z1, t) < ∞) ≤ C1 exp (−γ1s),

which is exactly the statement of Conjecture 2. �

Renewal points. The definition of renewal points for the SRG is formulated by using together
the first ancestor set and the concept of a family. We first define inductively a sequence of stopping
times σk, k ≥ 0, as follows. Let σ0 = 0 and denote by σ1 the first time we encounter a death mark
× at site x by going backwards in time, starting from (x, t). As long as σk < ∞, we let

σk+1 = inf {s > σk : Fs−σk
(Bσk

(x, t), t − σk) = ∅}
be the first time (Bσk

(x, t), t − σk) dies out. See the left-hand side of Figure 3 for a picture of the
sequence of stopping times. If (Bσk

(x, t), t − σk) lives forever then σk+1 = ∞ and we let T1 = σk

be the first renewal time, and
S1 = gT1

(i, x, t)

be the location of the ith gene at time t−T1. The jth renewal point (Sj , Tj) is defined by using the
same algorithm but replacing the first ancestor set Bs(x, t) with the first ancestor set of the dual
process starting at the previous renewal point, namely Bs(Sj−1, t − Tj−1). Let

Sn = x +
n

∑

j=1

Xj and Tn =
n

∑

j=1

τj

so that Xj and τj respectively denote the spatial displacement and the temporal displacement
between consecutive renewal points.
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Proposition 5.5 Assume that (x, t) lives forever. Then (Xj , τj), j ≥ 1, form an independent and

identically distributed family of random vectors on Z
d × R

+. Moreover,

P (||Xj || > s) ≤ C2 exp (−γ2s) and P (τj > s) ≤ C2 exp (−γ2s)

for suitable C2 < ∞ and γ2 > 0.

The key to prove that the vectors (Xj , τj), j ≥ 1, are independent and identically distributed is
introduced in the following gluing lemma. Here is the basic idea. We assume that the individual
present at the jth renewal point gives its kjth gene on its way up to (x, t), and set

∆j = {gs(kj , Sj , t − Tj) : 0 ≤ s < τj+1}.

By using the properties of the Harris’ graphical representation, it is not difficult to prove that
the sets ∆j − (Sj , t − Tj), j ≥ 0, are independent and identically distributed (see Lemma 5.7
below for the details). Lemma 5.6 states that the ancestral path gs(i, x, t) can be constructed by
gluing together the sets ∆j , j ≥ 0. This implies that {gs(i, x, t) : s ≥ 0} itself can be divided into
independent and identically distributed pieces. We now make this argument precise.

Lemma 5.6 (gluing lemma) For any j ≥ 0, let Bj,s = Bs(Sj , t − Tj) and assume that the

individual at site Sj at time t − Tj gives its kjth gene on its way up to (x, t). Then

gs+Tj
(i, x, t) = gs(kj , Sj , t − Tj) and Bj,s ⊂ Bs+Tj

(x, t) for any s ≥ 0.

Proof. We prove the result by induction. First of all, when j = 0, the property to be proved holds
by definition since S0 = x and T0 = 0. Assume that

gs+Tj−1
(i, x, t) = gs(kj , Sj−1, t − Tj−1) and Bj−1,s ⊂ Bs+Tj−1

(x, t) for some j ≥ 1.

By setting s = τj in the previous equation, we get

Sj = gTj
(i, x, t) = gτj

(kj , Sj−1, t − Tj−1) ∈ Bj−1,τj
⊂ BTj

(x, t).

Moreover, the definition of renewal time implies that (Bj−1,τj
, t − Tj) lives forever. In particular,

it follows from Lemma 5.3 that (Sj , t − Tj) lives forever. In other respects, the construction of the
dual process together with the inclusion Bj−1,τj

⊂ BTj
(x, t) implies that

Bj,s ⊂ Bs+Tj
(x, t) for any s ≥ 0.

Let Hj,s = Hs(kj , Sj , t − Tj). Since Sj ∈ HTj
(i, x, t), and the processes Hs(i, x, t) and Hj,s are

constructed from the same collection of coin flips, we get

Hj,s ⊂ Hs+Tj
(i, x, t) for any s ≥ 0.

In particular,
Bj,s ∩ Hj,s ⊂ Bs+Tj

(x, t) ∩ Hs+Tj
(i, x, t) for any s ≥ 0. (17)

We now observe that (13) implies that

φTj
(z) ≪ φTj

(Sj) for any z ∈ BTj
(x, t) ∩ HTj

(i, x, t), z 6= Sj .
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Let φTj
(Sj) = (u1, u2, . . . , un,∞, . . .) with ui < ∞ Then, the definition of φs tells us that

φs+Tj
(z) = (u1, u2, . . . , un, vn+1, . . .) if and only if z ∈ Hj,s.

This, together with (17), implies that the set Bj,s ∩ Hj,s contains the minimal elements of the
set Bs+Tj

(x, t) ∩ Hs+Tj
(i, x, t) for the order ≺. Finally, since (Sj , t − Tj) lives forever, Lemma 3.1,

assures us that the intersection Bj,s ∩ Hj,s is nonempty for any s ≥ 0 so that

gs(kj , Sj , t − Tj) = gs+Tj
(i, x, t) for any s ≥ 0.

This completes the proof. �

Lemma 5.7 Assume that (x, t) lives forever. Then, the vectors (Xj , τj), j ≥ 1, are independent

and identically distributed.

Proof. For any j ≥ 0, let

∆j = {gs(kj , Sj , t − Tj) : 0 ≤ s < τj+1}.

First of all, since the backwards process gs(kj , Sj , t − Tj) is constructed from the dual process
starting at (Sj , t − Tj), the random set ∆j depends on parts of the graphical representation that
are between time t − Tj+1 and time t − Tj . This implies that, for any j1 < · · · < jn, the random
sets ∆j1 , . . . ,∆jn are determined by disjoint parts of the graph, and so are independent:

P (∆jk
∈ Bjk

| Sjk
, 1 ≤ k ≤ n) =

n
∏

k=1

P (∆jk
∈ Bjk

| Sjk
) (18)

for any measurable sets Bj1 , . . . , Bjn . In other respects, the graphical representation is translation
invariant in space (since the evolution rules of the process are) and time (due to the loss of memory
of the exponential distribution). It follows that

P (∆j1 − (Sj1 , t − Tj1) ∈ B) = P (∆j2 − (Sj2 , t − Tj2) ∈ B) (19)

for any measurable set B. Now, by Lemma 5.6,

∆j = {gs(i, x, t) : Tj ≤ s < Tj+1}.

This, together with equations (18) and (19), implies that the vectors (Xj , τj), j ≥ 1, are indepen-
dent and identically distributed. This completes the proof. �

The last step is to prove that the width ||Xj || and height τj of the triangles can be bounded by a
random variable that has exponentially decaying tails. Since the tree structure of the dual process
grows at most linearly in time, the existence of C2 < ∞ and γ2 > 0 such that

P (||Xj || > s) ≤ C2 exp (−γ2s)

follows from the analogous result for τj . To prove the latter, the key idea is to show that, whenever
the process gs(i, x, t) jumps within a new family, this family lives forever or dies out quickly, and
that a geometric number of trials suffices to find the first renewal time.
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Figure 3. gs(i, x, t), i = 1, 2, and illustration of Lemma 5.8.

Lemma 5.8 There exist C2 < ∞ and γ2 > 0 such that P (τ1 > s) ≤ C2 exp (−γ2s).

Proof. The result follows from Lemma 5.4 and the construction shown in Figure 3, picture on
right, that we now describe in details. We set B0,1 = {x}, a0,1 = 0, and

b0,1 = inf {s ≥ 0 : Un(x) = t − s for some n ≥ 1}.

Let B1,j ⊂ Z
d and a1,j > 0, j = 1, 2, . . . , n, such that

B0,1 → B1,j at time t − a1,j

with 0 < a1,n < · · · < a1,1 < b0,1, and

N1 = inf {j ≥ 1 : (B1,j , t − a1,j) lives forever}.

In our picture, N1 = 2 since (B1,1, t− a1,1) does not live forever. Since (x, t) lives forever, it follows
from Lemma 5.2 that the random variable N1 is well defined (N1 ≤ n). Moreover, there is a positive
probability depending only on the birth parameter λ that the set B1,j lives forever. This implies
that the random variable N1 is geometrically distributed. For any integer j ≤ N1 − 1, we denote
by b1,j the first time the family of (B1,j , t − a1,j) dies out, i.e.,

b1,j = inf {s > a1,j : Fs−a1,j
(B1,j , t − a1,j) = ∅}.

The definition of N1 implies that b1,j < ∞ for any j ≤ N1 −1. To define b1,N1
, we first observe that

the set B1,N1
is obtained from B0,1 by removing site x and adding two other sites z1 and z2. Only

one of these two sites, say z1, may contain the gene we are interested in. Then, we let

b1,N1
= inf {s ≥ a1,N1

: Un(z1) = t − s for some n ≥ 1}.
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To find the first renewal time, we let

ρ1 = sup {b1,j : j ≤ N1 − 1}.

In our picture, ρ1 = b1,1. First of all, since b0,1 ≥ a1,j for all 1 ≤ j ≤ N1 − 1,

ρ1 ≤ b0,1 + sup {b1,j − a1,j : j = 1, 2, . . . , N1 − 1} ≤ b0,1 +

N1−1
∑

j=1

(b1,j − a1,j). (20)

In other respects, (B1,j , t − a1,j) does not live forever when 1 ≤ j ≤ N1 − 1, and B1,j is generated
from B0,1 that lives forever so Lemma 5.4 implies that

P (b1,j − a1,j > s) = P (τ(B1,j , t − a1,j) > s) ≤ 2 C1 exp (−γ1s) (21)

for all 1 ≤ j ≤ N1 − 1. Since N1 is geometrically distributed, (20) and (21) imply that

P (ρ1 > s) ≤ C3 exp (−γ3s) (22)

for suitable C3 < ∞ and γ3 > 0. We now observe that if b1,N1
> ρ1 then the gene we are keeping

track jumps to site z1 at dual time ρ1. If (z1, ρ1) lives forever then ρ1 = τ1 is the first renewal time,
and the lemma follows from the previous estimate (22). Otherwise, we define a time ρ2 by using the
same algorithm as above starting from (z1, t− a1,N1

) instead of (x, t), and so on. After a geometric
number of trials K we obtain ρK = τ1. In our picture, τ1 = ρ2 = b2,1. This, together with the
inequality in (22), implies the result. This completes the proof of the lemma which, together with
Lemma 5.7, implies Proposition 5.5. �

Theorem 1 follows from Proposition 5.5 by using the same techniques as in [12], Sections 3-5. (See
Section 2 for an intuitive idea of the proof.)
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