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N. Lanchier

Abstract We introduce a generalization of the voter model on a �nite connected gr aph in
which a vertex may adopt the opinion of an adjacent vertex only if the opin ions of both vertices,
represented by numbers in [0; 1], are within a con�dence threshold � . In a deterministic static
approach, we �rst give lower and upper bounds of the maximum number of di stinct opinions
that may coexist at equilibrium as a function of the threshold � and some characteristics of
the graph. The number of opinions coexisting at equilibrium is then again investigated in a
probabilistic dynamic approach for the process starting from a random con �guration.

1. Introduction

Imagine a community of N agents havingN di�erent opinions. Each agent, say x, randomly chooses
at random times one of its neighbors, sayy, to initiate a discussion. If both agents strongly disagree
then nothing happens, otherwise the discussion eventuallyleads agenty to adopt the same opinion
as agentx. Our main purpose is to answer the following question: Does such a community eventually
reach a consensus, and if not, how many distinct opinions coexist in the long run?

To model this scenario, we consider a �nite connected graphG = ( V; E) describing how agents
interact: agents x and y may interact if and only if vertices x and y are connected by an undirected
edge, in which case the agents are called neighbors. Let� be a positive constant representing a
con�dence threshold. The evolution is described by a continuous-time Markov process whose state
at time t is a function � t that maps the vertex set V into [0; 1]. The value of � t (x), which represents
the opinion of agent x at time t, jumps from a to b at rate

X

x� y

1f � t (y) = bg if ja � bj � �

where x � y means that agentsx and y are neighbors. Note that, when the con�dence threshold
is set to � = 1 and the opinion space is binary, reduced tof 0; 1g, one recovers the voter model
introduced independently by Cli�ord and Sudbury [1] and Hol ley and Liggett [5]. In particular,
since agents are located on a �nite connected graph, any initial con�guration leads eventually to
a consensus (an absorbing state in which all the agents sharethe same opinion). Recall, however,
that when the opinion dynamics take place on the d-dimension regular lattice, a consensus is
reached in dimensiond � 2 but disagreements may persist in higher dimensions. In contrast, when
the con�dence threshold is set to � = 0, any con�guration is an absorbing state of the process
regardless of the size and topology of the graph. In this case, the dynamics are frozen so that
consensus are not possible.

Intuitively, agreements should emerge from repeated interactions among the agents, so one ex-
pects that the probability of a consensus is nondecreasing with respect to both the con�dence
threshold � and the connectivity � (G) of the graph. As we will see in a moment, the probability of
a consensus strongly depends on the initial con�guration aswell: it is generally easy to construct
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(a) � = 0 (160,000) (b) � = 1 =5 (22,126) (c) � = 1 =4 (3,365)

(d) � = 1 =3 (594) (e) � = 1 =2 (88) (f) � = 1 (55)

Figure 1 . Snapshots of the process at time 10,000.

absorbing states with a large number of opinions whereas, starting from a random con�guration in
which the initial opinions are independent and uniformly distributed in [0 ; 1], the dynamics tend to
greatly decrease the number of opinions present in the system. Figure 1 shows realizations of the
process on a 400� 400 lattice with periodic boundary conditions for di�erent values of� . Numbers
between parenthesis indicate the number of opinions at time10,000. When� = 0, the process is
static and the number of opinions equal to the number of vertices, namely 160,000. In contrast,
when � = 1, the process reduces to the voter model, in which case a consensus is reached with
probability one [we refer to [2] for results about consensustimes]. Numerical simulations suggest
that the expected number of opinions at equilibrium is nonincreasing with respect to� .

Recall that all along this article G = ( V; E) denotes a �nite connected graph. We restrict ourselves
to connected graphs for simplicity, but assuming that G is not connected, all our results apply to
each of its connex components. The number of vertices, denoted from now on by N , is �xed and
�nite, except in the proof of Theorem 4 where we investigate the limiting behavior of the process
whenN ! 1 . Finally, given a con�dence threshold � 2 [0; 1], we denote byP� the law of the particle
system with parameter � starting from N independent opinions picked uniformly at random in the
interval [0; 1], and denote byE � the corresponding expected value.

Number of opinions at equilibrium { static approach. The �rst step is to look at the
number of opinions that may coexist at equilibrium. Note that con�gurations in which all the agents
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share the same opinion, that we call consensus, are absorbing states, so the minimum number of
opinions at equilibrium is trivially equal to 1. Let � � (G) denote the maximum number of opinions
that may coexist at equilibrium, a quantity that we call the � -opinion index, or simply the opinion
index, of the graph. A key tool to investigate the opinion index is to observe that the stationary
distributions of the process are exactly the absorbing states. This is intuitively obvious since the
underlying graph is �nite, but will be proved rigorously in t he next section by using the martingale
convergence theorem. The problem thus reduces to �nding allthe static con�gurations of the
process, namely the con�gurations� : V �! [0; 1] such that

j� (x) � � (y)j > � or � (x) = � (y) for each edge (x; y) 2 E:

This condition is always satis�ed when � = 0, therefore � 0(G) = N . Since the process with con�-
dence threshold� = 1 reduces to the multitype voter model, we also have� 1(G) = 1, i.e., starting
from any initial con�guration, the process reaches eventually a consensus.

For intermediate values of the con�dence threshold� , lower bounds of the opinion index can be
expressed as a function of the chromatic number� (G) of the graph. Recall that a graph is said to
be c-colorable if one can color its vertices using at mostc colors such that no two adjacent vertices
receive the same color. The smallest number of colors neededto color a graph is called its chromatic
number. Provided � < 1, if a large graph can be colored using only few colors then one can construct
absorbing states in which a large number of vertices (those colored with the same given color) have
distinct opinions arbitrarily close to each other. In contrast, if the chromatic number is large, then
one expects the number of opinions at equilibrium to be rather small. Precisely, by letting dae be
the least integer not less thana, we have the following

Theorem 1 Assume that � < 1 and let � = � (G) be the chromatic number of G. Then,

� < (� � 1)� 1 =) � � (G) = card( G) = N:

� � (� � 1)� 1 =) � � (G) � max(dN=� e+ 1 ; d� � 1e):

Theorem 1 combined with results from the theory of graph coloring gives us insight into how the
topology of the graph may a�ect its opinion index. It is not th e purpose of this article to review all
the results of graph coloring, so we only give few applications.

Corollary 1 Assume that G is a planar graph and� < 1=3. Then, � � (G) = N .

Proof. This is a straightforward consequence of Theorem 1 and the four color map theorem which
states that any planar graph is 4-colorable. �

Corollary 2 Assume that G is a triangle-free planar graph and� < 1=2. Then, � � (G) = N .

Proof. This follows from Theorem 1 and Gr•otzsch's theorem which states that every triangle-free
planar graph is 3-colorable. �

Corollary 3 Assume that 1=2 < � < 1. Then, � � (G) = N if and only if G is bipartite.

Proof. If a graph G is bipartite then it is 2-colorable so � � (G) = N by Theorem 1. To prove the
reverse, assume that the graphG is not bipartite. Then it contains an odd cycle. Let 2n + 1 be
the size of this cycle. Without loss of generality, we may assume that at least n + 1 vertices in this



4 N. Lanchier

cycle have opinion in the interval [0; 1=2], which implies the existence of two adjacent vertices with
opinion in [0; 1=2]. Since� > 1=2, for the con�guration to be an absorbing state, these two vertices
must share the same opinion from which it follows that � � (G) < N . �

In general, Theorem 1 gives interesting results when considering graphs with small chromatic num-
bers, which gives rise to absorbing states with a large number of opinions.

To understand the process on �nite graphs with large chromatic number such as complete graphs
for which � (G) = N , we now give an upper bound of the opinion index� � (G). This upper bound
is computed by considering a certain decreasing sequence ofsubgraphs in which each member is
obtained from the previous one by removing its largest clique. Recall that a clique in a graph is a
set of pairwise adjacent vertices inducing a subgraph whichis a complete graph. LetG be a �nite
graph, and W � V its largest clique. We introduce the following notations:

{ The number of vertices in W is denoted by ! (G).

{ The subgraph of G induced by the vertex set V n W is denoted by � (G).

When the graph G has more than one maximal clique,� (G) is de�ned by choosing one of the
maximal cliques uniformly at random.

Theorem 2 Assume that G = ( V; E) is a �nite connected graph. Then,

� � (G) � min( ! (G); d� � 1e) + � � (� (G))

� min( ! (G); d� � 1e) + � � � + min( ! (� N � 1(G)) ; d� � 1e):

The sum is stopped atN � 1 because� i (G) = ? wheneveri � N . As previously explained, while
Theorem 1 gives interesting lower bounds for graphs with small chromatic number, Theorem 2 gives
interesting upper bounds for graphs with large connectivity. In particular, the result turns out to
be optimal in the case of the complete graph for which� � (G) = min( N; d� � 1e).

Number of opinions at equilibrium { dynamic approach. We now investigate the limiting
number of opinions � � (G) that coexist at equilibrium in a dynamic context, namely for the process
starting from the con�guration in which the initial opinion s � 0(x), x 2 V , are independent and
uniformly distributed in the interval [0 ; 1]. It is important to point out that � � (G) is a random
variable while � � (G) is a deterministic upper bound.

For any �nite connected graph, one has� � (G) = � � (G) when the con�dence threshold is equal
to 0 or 1. The upper bound � � (G), however, might be rather crude for intermediate values of
the threshold � . This is due to the fact that stable con�gurations with � � (G) opinions are often
arti�cially constructed in a deterministic way and have in f act a small probability. For instance,
the graph used to produce the simulation pictures of Figure 1is a 400� 400 lattice with periodic
boundaries, which is a bipartite graph, so� � (G) = 160; 000 for all � < 1. In contrast, our next result
shows that the probability of a consensus is close to 1 when� is close to 1.

Theorem 3 Assume that � > 1=2. Then, P� (consensus) = P� (� � (G) = 1) � 2� � 1.

Theorem 3 follows from an application of the optional sampling theorem that shows that the set
of agents whose opinion lies outside (1� �; � ), which can be seen as \extremist" agents, hits the
empty set with probability 2 � � 1. The proof uses the fact that all \centrist" agents, with op inion
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in the interval (1 � �; � ), may interact with all \extremist" agents. Once all agents are \centrist"
the system evolves according to a voter model so the population reaches a consensus.

Our last result investigates the long-term behavior of the process when the numberN of vertices
in the graph tends to in�nity and � ! 0. It is necessary, so that the process is well-de�ned, to
assume that the degree of the vertices is uniformly bounded:there exists a constantK that does
not depend onN such that deg(x) � K for all x 2 V . This includes a wide variety of graphs, but
excludes for instance the•Erdos-Renyi model, and of course complete graphs.

Theorem 4 Assume that �N ! 0 as N ! 1 . Then, there exists c > 0 such that

lim
N !1

P� (� � (G) > cN ) = 1 :

The key of the proof relies on the following construction. Declare an edge (x; y) 2 E to be open if
the opinions of verticesx and y are within distance � at time 0, and to be closed otherwise. Open
edges induce a random graph similar to bond percolation. When � is smaller than some critical
value � c > 0, the size of open clusters decays exponentially fast and the number of open clusters
is larger than a constant timesN . Two clusters are said to be adjacent if they are connected bya
closed edge. A cluster is said to be static if the opinion distance between any of its vertices and any
of the vertices of its adjacent clusters is larger than� . We will prove that, with probability 1 in the
limit as N ! 1 , all the clusters are static. Theorem 4 will follow by showing that, on the event that
all the clusters are simultaneously static, the dynamics freeze in the sense that adjacent clusters
can no longer interact with each other. This will prove that t he number of opinions is almost surely
bounded from below by the number of clusters.

2. Proof of Theorems 1 and 2

To investigate the opinion dynamics and characterize theirequilibriums, it is convenient to construct
the process� t graphically using an idea of Harris [4]. We �rst orient each edge e 2 E arbitrarily,
and denote by ~e the resulting arrow. Each edge is further equipped with a Poisson process with
parameter 2 whosenth arrival time is denoted by Tn (e) together with a collection of independent
coin 
ips by letting, for all n � 1,

P (Un (e) = +1) = P (Un (e) = � 1) = 1=2:

Poisson processes and collections of coin 
ips attached to di�erent edges are independent. The
process starting from any initial con�guration is construc ted from this graphical representation in
the following way. Let ~e= �! xy, and assume that� t (x) = a and � t (y) = b at time Tn (e).

1. If ja � bj > � then nothing happens at time Tn (e).

2. If ja � bj � � and Un (e) = +1 then the opinion of vertex y jumps from b to a.

3. If ja � bj � � and Un (e) = � 1 then the opinion of vertex x jumps from a to b.

Any absorbing state of the process induces a stationary distribution. In view of the fact that
the vertex set is �nite, it should be clear that any stationar y distribution also corresponds to an
absorbing state, which we now prove rigorously using the martingale convergence theorem.
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Lemma 1 Assume that G = ( V; E) is �nite. Then, any equilibrium is absorbing.

Proof. For any x 2 V , let � t (x) be the set of vertices with opinion � 0(x) at time t, i.e.,

� t (x) = f y 2 V : � t (y) = � 0(x)g:

The set-valued process �t (x) may only evolve at times Tn (e) when the unoriented edgee connects
a vertex y 2 � t (x) to a vertex z 2 V n � t (x). Without loss of generality, set ~e= �! yz.

1. If j� t (y) � � t (z)j > � then nothing happens at time Tn (e).

2. If j� t (y) � � t (z)j � � then � t (x) = card(� t (x)) jumps to � t (x) + Un (e) at time Tn (e).

Since the random variableUn (e) takes values +1 and� 1 with equal probabilities, this implies that
the number of vertices with opinion � 0(x) is a martingale. The martingale convergence theorem
then implies the existence of a random variable� 1 (x) 2 f 0; 1; : : : ; N g such that

lim
t !1

� t (x) = � 1 (x) with probability 1 :

Since the state space of� t (x) is �nite, there exist a stopping time Tx almost surely �nite and a
random subset ofV that we denote by � 1 (x) such that

� t (x) = � 1 (x) and � t (x) = � 1 (x) for all t � Tx :

Finally, set T = max f Tx : x 2 Vg. Then, T is almost surely �nite (since V is �nite) and

� t (x) = � 1 (x) for all x 2 V and t � T

indicating that, starting from any initial con�guration, t he process eventually gets trapped into an
absorbing state. This completes the proof. �

Lemma 2 If G1 = ( V; E1) and G2 = ( V; E2) with E1 � E2 then � � (G1) � � � (G2).

Proof. By Lemma 1, there exists a con�guration � with � � (G2) distinct opinions which is an
absorbing state of the process evolving onG2. In particular, we have

j� (x) � � (y)j > � or � (x) = � (y) for each edge (x; y) 2 E2:

This property is true for the edges ofG1 sinceE1 � E2, which implies that � is also an absorbing
state for the process evolving onG1. In conclusion, we have� � (G1) � � � (G2). �

Lemma 3 Assume that G = ( V; E) is a �nite connected graph. Let f V1; V2g be a partition of V ,
and let Gi = ( Vi ; E i ) be the subgraph induced byVi . Then,

� � (G) � � � (G1) + � � (G2):

Proof. Since E i � E , any absorbing state � : V �! [0; 1] for the process evolving onG induces
an absorbing state� i for the process evolving onGi . In particular, there exist two absorbing states
for the processes evolving onG1 and G2, respectively, such that the sum of the number of distinct
opinions in each con�guration is larger than � � (G). The result follows. �
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Lemma 4 Assume that G = ( V; E) is a complete graph. Then,� � (G) = min( N; d� � 1e).

Proof. Let k = d� � 1e and let � : V �! [0; 1] be a con�guration with at least k +1 opinions. Then,
there exist verticesx0; x1; : : : ; xk such that

0 < � (x0) < � (x1) < � � � < � (xk ) < 1:

In particular, we can �nd j 2 f 0; 1; : : : ; k � 1g such that

j� (x j +1 ) � � (x j )j � 1=k = 1=d� � 1e � �:

Since verticesx j and x j +1 are neighbors (complete graph), the previous inequality implies that the
con�guration � is not an absorbing state. It then follows from Lemma 1 that k + 1 opinions cannot
coexist at equilibrium so � � (G) � k = d� � 1e. To conclude, it su�ces to construct an absorbing
state with min( N; k ) opinions. Assume �rst that min( N; k ) = k and set

� (x j ) = min( j=(k � 1); 1) for j = 0 ; 1; : : : ; N � 1

where x0; x1; : : : ; xN � 1 denote the vertices. Since� < (k � 1)� 1 the con�guration thus de�ned is an
absorbing state with k distinct opinions. Finally, when min( N; k ) = N we have� < (N � 1)� 1 and
the same argument implies the existence of an absorbing state with N opinions. �

With Lemmas 1-4 in hands, we are now ready to prove Theorems 1 and 2.

Proof of Theorem 1. Assume �rst that � < (� � 1)� 1, and �x a coloring of the vertices using
exactly � colors, say 1; 2; : : : ; � , such that no two adjacent vertices receive the same color. Having
de�ned such a coloring, we �x � > 0 small such that � + 2 � < (� � 1)� 1, and introduce collections
of independent random variables uniformly distributed in disjoint intervals by letting

� j (x) � Uniform ((( j � 1) � (� � 1)� 1 � �; (j � 1) � (� � 1)� 1 + � ) \ (0; 1))

for j = 1 ; 2; : : : ; � , and x 2 V . We set � (x) = � j 0 (x) if vertex x has color j 0, which induces a
con�guration with N distinct opinions. Moreover, if vertices x and y have di�erent colors then

j� (x) � � (y)j > (� � 1)� 1 � 2� > �:

Since no two adjacent vertices receive the same color, the con�guration � is absorbing, which
establishes the �rst part of Theorem 1. We now assume that� � (� � 1)� 1, and consider the same
coloring as before. LetN j denote the number of vertices with colorj . Since

N1 + N2 + � � � + N � = N and N j 2 Z+ for j = 1 ; 2; : : : ; �

there exists j 0 such that N j 0 � d N=� e. Let � > 0 such that � + � < 1, and de�ne

� (x) � Uniform (0; � ) for all x 2 V with color j 0

and � (x) = 1, otherwise. We also assume that the random variables� (x) where x has color j 0 are
independent. Since no two adjacent vertices have colorj 0 and 1 � � > � , con�guration � is an
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absorbing state with N j 0 + 1 � d N=� e+ 1 opinions. To prove that � � (G) � d � � 1e, we consider the
complete graph �G with the same vertex setV as G, and apply Lemmas 2 and 4 to get

� � (G) � � � ( �G) = min( N; d� � 1e) = d� � 1e:

The last equality follows from the fact that d� � 1e � � � 1 < N . This completes the proof. �

Proof of Theorem 2. Let V1 = W and V2 = V n W , where W � V is the largest clique in the
connected graphG. Then, the subgraphG1 induced by V1 is the complete graph with ! (G) vertices,
and the subgraph induced byV2 is G2 = � (G). Combining Lemmas 3 and 4, we obtain

� � (G) � � � (G1) + � � (G2) � min( ! (G); d� � 1e) + � � (� (G)) :

The result then follows from a simple induction. �

3. Proof of Theorems 3 and 4

We start by proving Theorem 3 relying on the proof of Lemma 1. The proof of Theorem 4 that
requires the introduction of several de�nitions and preliminary results will be carried out after.

Proof of Theorem 3. Recall that � > 1=2. We introduce

� t = f x 2 V : � t (x) =2 (1 � �; � )g and � t = card(� t ):

Using the notations of the proof of Lemma 1, we have

� t =
[

x2 � 0

� t (x) and � t =
X

x2 � 0

� t (x):

The proof of Lemma 1 implies that � t (x) is a martingale so � t also is a martingale. Therefore, by
the martingale convergence theorem, there exists of a random variable � 1 such that

lim
t !1

� t = � 1 with probability 1 :

Assume that � t =2 f 0; N g. Then, there is an edge (x; y) 2 E such that x 2 � t and y =2 � t . Since any
opinion in the interval (1 � �; � ) is within distance � of both endpoints 0 and 1, we can conclude
that vertices x and y have the following three properties:

j� t (x) � � t (y)j � � � t (x) 6= � t (y) and x � y;

which implies that � t is not an absorbing state. Since by Lemma 1 the process converges to an
absorbing state, we deduce that the random variable� 1 takes values inf 0; N g. Let T be the �rst
time the process hits an absorbing state. The optional sampling theorem implies that

E � (� T ) = E � (� 0) = N � P� (x 2 � 0) = 2(1 � � )N

= E � (� 1 ) = 0 � P� (� 1 = 0) + N � P� (� 1 = N );
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from which it follows that P� (� 1 = 0) = 1 � 2(1� � ) = 2 � � 1. To conclude, we observe that on the
event that � 1 = 0, all the opinions present in the system after time T are within distance 2� � 1 � �
of each other so the process evolves according to a voter model. In particular,

P� (� � (G) = 1) = P� (consensus) � P� (� 1 = 0) = 2 � � 1:

This completes the proof. �

De�nition 5 An edge (x; y) 2 E is said to be open if at time 0 the opinion distance between
vertices x and y is smaller than � . Otherwise, the edge is said to be closed. In other words, theedge
is open/closed depending on whether

j� 0(x) � � 0(y)j � � or j� 0(x) � � 0(y)j > �:

De�nition 6 Let E0 � E be the set of open edges. Two verticesx and y are said to communicate,
which we write x $ y, if they are connected by an open path, i.e., there exists a sequence of vertices
x = x1; x2; : : : ; xn = y such that (x i ; x i +1 ) 2 E0 for i = 1 ; 2; : : : ; n � 1.

The relation $ is an equivalence relation on the vertex set thus inducing a partition. Following the
terminology of percolation theory, equivalence classes for this relation are called open clusters, or
simply clusters. Also, we letV = V=$ denote the set of these clusters.

De�nition 7 Two clusters X; Y 2 V are said to be adjacent if they are connected by a closed
edge, i.e., there existx 2 X and y 2 Y such that (x; y) 2 E n E0. We write X 
 Y the property
that clusters X and Y are adjacent.

De�nition 8 A cluster X 2 V is said to be static if the opinion distance between any of itsvertices
and any of the vertices of its adjacent clusters is larger than � , i.e.,

for all Y 
 X; x 2 X and y 2 Y; we have j� 0(x) � � 0(y)j > �:

Otherwise, cluster X is said to be dynamic. If the condition above is violated for some Y 
 X
then clusters X and Y are said to communicate which we writeX , Y .

Lemma 9 Let � > 0 small. Then, there exists
 > 0 such that

P� (card(X ) > n ) � exp(� 
n ) for all X 2 V and n � 0:

Proof. When starting the process from a product measure in which opinions are chosen uniformly
at random in the interval [0 ; 1], each edge of the graph is open with probability at most 2� and
closed with probability at least � . Note however that edges are not open/closed independentlyof
each other. For instance, if (x; y; z) is a triangle in which edges (x; y) and (y; z) are open, then

j� 0(x) � � 0(z)j � j � 0(x) � � 0(y)j + j� 0(y) � � 0(z)j � 2�;

indicating that edge (x; z) is open with probability at least 1 =2. This observation can be extended
to any cycle. In contrast, if (x0; x1; : : : ; xn ) is a self-avoiding path, then the states open/closed
of di�erent edges of the path are independent random variables. This implies that the number of
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vertices in the cluster X containing vertex x 2 V is stochastically smaller than the number of
vertices in the cluster Cx containing x for the bond percolation process with parameter 2� . Since
the degree of the graph is uniformly bounded byK , Theorem 6.75 in [3] easily extends to our graph
provided the con�dence threshold � is su�ciently small, so one obtains

P� (card(X ) > n ) � P (jCx j > n ) � exp(� 
n )

for all n � 0 and a suitable constant
 > 0. �

Lemma 10 For any cluster X 2 V ,

P� (X is dynamic j V) � �
X

X 
 Y

(card(X ) + card( Y )) :

Proof. For each clusterX 2 V , we set I X = [ aX ; bX + � ] where

aX = min f � 0(z) : z 2 X g and bX = max f � 0(z) : z 2 X g:

Let x; y 2 X such that � 0(x) = aX and � 0(y) = bX . Since x and y communicate, there exists a
self-avoiding path x = x1; x2; : : : ; xn = y included in cluster X such that

j� 0(x i ) � � 0(x i +1 )j � � and (x i ; x i +1 ) 2 E for i = 1 ; 2; : : : ; n � 1:

Using that x i 6= x j when i 6= j we obtain n � card(X ) and

bX + � � aX = � 0(y) + � � � 0(x) � � (n � 1) + � � � card(X );

from which it follows that

P� (X is dynamic j V) �
X

X 
 Y

P� (I X \ I Y 6= ? j V)

�
X

X 
 Y

(bX + � � aX ) + ( bY + � � aY ) � �
X

X 
 Y

(card(X ) + card( Y )) :

This completes the proof. �

Lemma 11 Assume that �N ! 0 as N ! 1 . Then,

lim
N !1

P� (X is dynamic for someX 2 V ) = 0 :

Proof. First of all, we apply Lemma 9 to obtain

E � (card(X )) =
NX

n=1

n P� (card(X ) = n) =
N � 1X

n=0

P� (card(X ) > n )

�
1X

n=0

exp(� 
n ) = (1 � e� 
 ) � 1 < 1 :

Observing that the number of clusters adjacent to X 2 V is at most K card(X ), where K is the
uniform bound on the degree ofG, and taking the expected value in Lemma 10, we have

P� (X is dynamic) � 2 �K [E � (card(X ))]2 � 2 �K (1 � e� 
 ) � 2:
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Finally, since �N ! 0 asN ! 1 , and card(V) � N , we can conclude that

lim
N !1

P� (X is dynamic for someX 2 V ) � lim
N !1

2�K (1 � e� 
 ) � 2 N = 0 ;

which completes the proof of the lemma. �

Proof of Theorem 4. Fix c < 1 � e� 
 . SinceE � (card(X )) � (1 � e� 
 ) � 1 for all X 2 V ,

lim
N !1

P� (card(V) � cN) = 0 :

This, together with Lemma 11, implies that

lim
N !1

P� (X is static for all X 2 V and card(V) > cN ) = 1 :

The last step is to observe that, on the event that all the clusters are static, the number of opinions
stays larger than card(V) at any time. To see this, let X; Y 2 V be two clusters, and observe that
by De�nition 8, if both clusters are static, then

j� 0(x) � � 0(y)j > � for all ( x; y) 2 X � Y:

This implies that vertices whose opinion at time t originates from cluster X at time 0 do not
interact with vertices whose opinion at time t originates from cluster Y at time 0. In particular, if
all the clusters are static, then the opinion dynamics in di� erent clusters are independent, i.e., for
any cluster X 2 V the opinion of any vertex x 2 X at time t is determined by the initial opinion
of some vertex located in the same cluster. In conclusion,

f X is static for all X 2 Vg � f � � (G) � card(V)g:

The inequality in the right-hand side event is an equality if and only if each cluster X 2 V reaches
a consensus. This, together with the previous estimate, concludes the proof. �

Note that, in order to improve Theorem 4, it is natural to intr oduce a new partition of the vertex
set into \super-clusters" by declaring that two vertices x and y belong to the same super-cluster
wheneverx and y are in the same clusterX 2 V or there are X 1; X 2; : : : ; X n 2 V such that

(x; y) 2 X 1 � X n and X i , X i +1 for all i = 0 ; 1; : : : ; n � 1:

Since the fraction of adjacent clusters that communicate goes to 0 as� ! 0, the same arguments
as in the proofs of Lemmas 9 and 11 and Theorem 4 imply that, like the number of clusters, the
number of super-clusters isO(N ). At this point, one can argue that, the opinion of any vertex
in a super-cluster is determined by the initial opinion of a vertex in the same super-cluster, thus
reducing the assumptions of Theorem 4 to:� ! 0 asN ! 1 . The intuitive idea is that, by merging
adjacent clusters that communicate together, the resulting super-clusters are static in the sense of
De�nition 8. Super-clusters, however, are not necessarily static, so a vertex in a given super-cluster
may eventually adopt an opinion that originates from another super-cluster. In particular, the event
that all the clusters are static is necessary for our argument andonly one pair of dynamic clusters
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breaks the harmony of the proof. The bad scenario is illustrated in Figure 2 where open edges are
drawn in continuous lines and closed edges in dashed lines. Assume that initially

j� 0(x0) � � 0(y0)j � � and j� 0(x0) � � 0(z0)j � �

but j� 0(y) � � 0(z)j > � for all ( y; z) 2 Y � Z;

which implies that there are two super-clusters: one obtained by merging X and Y together, and
one reduced toZ . However, all the clusters may �rst reach a local consensus in which all the vertices
belonging to X , Y and Z share opinion � 0(x0), � 0(y0) and � 0(z0), respectively, thus driving the
system to a con�guration in which the initial opinion of x0 may invade all three clusters until a
global consensus is reached. In conclusion, the number of super-clusters may exceed the ultimate
number of opinions even if there is only one pair of dynamic clusters.

x0

z0

y0
Y

Z

X

Figure 2 . Invasion of a static cluster
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