Two-scale multitype contact process: coexistence
in spatially explicit metapopulations

Nicolas Lanchier

Abstract It is known that the limiting behavior of the contact process strongly depends
upon the geometry of the graph on which particles evolve: whi le the contact process on
the regular lattice exhibits only two phases, the process on homogeneous trees exhibits an
intermediate phase of weak survival. Similarly, we prove th at the geometry of the graph can
drastically a ect the limiting behavior of multitype versi ons of the contact process. Namely,
while it is strongly believed (and partly proved) that the co  existence region of the multitype
contact process on the regular lattice reduces to a subset of the phase diagram with Lebesgue
measure zero, we prove that the coexistence region of the pro cess on a graph including two
levels of interaction has a positive Lebesgue measure.

1. Introduction

The multitype contact process [15] is a continuous-time Markov process whosstate space maps
the d-dimensional integer lattice into the setf0; 1; 2g where state 0 refers to empty sites and where
statei, i =1;2, refers to sites occupied by a type particle. Denoting by ; the state of the system

at time t and by the binary relation indicating that two vertices are nearest neighbors, the

evolution of the process at vertexx is described by the transition rates

X
Cor 1(X; ) = B: 1f (y)=1¢g CioofX; ) = 1

X’ (1)
Cor 2(x; ) = B 1f (y)=2¢g Cr ool ) = 2

Xy

wherec: j(x; ) is the rate at which the state of x ips from i to j. That is, type i particles give
birth through the edges of the lattice to particles of their own type at rate B; and die spontaneously
at rate ;. If an o spring is sent to a site already occupied, the birth is suppressed.

The multitype contact process has been introduced and completely studied when the death
rates are equal by Neuhauser [15]. To x the time scale, assume that; = , =1, and to leave out
trivialities, assume in addition that the birth rates are greater than the critical value of the contact
process [12]. Then, the type with the highest birth rate outcompetes the other typeln the neutral
case when the birth rates are equal, the process clusters in dimensiah 2 while coexistence
occurs in dimensiond 3. Here and after, coexistence means strong coexistence: there exists a
stationary distribution with a positive density of type 1 and type 2. T he long-term behavior of the
process when the death rates are di erent remains an open problem but Neuhauser conjectured
that her results extend to the general case provided one replaces the birth rate by the ra of the
birth rate to the death rate. In particular, it is believed that the coexistence region as a subset
of the space of the parameters has Lebesgue measure zero. The existence of such a cadst
region is mathematically interesting but for obvious reasons it is irrelevant to explain why species
coexist in nature. In order to identify mechanisms (more meaningful for ecologis) that promote
coexistence, recent studies have focused on modi cations of the multitype contact process which
the coexistence region contains an open set of the parameters. It has been proved inadent
contexts that coexistence is promoted by spatial [3, 7, 13] and temporal [4heterogeneities. This
article introduces the rst example of a multitype contact process in which coexstence is produced
by the geometry of the graph on which particles evolve. In some sense, our maiesult is analogous
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to the one of Pemantle [16] which states that, in contrast with the contact process on the regular
lattice, the contact process on homogeneous trees exhibits a phase of weak survival.hoth cases,
the geometry of the graph is responsible for creating new behaviors.

To construct our process, we consider thed-dimensional lattice Z9 as a homogeneous graph
with degree 2 where vertices are connected to each of their®nearest neighbors. LetN be an
odd positive integer. Then, we consider the following collection of hyperplanes:

H@G;j) = fx2RY:x = N=2+jNg for i=1;2:::;d and j22Z

where x' denotes theith coordinate of x, and remove from the original graph all the edges that
intersect one of these hyperplanes. This induces a partition of the lattice intod-dimensional cubes
with length edge N that we call patches See the left-hand side of Figure 1 for an illustration where
edges drawn in dotted lines are the edges to be removed. Since the parametéris odd, each patch
has a central vertex. To complete the construction, we draw a long edge between the centeos

adjacent patches as indicated in the right-hand side of Figure 1. The resulting graptcan be seen
as the superposition of two lattices that we callmicroscopic and mesoscopiclattices.

Figure 1 . Construction of the two-scale graph when N =3 and d=2.

To formulate the evolution rules, we write Xy to indicate that vertices x andy are connected by
a short edge, andx $ y to indicate that both vertices are connected by a long edge. The evolution
at vertex x is given by the following transition rates:

X X

Cor 1(x; ) = Bi 1f (y)=1g + 1 1f (y)=1¢g Cii o, ) = 1
X$y >§(y

Cor 2(x; ) = B2 1f (y)=2g + 2 1f (y)=2¢g Coi ofX% ) = 2
x$ y Xy

Note that in the expression ofcy, (X; ) the rst sum is empty whenever vertex x is not located
at the center of a patch. We call this process thetwo-scale multitype contact processAlso, we
call the parameters ; and B; the microscopic and mesoscopichirth rates. The one-color version
of this process has been introduced by Belhadji and Lanchier [1] as a spatially explicimodel
of metapopulation [10, 14]. The objective was to determine parameter valuesof which survival
occurs. In contrast, the emphasis is now on whether both types coexist or one typeutcompetes
the other type. Therefore, we assume that the parameters are chosen in such a walgdt each type
survives in the absence of the other one and refer to [1] for explicit conditions of suival. Finally,
note that when N =1, i.e., patches reduce to a single vertex, the values of the microscopic birth
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Figure 2 . Snapshots of the multitype two-scale contact process on the 400 400 lattice with periodic boundary
conditions at times 100 and 500, respectively. White and bla ck vertices refer to species 1 and 2, respectively, and
grey vertices to empty sites. The parametersare ;=3 and Bij = j=1for i=1;2.

rates are irrelevant and the two-scale multitype contact process reduces to the mtitype contact
process (1). To avoid trivialities, we assume from now on thatN 6 1.

We call the bestinvader the type with the highest B; to ; ratio, and the best competitor the
type with the highest ; to ; ratio. Our rst theorem extends Neuhauser's result to the two-scale
multitype contact process: assuming that the death rates are equal, when one typé both the
best invader and the best competitor, it outcompetes the other type except in the neutrd case
when the process clusters id 2 and coexistence occurs il 3. See Figure 2 for pictures of
numerical simulations in the two dimensional neutral case.

Theorem 1 ( 1= ,=1and N 61) AssumethatB; B, and ; 2.
1. In the neutral caseB, = B, and ;= »,

(@ In d 2 clustering occurs, i.e., for any initial con guration o 2f0;1; ZQZd

lm P((x)=1and (y)=2) =0 forall x;y 2 z¢:

(b) In d 3 coexistence occurs, i.e., there exists a stationary distribution under which the
density of type 1 and the density of type 2 are both positive.

2. WheneverB; 1<B> 2, type 2 outcompetes type 1 in any dimension.

To search for strategies promoting coexistence, we now assume that one type,ysgype 1, is the
best invader, and the other type is the best competitor, in which case the limiing behavior of the
process is more di cult to predict. Interestingly, while the results of Theorem 1 are not sensitive
to the patch size, the long-term behavior of the process under these new assumptions strdpg
depends upon the parameterN. As mentioned above, when patches reduce to a single vertex,
the values of the microscopic birth rates are irrelevant so that type 1 partcles outcompete type
2 particles as predicted by Theorem 1 in [15]. In contrast, takingN large leaves enough room for
type 2 to outcompete locally type 1 within each patch, except maybe near the centl vertices
located on the mesoscopic lattice. The time a colony of type 2 particles persis within a single
patch is at least exponential inN, and it can be proved that survival of type 2 is insured by casual
migrations from one patch to another, which is referred to as therescue e ect in metapopulation
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theory. In conclusion, small patches promote survival of the best invader whereatarge patches
promote survival of the best competitor, as indicated in the following theorem.

Theorem 2 ( 1= ,=1) AssumethatB; B, > 0and ,> ;> .. Then,inany dimension,
type 2 survives provided the spatial scaleN is su ciently large.

Theorem 2 is the key result to identify a set of parameters for which coexistence occur&irst of
all, we x the parameters so that type 1 is a good invader but a bad competitor iving at a slow
time scale. Type 1 then survives by jumping from patch to patch, or equivalently by invading
the mesoscopic lattice. This holds regardless of the patch size. Coexistence of hatypes then
follows from the proof of Theorem 2 by xing the parameters so that type 2 is agood competitor
living at a much faster time scale than type 1 and taking N large (which does not a ect survival
of type 2). To prove rigorously survival of both types, the two-scale multitype contact process
will be simultaneously coupled with two di erent oriented percolation processes one following
the evolution of type 1 at a certain time scale, the other one following the evlution of type 2 at
a slower time scale. The use of a block construction implies the existence of an ep set of the
parameters in which coexistence occurs, so we can conclude that

Theorem 3 In any dimension, the Lebesgue measure of the coexistence region is strictly ptge
provided the spatial scaleN is su ciently large.

As previously mentioned, Theorem 3 together with Neuhauser's conjecture [15] indicates tha
in contrast to the regular lattice, the graph of Figure 1 promotes coexistence dr the multitype
contact process. Thinking of the competitive exclusion principle in ecology, this sggests that
the two-scale graph provides two spatial ressources, namely the microscopic antie mesoscopic
lattices, which allows two types to coexist. Note also that, while the c@xistence region of the
Neuhauser's competing model corresponds to the neutral case, for the two-scale multjie contact
process, the coexistence region contains cases in which type 1 and type 2 have opip® strategies,
namely one type is a good invader while the other type is a good competitorand both types live
at di erent time scales. Theorem 3 has a number of important implications in atial ecology if
one thinks of the process as modelling the evolution of two competing species in mgtapulations,
but this aspect will not be discussed in this article which is devoted to mathematcal proofs.

Finally, we would like to point out that our proofs of Theorems 2 and 3 easily extend to more
general graphs, even through for simplicity we will prove the results only for he two-scale graph
depicted in Figure 1. More precisely, let

H1:(V1;E1) and H2:(V2;E2) with V]_ Vg and El\ E2: ?

be two in nite graphs. We call H; the microscopic graph andH, the mesoscopic graph, and
consider the two-scale contact process evolving on the grap® = (Vi;E1 [ E2) where species
gives birth through the edges inE; at rate ; and through the edges inE, at rate B;. Assume
that we have the following property that we call separation of the space scalesThe mesoscopic
graph H, contains a self-avoiding pathfx; :i 2 Zg V, such that

1. Foralli 2 Z, H; contains a self-avoiding path of length at leastN containing X;.
2. For all x;y 2 V,, the shorthest path in H; connectingx and y has length at leastN.

If there is no path in H; connecting x and y (note that this is the case for the two-scale graph
depicted in Figure 1) we assume by convention that both vertices are connected by a pfaof in nite
length so condition 2 above holds. Then, our proof of Theorem 3 implies that, for theiwo-scale
multitype contact process evolving onG, the Lebesgue measure of the coexistence region is strictly
positive provided N is su ciently large. Note that, when H; is a connected graph, condition 1
above is always satis ed. In particular, a natural way to construct a suitable graph G is to start
from an in nite connected graph Hj, then select an in nite subset V,  V; of vertices that are
at least distance N from each other, and nally add enough edges between the vertices iV, to
obtain a mesoscopic graphtH, with at least one in nite self-avoiding path.
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de ned for each rates symbols

(xy):x$ y B1 x1T y

(xy):x$ y B2 B: x 1%y

(xy) x 'y 1 x! 'y

(xy):ix _y 2 1 x 1%y

x 2 Z9 1 at x
Table 1

Harris' graphical representation

2. Proof of Theorem 1

Theorem 1 has been proved by Neuhauser [15] for the multitype contact process on the ndgr
lattice, which corresponds to the caseN = 1 for our process. Her proof relies on duality. Thinking
of the process as being generated by a graphical representation, the dual process of the titype
contact process starting at a space-time point X; T) exhibits a tree structure that induces an
ancestor hierarchy in which the ancestors are arranged according to the order they detetine the
type of the particle at (x; T). Her result follows from the existence of a sequence of renewal points
dividing the path of the rst ancestor into independent and identically distributed pieces, as stated
in details in Proposition 2.1 below.

Similarly, the two-scale contact process is self-dual and the dual process exhibits age structure
that allows us to identify a rst ancestor. Renewal points can be de ned from the topology of the
dual process by using the same algorithm as for the multitype contact process. déWever, since the
graph on which the particles compete is not homogeneous, the space-time displacementstiveen
consecutive renewal points are no longer identically distributed. The key to our proofis to rely
on the fact that the graph of Figure 1 is invariant by translation of vector u 2 NZ9 to show the
existence of a subsequence of renewal points performing a random walk.

To de ne the dual process, we rst use an idea of Harris [11] to construct the two-scaleontact
process graphically from collections of independent Poisson processes. These processeslaned
for each directed edge X;y) or vertex x as indicated in Table 1. The last two columns show the
rate of the Poisson processes and the symbols used to construct the graphical repeegation,
respectively. Unlabeled arrows fromx to y indicate birth events: provided site x is occupied and
site y empty, y becomes occupied by a particle of the same type as the one &t The same holds
for type 2 arrows if the particle at site x is of type 2, but these arrows are forbidden for type 1
particles, which takes into account the selective advantage of type 2. Findy, a  at site x indicates
that a particle of either type at this site is killed. This graphical representation allows to construct
the two-scale multitype contact process starting from any initial con gurat ion.

The construction of the dual process is done from the graphical representation by ignng the
labels on the arrows. We say that there is a path from ¢; T  s) to (x; T), which corresponds to
a dual path from (x;T) to (y; T ), if there are sequences of times and sites

S = T s <s; < < Sp+1 =T and Xo = VY; X1, i Xp = X

such that the following two conditions hold:

2. Fori=0;1;:::;n, the vertical segmentsfx;g (Sj;Sj+1) do not contain any 's.

The dual process starting at (x; T) is the set-valued process de ned by
A(x;T) = fy2 z9:there is a dual path from (x;T) to (y;T s)g:

The dual process is naturally de ned only for 0 s T. Nevertheless, it is convenient to assume
that the Poisson processes in Table 1 are de ned for negative times so that the dual pcess is
de ned for all s 0. The reason for introducing the dual process is that it allows us to deduce the
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Figure 3 . Labelled tree structure of the dual process ( d =1 and N =5). The bold lines refer to the path of the
rst ancestor which is determined by keeping track of the bra  nch with the largest label. Numbers at the bottom
of the structure indicate the ancestor hierarchy at a given t ime. White squares represent the sequence of renewal
points assuming that the tree starting at the last white squa re at the bottom of the picture is in nite.

presence of a particle at sitex at time T from the con guration at earlier times by keeping track
of potential ancestors. This appears in the duality relationship

T(x) 80 0 T s(y) 6 0 forsome y2 ~(x;T):

The type of the particle at (x; T) can also be determined from the dual process and the con gu-
ration at earlier times: the dual process exhibits a tree structure that induces a so-cé&d ancestor
hierarchy. The members of the dual process at a xed time (ancestors) are arrangedccording to
the order they determine the type of (x; T).

The ancestor hierarchy has been described algorithmically by Neuhauser. See the beginning
of Section 2 in [15]. The original version of her algorithm is quite intuitive and, although it has
been applied in a number of articles, did not evolve since then. We take advantagef ¢his article
to de ne rigorously the ancestor hierarchy from the tree structure of the dual process following
and improving an idea introduced in [13]. Even if the dual processes of the contact pess and
two-scale contact process are di erent, their topologies are similar enoughcsthat our approach
applies to both models. The idea is to de ne a function ¢ that maps the dual process at dual
time s into the set of sequences with values irf1;2;:::g[flg equipped with the lexicographic
order . This function is strictly monotone in the sense that for x1; X2 2 ~(X; T),

s(X1) s(x2) 0 X2 comes beforex; in the ancestor hierarchy. 2

The ancestor hierarchy on the dual process is thus naturally induced by the lexicographiorder
on the set of sequences through the function 5. Recall that

u=v; fori=1;2:::;n 1

TUp il (Vo :::) if and only if
(ug;ug;:ia) (vi;vg;:::) ifand only i U <,
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for some positive integern. The function ¢ corresponds to a labelling of the tree structure of the
dual process which is de ned inductively by going backwards in time. The original branchstarting
at site x at dual time 0 is labelled (1 ;1 ;:::). Now, assume that a birth event from x; to x;
occurs at dual time sp to include site x; to the dual process, and let

so(X2) = (ugjuz;iiisun;l i) with ui<1 fori=1;2:::;n; )

so(X1) = (ug;uz;iii;un;m;d ;i)

if the new branch at site x; is the mth one (going backwards in time) originated from the branch
at site X2. Also, s(X1) = s,(X1) until a death mark is encountered at sitex; when the site is
removed from the dual process. We refer the reader to Figure 3 for an example of rézdtion of the
dual process together with the label function along the branches of the tree. To avoid culrersome
notations, the sequences are identi ed to nite dimensional vectors:

(Ug;uz;:is;up;d ;i) (ug;uz;:ii;up)

whereu; < 1 fori =1;2;:::;n. The label function is ideally suited to keep track of the topology
of the dual process and has a number of interesting properties. For instance, if (3) hds then all
the branches in the sub-tree starting at X2; T  Sp) have a label of the form

(Ug;U2; i UpjUnsg it Unek; 1 ;i) for some UpsgiiijUnek < 1:

In particular, given the labels of two branches, it is straightforward to deduce the label of their
most recent common ancestor (the root of the minimal sub-tree they both belong to)y looking
at the rst coordinates they have in common. The form of the sequence in (3) also indictes that
the length of the dual path (number of arrows) from (x; T) to (Xx2; T  Sp) is equal to n, which can
be seen as a number of generations. Also, it is easy to check that the descriptiori the ancestor
hierarchy given in Section 2 of [15] reduces to (2) above.

The path of the rst ancestor, which is the object of primary interest to determine the type of
the particle at (x;T), is constructed by following backwards in time the branch with the largest
label as de ned in condition (2). The path of the rst ancestor is a complicated object. However,
in the case of the multitype contact process, Neuhauser [15] proved that this path aabe divided
into independent and identically distributed pieces at some particular space-time poins called
renewal points. To de ne renewal points, we say that (X; ) lives forever if

(X ) 807 forall s O (4)

Then, whenever the path of the rst ancestor jumps to a point (X; ) that lives forever, this point
is a renewal point. Note that renewal points are well de ned only if the starting point (x; T) lives
forever, which we assume from now on. Lef (X,; ) : n  0g denote the sequence of renewal
points starting from (Xo; o) = ( x; 0). See Figure 3 for a picture. For the multitype contact process,
which is the caseN = 1 for our process, Neuhauser [15] proved the following

Proposition 2.1 (Neuhauser, 1992) Assume thatN =1. Then f(X,; n):n Og performs a
random walk on Z¢ R, . Moreover, there existC; < 1 and ; > 0 such that

P(iXns1 Xnj>8) Ciexp( 18) and P ( n+1 n>S) Ciexp( 19)
foraln Oandalls O.

Proposition 2.1 is the key to understand the ancestry of a single site and deduce hodi erent
sites are correlated. Unfortunately, it does not hold whenN 3 in which case the space-time
displacements between consecutive renewal points are no longer identically distributedue to the
geometry of the graph in Figure 1. Observing that the parent of a particle locatedat the corner
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of a patch has to be closer to the center than the particle itself, we see that the ga of the

rst ancestor undergoes a drift directed to the center of the patch. The drift is stronger while
approaching the boundary of the patch. Also, the path of the rst ancestor is more Ikely to jump
from one patch to another while approaching the center of a patch. The key to prove Theem 1

is to observe that the graph is invariant by translation of vector u 2 N Z9. This implies that the
distributions of the dual processes starting atx and x + u can be deduced from one another by a
translation of vector u, and suggests the existence of subsequences of renewal points satisfying
Proposition 2.1. More precisely, we extract a subsequence inductively by letting

ngp =0 and Ni+1 =minfn>ni:Xn2Nng fori =0;1;2;:::
WesetY; = X, and = o, foralli 0. Then,f(Y;; ;):i 1g represents the subsequence of
renewal points visiting the center of patches and we have the following

Proposition 2.2  The subsequencd (Y;; ;):i 1gis a random walk onNZ¢ R, regardless
of the value of N 1. Moreover, there existC, < 1 and , > 0 such that

P(Yi+«1 Yij>5s) Coexp( 28) and P ( j+1 i >8S) Co exp( 29)
foralli landalls O

Proof. Proposition 2.1 indicates that the increments Xn+1; n+1) (Xn; n) are independent for
di erent values of n. This follows from the fact that, after a renewal point, the path of the rst
ancestor is determined by the structure of the sub-tree starting at the renewal point ¢ather than
the \super structure" of the entire dual process) and so depends only on parts of the graplal
representation that are after the renewal point. The same holds fof (Y;; ;):i 0gbecauseitis a
subsequence of (X; n):n 0g. Now, since the graphical representation is translation invariant
in time and the graph of Figure 1 is invariant by translation of vector u 2 N Z9, we have that for
all s 0 and any collectionA of subsets ofZ¢

P(h(T) x2A) = P(N(Y;S) y2A) whenever x y2 NZzZ¢:
In particular, using that Yi+; Y, 2 NZ%fori 1, we obtain
P ("s(Yi; T i) Yi2A) = P("s(Yie;T i+1)  Yisz 2A) forall i 1

Note however that this does not hold fori = 0 since Yy = X is not a priori at the center of a
patch. Since (Yi+1; i+1) is determined from f ~5(Y;; T i):s 0Og, we deduce that

P((Yisr; i+1) (Yis i)2B) = P((Yis2; i+2) (Yis1; i+1) 2 B)

for any measurable setB Z9 R, and alli 1. In conclusion, the space-time displacements
are identically distributed which makes f(Y;; i):i 1garandom walk. To prove the exponential
bounds on the space-time displacements, we rst observe that, the parametel being xed, there
exists a positive constantpy > 0 such that

P(Xns1 2NZ9jX,=y) pv forall y2z9 andall n O

In words, the next renewal point visiting the center of a patch can be found after & most a
geometric number of steps, which can be expressed formally as follows:

P+« ni j) P(K j) foral j 1 where K Geometric(py):

Let M (X; ) stand for the moment generating function of X at point . SinceK is geometrically
distributed and members off 41 n N 0Og are independent, identically distributed and have
exponentially bounded tails according to Proposition 2.1, there exists o > 1 such that

M( 41 i) = M(n, n) M(k; )

b3
= PK=n)[M(1 )" = M(KIM (1;)) <1

n=1
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forall 2 (1; o). By using Markov's inequality, we obtain that for 2 (1; o) xed,
P(isa i>8) SM( a0y ) = Coexp( 28)

whereCy = M ( j41 i; )<1 and ,=log > 0. The bounds onYj,; Y; can be obtained
from the same argument using that members of X,+1 X, :n 0g are independent, identically
distributed and have exponentially bounded tails according to Proposition 2.1

With Proposition 2.2 in hands, Theorem 1 in the general case wherN 1 follows from the
techniques developed in Sections 2-5 of [15]. The main idea in the neutral case is that thandom
walk fY; :i 1gisrecurrentind 2 which implies that the paths of the rst ancestors of a nite
number of sites eventually coalesce with probability 1. This makes these sitesléntical by descent
which translates into a clustering of the system. In contrast, transience ofthe random walks in
dimensiond 3 implies that two distinct sites may not be identical by descent in which case the
states of both sites are independent whenever all the sites are independent at time 0.

3. The multitype contact process in nite volume.

In preparation for proving Theorems 2 and 3, we investigate the restrictionof the multitype contact
process to a single patch, i.e., particles landed outside the patch are killed. The pcess is further
modi ed to include spontaneous births of type 1 particles at the center of the patch. Thereason for
introducing spontaneous births is to later compare this process with the two-sca contact process
viewed on a single patch in which o spring may originate from other patches.More precisely, the
state of the process at timet is a spatial con guration N :Ag !'f 0;1;2g where

Ao = ( N=2;N=2)¢\ zd

is the patch centered at 0. The evolution atx 2 Ag is described by

X

cor 1(x; V) = 1f N(y)=1g + 2dB; 1fx =0g
X'

cr 26 V) = 1f “(y)=2g
Xy

cir ol N) = ¢ ool N) = 1:

wherex vy indicates that jx yj =1 and x;y 2 Ag. In order to understand both the multitype

contact process in nite volume and the two-scale contact process, the rst step is® compare the
processes viewed on suitable length and time scales with oriented percolationoTbegin with, we
introduce 1-dependent oriented percolation with parameter 1 on

G= f(z;n)22% Z,:z'+:::+ 2%+ nis every

where z' denotes theith coordinate of z 2 Z9. Each site (z;n) 2 G is associated with a Bernoulli
random variable ! (z;n) 2 f 0; 1g with success probability 1, and is said to be closed if there is
a failure (0) and open if there is a success (1). The 1-dependency means that

P((z;n)=1forl i m)=(1 )™ wheneverj(zi;ni) (z;nj)j> 1fori§ j:

1. Fori=0;1;:::;n 1, we havejziy;  zj =1
2. Fori=0;1;:::;n, site (z;i) is open.
From now on, the parameter > 0 is xed so that

PW,6?foraln O0jWgy=f0g) > O
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where W, denotes the set of wet sites at leveh. To investigate the interacting particle system
restricted to a single patch, we letN = (K +2) L with K and L odd, which induces a partition of
patch Ag into L-cubes, and also consider oriented percolation on

G

G\f( K=2K=2)¢ Z.,g
f(z;n)22z9 2z, :z+:::+ z9+ nisevenand supjz'j (K 1)=2g:

For the oriented percolation process onG we denote by! K (z; n) the Bernoulli random variable
associated to site ¢;n) and by WX the corresponding set of wet sites at leveh. The proof of
Theorems 2 and 3 relies on multiscale arguments. More precisely, we will considéne following
three mesoscopic spatial scales:

1. Upper mesoscopic scale. The latticZ? is partitioned into N -cubes called patches. In the
next section, we will compare the two-scale contact process viewed at the patch levelith
the oriented percolation process orG introduced above.

2. Intermediate mesoscopic scale. EacN -cube is partitioned into L-cubes:
B, = Lz + By where By = ( L=2L=2)¢\ z%andz2 z¢:

In this section, we will rst compare the multitype contact process on patch Ag viewed at
the L-cube level with the oriented percolation process orG¢ introduced above.

3. Lower mesoscopic scale. Each-cube B, is further divided into L%!-cubes:
Dw = L%w + Dy where Dg = ( L%'=2;L%'=2)\ z9andw 2 z%:

Since Ay is nite, type 2 particles go extinct eventually, and the process { converges weakly to
a stationary distribution with a positive density of type 1. The main o bjective of this section is
to prove that when , > ; and starting with a signi cant number of type 2 particles the time
to extinction grows exponentially with the size of the patch Ap. Moreover, locally in space and
time, type 2 outcompetes type 1 in the sense that, excluding a neighborhood of €t0 whose size
does not depend onN, most of the patch is void of 1's and has a positive density of 2's up to the
extinction time. To prove these results, the rst step is to couple the process withthe oriented
percolation process on the latticeG¢ through the following

Denition 3.1 Let B =( L=6;L=6)4 and T = L?. We call (z;n) 2 Gk a good site if
1. The setB, nB is void of 1's at time nT and
2. For all w such that D,, B, nB , the setD,, contains at least one 2 at timenT .

The set of good sites at leveh is denoted by
XK = f222%:(z;n) 2Gx and (z;n) is goody

Note that site (0; n) has a special treatment: there is no requirement about the spatial con guration
of the system insideB Bo. The reason is that, due to the presence of spontaneous births, there
is a region around the center of the patch which is occupied by 1's most of the timeNote also
that we have excluded boxesB, with sup; jz'j = (K +1) =2 which are located along the frontier of
patch Ag since, due to boundary e ects, the density of type 2 particles in these boxes can shrink
signi cantly. The key result of this section is the following

Proposition 3.2 Let , > 1> (. Then, for L = L( ) suciently large, the processes can be
constructed on the same probability space in such a way that

PMWK XKiforalln 0jwS =Xx§) = 1:
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de ned for each rates symbols

(xy):x y 1 x! 'y

(xy):ix 2 1 x 12y

x 2 Z9 1 at x

only for vertex 0 2dB1 at 0
Table 2

Harris' graphical representation

In order to establish Proposition 3.2, the objective is to prove that there existsL = L ( ) su ciently
large such that the following holds:

P ((zo;n +1) is good j (z1;n) is good) 1
for all z;;z, with jz; zj =1 and (z3;n);(z2;n+1) 2Gk:

)
With inequalities (5) in hands, the proof of Proposition 3.2 follows from standard techniques, and
we refer the reader to the Appendix of [6] for more details. Since the central site pig a particular
role due to the spontaneous bhirths of type 1 particles as pointed out in De nition 3.1, there are
three cases to be considered, as illustrated in Figure 4 (the three pictures in this gue will be
explained later). We only prove (5) in the case whenz, = 0 (left picture) which is slightly more
complicated than the two other cases. Using spatial symmetry and homogeneity iniine of the
evolution rules of the process, it su ces to prove the following

Lemma 3.3 Let e =(1;0;:::;0)2 9 Then
P ((0;1) is goodj (e;;0) is good 1 for L su ciently large.

The proof of Lemma 3.3 relies on duality techniques as well. In order to de ne the dual proess,
the rst step is to construct the multitype contact process on Ag graphically from collections of
independent Poisson processes [11]. As indicated in Table 2, these processes are de nedefach
directed edge &;y) 2 Ap Ag or vertex x 2 Ap. Unlabeled arrows, type 2 arrows, and 's have the
same interpretation as in Table 1 above. The additional symbol indicates a spontaneous birth of
type 1 particle at site 0. This graphical representation allows us to constuct the multitype contact
process onAg starting from any initial con guration.

We say that there is a path from (y; T s) to (x;T), or equivalently that there is a dual path
from (x;T) to (y; T ), if there are sequences of times and vertices

So = T s <51 < < Sp+1 = T and Xo = VY, X1;::i;Xp = X

such that the following two conditions hold:

1. Fori=1;2;:::;n, there is an arrow fromx; ; to X; at time s; and

2. Fori =0;1;:::;n, the vertical segmentsfxjg (sj;Si+1) do not contain any 's.

Note that, in our de nition of path and dual path, 's have no e ect, though they are important
in the construction of the process. The dual process starting at space-time pointx; T) is then
de ned as the set-valued process

N (x;T) = fy2 Z% : there is a dual path from (x;T) to (y;T s)g:

As previously, it is convenient to assume that the Poisson processes in the guhical representation
are de ned for negative times so that the dual process is de ned for alls 0. To deduce the
type of the particle at (x; T) from the con guration at earlier times, we de ne a labelling of the

tree structure of the dual process, thus inducing an ancestor hierarchy, by using the atgithm

introduced in Section 2. The path of the rst ancestor is then constructed by following backwards
in time the branch with the largest label. The type of (x; T) is determined as follows:
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1. If the rst ancestor crosses at least one on its way up to (x;T) ...
(a) regardless of the initial con guration, (x;T) is of type 1.

2. If the rst ancestor does not cross any 's on its way up to (x;T) ...

(a) and lands at time 0 on an empty site then the rst ancestor does not determine the
type of (x;T).

(b) and lands at time 0 on a 1 and that, on its way up to (x; T), the rst ancestor does not
cross any type 2 arrow then &; T) is of type 1.

(c) and lands at time 0 on a 1 and that, on its way up to (x; T), the rst ancestor crosses
a type 2 arrow then the rst ancestor does not determine the type of &; T). We then
follow the path of the rst ancestor on its way up to ( x; T) until the rst 2-arrow we
encounter and discard all the ancestors of the point where this arrow is directed to.

(d) and lands at time 0 on a 2 then (x; T) is of type 2.

If the rst ancestor does not determine the type of (x; T) (2a and 2c above), we look at the next
ancestor in the hierarchy, and so on. Point 1a follows from the fact that a pontaneous birth of
type 1 particle occurs along the path of the rst ancestor. Points 2a-2d are thesame as for the
multitype contact process and we refer the reader to [15], page 472, for more dats on how to
determine the type of (x; T) for the process with no spontaneous birth. Finally, note that, since
the state space of the process is nite,

Jim N )y= 2 with probability 1

which contradicts the de nition of \living forever" introduced in (4) above. In this section, we say
that a space-time point (X; ) lives forever if

N )8 ? forall s (6)

that is, condition (4) is only satis ed for all s . Then, whenever the path of the rst ancestor
jumps to a space-time point that lives forever in the sense of (6), this point § called a renewal
point. As in Section 2, the sequence of renewal points divides the path of the rst anceder into
independent and identically distributed pieces. We are now ready to prove Lemma 3.3.

Proof of Lemma 3.3. Let x 2 BonB and assume that &; T) lives forever. The rst step is to
prove that there exist C3 < 1 and 3> 0 such that, for all L su ciently large,

P( Y (x)62j(e;0)is good and &; T) lives forever)  Cz exp( 3L%1): (7)

To prove (7), we will construct a dual path S¢ forbidden for the 1's starting at (x; T) and ending
at time 0 on a site occupied by a type 2 particle. The idea is to apply a modi cation of the so-
called repositioning algorithm (for the original version, see page 28 ing]). We say that a renewal
point is associated with a 2-arrow if the rst arrow a particle crosses $arting at this renewal point

and moving up the graphical representation is a 2-arrow. We call selected patt®\s with origin x
and target y 2 By the following dual path: The process starts atAg = x and follows the path of
the rst ancestor starting at ( x; T) until the rst time 1 it jumps to a renewal point associated
with a 2-arrow. Then, we either leave As where it is at that time or reposition it. To determine

whether and where to reposition the selected path, we denote the location of the second antas
in the hierarchy at time 1, provided this ancestor exists, byB ,. Let m be a large constant that
does not depend orL, and let be the straight line going through x andy. Also, we denote the
Euclidean distance by dist( ; ).

1. Assume thatB | existsand B ;T 1) lives forever. Then
(a) ifdist(A ;;) >m anddist(B ,;) < dist(A ,;)set A . =B ..
(b) if dist( A ;) m and dist(B ,;y) < dist(A ,;y) setA . = B

1
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(c) otherwise, we setA . = A .

2. Assume thatB , does not existor 8 ,;T 1) does not live forever. Then
(a) we setA ., = A .

In either case, we start a new dual process at{ ,.; T 1) and follow the path of its rst ancestor
until the rsttime it jumps to a renewal point associated with a 2-arrow when we apply again
the repositioning algorithm, and so on. Intuitively, this causes the selected pah Ag to drift towards
the target y while staying close to the straight line . More precisely, let x; and x, belong to the
segment &;y) in the order indicated in the following picture:

Assume thatjx; Xpj = P L andjAs, Xij P L=4 at some timesg and set

inf fs  sg : dist(As; X1) pfg

le
inf fs  sg : dist(As; X2) < pf:4g:

TX2

Then, it can be proved that, for suitable constantsC4;Cs < 1 and 5> 0,
p— .
P(Sx,<Tyx,0rTy, Cs L) Csexp( sL%?): (8)

The proof of (8) can be found in [13], Lemma 3.5. That is, starting from the small ball centered
at x; in the picture above, the selected path h&gslhe small ball centered atx, before leaving the
large ball centered atx;, this takes less thanC, L units of time with probability close to 1 when
the parameter L is large. In particular, if we let

S = inffs O0:dist(As;) pf or dist(As;0) > 2Lg

Ty, = inf fs 0:dist(Asy) < pf=4g

apply (8) consecutively and use that dist(x; y) Lp d, we obtain
P- p-p_ .
P(S <TyorTy, C4L d) GCs dL exp( sL%?): 9)

To construct S, we lety be the corner ofB = ( L=3;L=3)¢ closest tox and z = Le; be the
center of patch Be, (see Figure 4). The dual pathSs starts at So = X, followg the selected path
with target y until Ty when it hits the Euclidean baw with center y and radius L=4, then follows

the selected path with target z until time =T L. By (9),
p_ p_ .
P (dist(Ss;0) < L for somes or dist(S ;z) L) Ceexp( 6L%%)  (10)

for suitable C¢ < 1 and ¢ > 0. In other respects, since ;;0) is good, a straightforward appli-
cation of Lemma 3.9 in [13] implies that
P((S ;IO L) is not occupied by a 2jdist(S ;z) < P L

: : (11)
and (e1;0) is good)  C; exp( L%
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for suitable C; < 1 and 7 > 0. Finally, using the duality properties described above and the fact
that 2-arrows are forbidden for the 1's, and combining (10) and (11), we obtan
P( M(x)62j(e;0)is good and &; T) lives forever)
P (S ;p L) is not occupied by a 2j (er;0) is good)
+ P (dist(Ss;0) < pf for somes ) Cs exp( 3L%Y)

for suitable C3 < 1 and 3> 0 and all L su ciently large, which establishes (7). The second step
is to prove that

P ( 'T\‘(x) =1 j (x;T) does not live forever) Cg exp( slL) (12)

for appropriate Cg < 1 and g > 0. Note that, on the event that (x; T) does not live forever,
duality implies that the probability in (12) is equal to O for the multitype co ntact process with
no spontaneous birth of type 1 particles. In our case, due to the presence of spontaneobirths
at site 0, we need to bound the probability that the dual process starting at (x; T) hits 0. More
precisely, sincejx 0j L=6, (12) follows from
P02 " (x;T)forsomes Tj™NWN(xT)="?)
P (the dual process starting at (x; T) has radius
at least L=6j (x; T) does not live forever) Csg exp( slL)

which is a well-known property of the contact process. The proof follows fromthe analogous
result for oriented percolation (see [5], Section 12) and the fact that the suparitical contact
process viewed on suitable length and time scales dominates oriented percolati¢see [2]). Finally,
combining (7) and (12), we obtain

P(N(x)=1forsomex2BonB j(ey;0)is good)

13
CaL?exp( aL%') + CeL%exp( sL)  Coexp( oL*) -

for suitable Cg < 1 and ¢ > 0, and all L su ciently large. That is, condition 1 in De nition 3.1
holds with probability arbitrarily close to 1. Now, let D, BgnB . Since the process dominates
a one-color contact process with parameter ; > ., we have

P(Y¥(x)=0forall x2 D, j(e;;0)isgood) Cioexp( 1L%?) (14)
for appropriate C19 < 1 and 19 > 0. Combining (13) and (14) implies that
P(N(x)82forall x2 Dy j(e;0)is good)
P ( ¥(x) =1 for some x 2 Dy, j (e;;0) is good)
+ P ( M(x)=0forall x2D, j(er;0)is good)
Coexp( oL%1) + Cyoexp( 10L%):
In particular, there exist C11 < 1 and 317 > 0 such that
P (there existsDy, BonB : Y (x)8&2forall x2 Dy j (e;0) is good) 15)
CoL? exp( oL%') + CyoL? exp( 10L%?) Ciexp( 11L%%)

for L su ciently large. The lemma then follows from (13) and (15).

From Lemma 3.3, it is easy to deduce (5) whenz, = 0. The left picture of Figure 4 gives a
schematic illustration of the dual path S in continuous line. The proof of (5) whenz; =0 and
when both z; and z, are 6 0 is similar and we refer to the last two pictures in Figure 4 for an
illustration of a suitable dual path in these two cases. Note that the casez, = 0 is slightly more
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Figure 4 . Picture of the selected path.

complicated since the repositioning algorithm has to be applied in two di erent directions in order
to avoid O with high probability. With Proposition 3.2 in hands, we ar e now ready to deduce
useful properties of the multitype contact process restricted toA, from analogous properties of
the oriented percolation process ong . We let

n = infft 0: N(x)82forall x 2 Agg:

denote the extinction time of type 2 particles. We denote byP, the conditional probability given
the event that vertex 0 (and only vertex 0) is occupied by a type 2 particle at time Q. In the next
lemma, we prove that, starting with a single 2 at the center of the patch, with high probability,
the process may exhibit only two extreme behaviors: either the 2's spread out succesdfubnd the
time to extinction is arbitrarily large when N is large, or they die out quickly.

Lemma 3.4 Let ,> 1> (andlg =exp(cK). Then, there existsc > 0 such that
Po(t< n <3lk) Croexp( 12K) + Cyzexp( 13t)
for all K su ciently large and suitable constants C;,;Ci3< 1 and 12; 13> 0.

Proof. The proof is divided into two steps, both relying on Proposition 3.2. The idea is to
decompose the event of interest according to whether the event

k = f(XX;n)6 G ,forsomen 0Og

occurs or not. The occurrence of ¢ can be thought of as a successful invasion of type 2. We will
prove that (i) type 2 particles live an exponentially long time on the event  , while (ii) they die
out quickly on the complement of .

(i) The event ¢ occurs. In this case, we will prove that

Po( «x and n < 3lk) Ci2 exp( 12K) (16)
for suitable constantsCi> < 1 and 1 > 0. Let

no = minfn 0:(XX;n)6 G .0
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Since the event ¢ occurs and the setXX dominates the set of wet sites of a supercritical
percolation process, there is an in-all-direction expanding region centerered at O wHiccontains a
positive density of good sites. This implies the existence o€14 > 0 such that, for K large,

Po( kx and cardX,*fO < C14K) Cis exp( 15K) (17)
for suitable Ci5 < 1 and 15 > 0. Now, assume that caro\Nr'f0 CuisK and let
k =inffn 0:WK =2g

denote the extinction level of the percolation process restricted toG¢ . Theorem 2 in [9] implies
that there exists ¢ > 0, xed from now on, such that, for K su ciently large,

P( «k < 3T 'exp(cK) and cardW,  CuK)  Cisexp( 16K) (18)

for suitable Ci5 < 1 and 15 > 0. Combining estimates (17) and (18) with the coupling provided
in Proposition 3.2 implies that

Po( k and y < 3||<) Po( k and carer*fo <C14K)
+ Po(n <3k and cardX X — CuK) Po( « and cardX [ < CuK)
+ P( k <3T Ylg and cardWy  Cy4K) Cis exp( 15K) + Cig exp( 16K):

This completes the proof of (16).
(ii) The event  does not occur. In this case, we will prove that

Po( gk and n >t) Ciz exp( 13t) (19)

for suitable constantsC;3 < 1 and 13 > 0. By Proposition 3.2 it su ces to prove the analogous
result for the oriented percolation process, namely

P(WS;n) Gk oforalln Oand x >m jW& =f0g)  Cyz exp( 17m) (20)

for someCy;7 < 1 and 317 > 0 where g is the extinction level. To establish (20), we couple the
restricted and unrestricted percolation processes by letting

Wo = WS = fog and !(z;n) = !X(z;n) forall (z;n)2Gg: (21)

Assume that there existsx 2 W, nWX . This together with (21) implies that any open path ending
at site (x;n) for the unrestricted percolation process leaves the se§ . Moving up along such a
path, we denote by (Xg; ng) the rst site outside G¢ , we encounter. Using (21) again, it is easy
to see that there is an open path ending at Xo; no) for the restricted percolation process which
implies that (WX ;n) 6 Gk » for somen 0. In conclusion,

W, 68 WK forsomen 0 =) (WX;n)6 G , forsomen O: (22)
Using the reverse of (22), we can bound the left-hand side of (20) by

P({(Wh;n) Gk 2foralln Oand >m jWqy= f0g)
P (W, ="? forsomen Oand >m jWy= f0g)
= P(m< < 1j Wp=f0g) Ci7 exp( 17m)
where = inf fn 0 : W, = ?g which is a well-known property of supercritical oriented

percolation processes (see page 1031 in [5]). This establishes (20) and (19)
We conclude by noticing that

Po(t< N<3|K) Po( k and N<3IK)+ Po( &and N>t)
Ciz exp( 12K) + Cyzexp( 13t):
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This completes the proof.

Due to spontaneous births, the region near vertex 0 is mostly occupied by 1's. The néxwo
lemmas show however that, provided the 2's invade the patch successfully, the amoumwf time
vertex 0 is occupied by a type 2 particle grows exponentially with the size of the patch.

Lemma 3.5 There existsp; > 0 that only depends onL such that
P(N@©)=2 forall t2 (nT +1;nT +2) j (O;n) is a good sit§ 2p1:

Proof. Let C be the ( nite) set of the con gurations restricted to By such that (0;n) is a good
site and, for each conguration 2 C, let E be the set of the realizations of the graphical
representation restricted to the space-time boxBy (nT;nT + 2) such that

f N onBog\ E f N@)=2forall t2(nT +1;nT +2)g:
Since the eventsf N on Bpg and E are independent, we have

P(N@=2forall t2(nT+1;nT+2)j N on By)
P(EjN onBy= P(E)> O

Using that C is nite, we obtain

P(N@©)=2forall t2 (nT +1;nT +2) j(O;n)is agood site) |£n; PN(E) > O

Finally, since the events are measurable with respect to the graphical representation restricted
to the space-time boxBy (nT;nT + 2), the bound inf ,¢c P (E ) only depends onL.

Lemma 3.6 Let , > 1> ( and Ik = exp(cK) as in Lemma 3.4. Also, denote byL the
Lebesgue measure on the real line. Then, for ang 2 (0;1 ¢ ) and K large,

Po(Lft2 (s;s+1k): M(0)=2g<K g j n 3lk) Cigexp( 18K)
for suitable constantsCig < 1 and 15> 0.

Proof. The condition 3l x together with Proposition 3.2 implies the existence of an in-
all-direction expanding region centered at O which contains a positive density of god sites. In
particular, there exists p, 2 (0;1) such that
Po(cardfn:nT 2 (s;s+ I 2) and (0;n)
is a good sitgg<p,T g j n 3lk) Cio exp(  19K):

From the previous estimate and Lemma 3.5 it follows that, forK su ciently large,

Po(Lft2 (s;s+1k): N(O0)=2g<K Mg j n 3lk)
Po(Lft2 (s;s+1k): M (0)=2g<pipT 'k j n  3lk)
Po(cardfn:nT 2 (s;s+ 1x 2)and N(0)=2forall t2 (nT +1;nT +2)g
<pip2T 'k j N 3lk)  Cigexp( 18K)

for suitable C;3 < 1 and 31g > 0. This completes the proof.



18 Nicolas Lanchier
4. Proof of Theorem 2

In the previous section, we proved that the two-scale multitype contact process resicted to a
single patch viewed at theL-cube level dominates oriented percolation or . In this section, we
rely on consequences of this result, namely Lemmas 3.4 and 3.6, to prove that the prosesn the
entire lattice viewed at the patch (or N -cube) level dominates, in a sense to be speci ed, oriented
percolation on G. This will prove in particular Theorem 2. First of all, we consider the interacting
particle system whose state at timet is a function  : Z9 I f 0;1;2g, and whose evolution at
vertex X 2 A; = Nz + Ag is described by the transition rates

X

Cor 1(x; ) = 1 1f (y)=19g + 2dB;
%7 X Y

Cr 20X ) = 2 1f (y)=2g + B: 1f (y) =29 1f (w) 6 29
Xy x$y W2A;

Cit ofX; ) = € oo(x; ) = 1:

The dynamics are the same as for the process except at the center of the patches in which rst
type 1 particles appear spontaneously at rate @B; and second births of type 2 particles originated
from adjacent patches are only allowed if the patch is void of 2's. Note th&2dB; is the rate of
spontaneous births of type 1 in the process introduced in Section 3 but also an upper bod of the
rate at which the center of a patch becomes occupied by a 1 originated from an adjacepatch in
the two-scale multitype contact process. In particular, starting from the same initial con guration,
the processes; and ; can be coupled in such a way that

fx22z%: (x)=2g fx22z%: ((x)=2¢g

S0 it su ces to prove Theorem 2 for the process ;. The process ; viewed at the patch level will
be coupled with the oriented percolation process orG via the following de nition.

Denition 4.1  Let I ¢ as in Lemma 3.4. Then, site(z;n) 2 G is said to be type 2 stable if
Lft2nlg +(0;1k): «(Nz)=2g K tg:
The set of sites which are type 2 stable at leveh is denoted by
Xn = fz22%:(z;n) 2G and (z;n) is type 2 stableg:

The following proposition can be seen as the analog of Proposition 3.2Vhile Proposition 3.2 is
concerned with the two-scale multitype contact process restricted to a single patt viewed at the
intermediate mesoscopic scale, Proposition 4.2 is concerned with the unrestrietl process viewed
at the upper scale. Theorem 2 is a straightforward consequence of Proposition2

Proposition 4.2 Let ,> 1> (. Then, for K = K () suciently large, the processes can be
constructed on the same probability space in such a way that

PW, X,foralln O0jWgy= Xg) = 1:

Proof. Since the evolution rules of the process are invariant by translation of vectou 2 N Z¢, it
su ces to prove that

P ((e1;1) is type 2 stablej (0;0) is type 2 stable) 1

for all K su ciently large. We assume that site (0;0) is type 2 stable and let

Y
e = inf t O: 1f s(w)62g=0forall s2t+(0;3lg)
W2Ae,
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In words, ., is the rst time a successful invasion occurs, where successful invasion means that
a 2 originated from an adjacent patch is sent toA¢, and its family survives at least 3 k units of
time in the patch A¢,. The aim is to prove that P ( ¢, > | ) is small for K large. This, together
with Lemma 3.6, will imply that site ( e;;1) is type 2 stable with probability close to 1 whenK is
large. To estimate the random time ., we let sp = 0 and de ne by induction

Y
ri =inf t s 1: 1f (w)62g=0
W2Ae,

Y
and ss =inf t r: 1f (w)62g=1
W2Ae,

In words, r; is the ith time a type 2 originated from an adjacent patch is born at the center of
patch Ae, and s; the ith time patch A, becomes void of 2's. By letting

M =inffi 1:s ri>3lkg;

we obtain ¢, = ry.Letr; =s rj, and let s; be the amount of time vertex O is occupied by a
type 2 between times; ; and time r;. Since vertex 0 is occupied by a 2 at leasK 'l ¢ units of
time until | ¢ (recall that (0;0) is type 2 stable), on the eventfr, > | ¢ g, we have

xn
i+ s K Yg;
i=1

which implies that

[
frm>1kg fmax(ri;si) | «=2mKg:
i=1

Putting things together, we obtain

x
Ple>1k) = P(rm>1lx andM = m)
m=1
X o l
= P oK < T 3k andM = m (23)

m=1 i=1

x oo I

+ P s> andM = m
. 2mK
m=1 =1

We estimate the right-hand side of (23) in three steps (see (24)-(26) below)irst of all, observing
that from time r; to time s; the process ; restricted to A, evolves according to the transition
rates of the process N and applying the Markov property, we have

Po(n > 3lk)

PM=mjM m) = P(M =1)
forall m 2, which implies that

Po(n>3lk) > O

PM=m)=(1 ps)" *ps with ps

In particular, there exists a large enoughm , xed from now on, such that

X
P(M =m) m@ ps)" * (24)
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In other respects, Lemma 3.4 implies that

X LSO m2p K <y 3
o 2mK ! K 2m K ! K

m=1 i=1

|

2 K 25)
m? P < 3l (
0 2m K N K
[
2 KY + 131k B
m= Cpexp( 12K) Cyz exp om K 2

for K su ciently large. Finally, letting X  Exponential (B,) and using the fact that vertex Ne;
is in state 0 a fraction of time of at leastK * for K large, we obtain
X Ik I
;> 2 > K
o P s 2mK m=pP s 2m K
m=1 i=1 (26)

I Bl

2 K 2l K

mP X> _ ——

2m K2 2m K2 4

m? exp

for K su ciently large. From (24)-(26) and Lemma 3.6 we conclude that

P ((er; 1) is not type 2 stablej (0;0) is type 2 stable) P(e >1lk)
+P(Lft2|K el+(0;|K): t(Ne1)=29 K 1|K and e | K)
3=4 + Cqyg exp( 18K)

for K su ciently large. This completes the proof.

5. Proof of Theorem 3

In this section, we prove that the parameter region in which type 1 and type 2 cexist for the two-

scale multitype contact process has a positive Lebesgue measure, which corgtawith Neuhauser's
conjecture about the multitype contact process on the regular lattice. The strategy of our proof is

as follows. First of all, we establish coexistence for a particular poinof the space of the parameters
by comparing the process with 1-dependent oriented percolation. Interestingly, surival of type 1

and survival of type 2 are proved by considering di erent time scales. In other vords, the process
will be simultaneously coupled with two di erent oriented percolation processes one following the
evolution of type 1 particles at a certain time scale, the other one followingthe evolution of type 2

particles at a slower time scale. The suitable time scale for type 2 is xed #ierward and depends
on the time scale chosen for type 1. In both cases, however, the process is vezvat the same
spatial scale, namely the upper mesoscopic scale (patch level). Since our proof relies a block
construction, standard perturbation arguments imply that the coexistence region ca be extended
to an open set containing the coexistence point, which proves Theorem 3. In order toompare the
process with oriented percolation, we introduce the following de nition.

Denition 5.1 Let Ik asin Lemma 3.4 andJ > 0. Then, site (z;n) 2 G is said to be

1. type 1 stable whenever vertexNz is occupied by a 1 at timenJ .
2. type 2 stable whenever. ft 2 nl +(0;1¢): ((Nz)=2g K k.

For i =1;2, the set of type i stable sites at leveln is denoted by

X! = fz22%:(z;n)2G and (z;n) is type i stableg:
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Note that the de nition of type 2 stable is slightly di erent from the one in  De nition 4.1 in that

it now applies to events related to the two-scale multitype contact process insted of the modi ed
process introduced in Section 4. However, Proposition 4.2 still holds foX 2 since the set of 2's
in the two-scale multitype contact process dominates the set of 2's in the modi edprocess. To
exhibit a point of the space of the parameters at which coexistence occurs, we X

B:>0 B,>0 1=0 2> ¢ >=1: (27)

The condition , =1 isto x the time scale. The condition ; =0 indicates that type 1 particles
can only survive by jumping from patch to patch. In particular, to prove that t hey survive, the
idea is to choose ; > 0 so small that a 1 at the center of a patch can produce and send its
0 spring to adjacent patches before being killed. More importantly, since 1 = 0, survival of type

1 particles does not depend on the patch size. Coexistence is then obtained by choosiNgso large
that type 2 particles can establish themselves an arbitrarily long time in asingle patch. Since type
1 particles have a positive death rate, centers of patches are empty a positiviraction of time
which allows type 2 particles to survive by invading adjacent patches from ime to time.

Proposition 5.2  Assume (27). Then, for suitableJ < 1, 1> 0andN < 1 , the processes can
be constructed on the same probability space in such a way that

PW! XxXlandw? XZforalln O0jwi=Xtandwg=X3) =1
where W}! and W2 are two copies ofW,,.
Proof. As in Proposition 4.2, it su ces to prove that, for i=1;2,
P ((e1;1) is type i stablej (0;0) is type i stable) 1 (28)

for a suitable choice of the parameters. The rst step is to show that there is enouf room for
type 1 particles to invade the center of the patchAg, . By observing that

Cor 2(Neyp; ) 2d(B>+ ) and ¢ o(Ney; ) = o =1

we obtain

: 2d(B2+ 2)
1 . . — —
I|2!115up E[s “Lft2(0;s): ((Ney)=2(q] 2 = 1+2d(B,% 2) <

Let 02 (0;1 2). Large deviation estimates for the Poisson distribution give
P(Lft2(0;d): «(Ne1)=29>( 2+ 0)J)  Cooexp( 20J)
for suitable C,o < 1 and 5 > 0. In particular,

P({(Nej)61lforall t2(0;J)and ((0)=1forall t2 (0;J))
P(Lft2(0;J): (Ne1)=2g>( 2+ 0)J)
+ P(((Ney)61lforall t2 (0;J)and (0)=1forall t2 (0;J)and
Lft2(0;J): «(Ne))=2g ( 2+ 0)J)
Cao exp( 20d) + exp( Bi(l 2 o)J):
Finally, taking J large and then ; > 0 small, we get
P ((e1;1) is not type 1 stablej (0;0) is type 1 stable) = P ( j(Ne;) 61 and ((0)=1)
P(js(Nei)6land ((Nej)=1forsomet?2 (0;J))
+ P({(Nej)8lforall t2(0;J)and ((0)=1forall t2 (0;J))
+ P ( ¢(0) 81 for somet2 (0;J)and (0)=1)
Coo exp( 203) + exp( Bi(l 2 0)J) + 21 exp( 1J))
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which establishes (28) fori = 1. Moreover, survival of type 1 particles holds regardless of the
patch size so the proof that conditions (28) fori =1 and i = 2 hold simultaneously for the same
parameters follows by takingL and K su ciently large, and applying the results of the previous
two sections. This proves that both types coexist. To conclude, we brie y justify the fact that the
results of the previous sections hold as well under the new assumptions

1 =0 and . > 0 (29)
First, the condition ; =0 implies that, starting from any initial con guration,
P— p_—
P( N(x)=1for somex 2 B, nf0gandt L) L%exp( 1 L)

which, now that ; > 0is xed, can be made arbitrarily small by taking L large. In words, except
at the center of the patch, all the 1's in B,  Ag are rapidly killed, so the proof of Lemma 3.3
extends easily under (29). Proposition 3.2 and Lemma 3.4 follow as well. Ng we observe that
the condition ; > 0 implies that vertex 0 is empty a positive fraction of time, which allows for

invasions of particles of type 2 at the center of the patch. With this in mind, one can check easily
that the proofs of Lemmas 3.5 and 3.6 also apply under the assumptions (29). Nethowever that

the new lower boundp; > 0 in Lemma 3.5 might be smaller. Finally, the proof of Proposition 42

still holds as a consequence of Lemmas 3.4 and 3.6.
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