The Mollifier Theorem

Definition of the Mollifier
The function

K =1 ] 1
T(x) = exp(l—bclz)“xl( , xeR”

0 if xl=z1

where the constant K is chosen such that [ 4 J00)dx =1, is a test function on R". Note

that T(x) vanishes, together with all its derivatives as [x| - 1, so T(x} is infinitely
differentiable and has compact support. The graph of T(x) is sketched in the following
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The Mollifier Function
Forn=1and >0, let

S = L1(%) and Pe(x) = T(%).
Then

Se(x) =0 and P(x)=20 forallx

Se(x) =0 and P(x)=0 forlx>e

IRSs(x)dx =1 Ve>0, S:0)-+0 as -0,
[ Pe(x)dx >0 as €0, P(0)=Kle Vs > 0,

Evidently, S:(x) becomes thinner and higher as ¢ tends to zero but the area under the
graph is constantly equal to one. On the other hand, P.(x) has constant height but grows
thinner as € tends to zero. These test functions can be used as the "seeds” from which an
infinite variety of other test functions can be constructed by using a technique called
regularization which we will now describe.

Forrn > 1 we have

Se(x) = SL,,T(EEL) and Pe(x) = T(£).



For U a bounded open set in R”, and for u € L} .{U), define forany e > 0 and any x € U,
= {x € U: dist(x,0U) > &},

Jaulx) = [ Selx=y)uy)dy (1.1a)

—yiss
= jklssSg(z)u(x—z)dz (L.15)
=I|Z|S]S1(z)u(x—az)dz. (Lic)

We refer to Jeu(x) as the mollified u(x). This mollified function, J.u(x), is a smoothed
version of the original function, u(x).

Properties of the Mollifier

Note first that J.u(x) is infinitely differentiable; i.e., for any e > 0 and any x € U, itis clear
from (1.1a) that

Jeu(x + €¢;) = Jou(x) i
! =

[Se(x + € ");) ~ Se(x = )] u(y) dy

be-yvize

Jﬁu(x s Seé) _qu(x) - J-lxh}'!cs ax; Se(x _y)u(y)dy as & » 0.

Since Si(x) is infinitely differentiable, it follows that J.u(x) is infinitely differentiable on the
open set U..
It is evident from (1.1a) thatforl < p <o, £ > 0, and x € U,,

Jou(x) = [ Se(x—3)"PSe(x ~y) P u(y) dy.

p-yi<e

Then, using Holder’s inequality, we get
e = ([ Ser-nay) |
and since IRSe(x)dx =1 ve>0,
JyVeunPde < [, [ Sex =) u@)lP dya
= [y 14O ] Sebx=p)dxdy = [ |u(v)pay

for open sets W = U., and V = W,. This result is just that assertion that

Se(x = y) ()P dy

|=yize by|=e

Weully,on < ¥l for Veo Wac U (1.2)
Next, use (1.1c) to write

Jau(x) = u(x) = | 81(z) [u(x — &z) — u(z)] dz.

is1
If the function « = u(x) is, in fact, continuous on U, then this last result shows that

mngLI,;u(x)—u(x)l < max |[[u(x —ez) ~u(z)]| = O as e = O; (1.3)

i.e., Jou(x) converges uniformly to u(x) for x € ¥ when u(x) is continuous on .U.
Foru e L}, (L)), W= U,, and arbitrary & > 0, use the fact that the continuous functions



are dense in L,(W) to choose v € C(W) such that
llu =il < 9.
Then for V = W,
I ete = |0y < 1 Sett = JeVlly, oy + ey =Vl + 1V = ¥l
< o= Vil HilSev =Vl o V=l < 20+ 1 ey =Vl
1t follows now from (1.3} that for « e Lf,.(U},
vV ca U, | Jett = 2]l gy O ase—+ 0 (1.4)
We can summarize these results in the following,
Theorem {Local Approximafion) Suppose U is open and bounded in 8", 1 < p < w0, and for
€ > 0, let U; denote the subset {x € U : dist(x,0U) > &}.
(a) Forevery ¢e>0, wuelf (U) implies Jeu e C*(Ue)
(b) (i) « € C(U) implies u. converges to u uniformly on compact subsets of U; i.e.,
et = ulf oy = max Meru(x) - u(x)| — 0 foral Ve U

(ii) u; converges to » in LY (U); i.e., u e L}, (U} implies that forall V¥ cc W cc U,

| Jeu|| and || J —~0ase—0

v s " u “ LR u-—u " LPCIY
(c) u. converges to » in WE2(1);

Result (c) follows from (b) by induction.

Corollary {Global Approximation) Suppose U has a smooth boundary, and 1 < p < .

(a) Foreverye > 0, u € LP(U)implies Jeu € C*(U) N LP(U).
{b) u € LP(U) implies that
" Jett " et = " u ” LAY and ” Jett —u " LFth —0ase — 0

(¢} u e Wr(1)) implies that there exists functions {¢.} e C*(U) N W5(U)) such that
6 — 24}l = O as m - «.

The proof of the corollary makes use of a partition of unity (see theorem 2 pg 251 in
Evans).

Weak Equals Strong
For U a bounded open set in R”, we define v = v(x) to be the weak derivative of order o, of
u=1ux), xe U if

[ epx)dx = (1P [ vx)g(x)dx forall ¢ € C2(U)



Similarly, we define v = v(x) to be the strong L, —derivative of order a, of
u=ux), xelUif

forany ¥V cc U, there exists a sequence {¢,} € CP(U) such that
[Jon—uPdc =0 and [ 18°¢,—vfdx+0, as n— e,
Using mollifiers, we can show that these two notions are equivalent.

Suppose first that v = v{x) is the weak derivative of order a, of # = u(x). Then, since
§. € C2 (1),

ey = | BES(x=y)u(ydy = (-1 [ 5Si(x—y)u(y)dy

Pe=y| be-y|ze

= ju_ymsa(x —y)v(y)dy = Jov(x)  {by definition of weak derivative)
Now apply (1.4) to write
J'VLfsu—ulpdx -0 and IV|6*“Jsu— v[Pdx = Iy|ng— vifdx + 0, as n - w.
Thus every weak derivative is a strong L, ~derivative.
Conversely, suppose v = v{x) is the strong L, ~derivative of order a, of u = u(x) with
IV|¢,,—u|de —+0 and _{V |0%dn ~vfPdx + 0, as n - x,
for arbitrary V cc U, and {¢,} € C2(U). Then forany y e C2(1)),
[ u=gn) ooy = [ udydx -, ¢n0%dx
= [ ubtyde— (1) [ 6",y dx
= Iyua“wdx— (-—l)‘“‘jvadx + (—1)'“'_[V(v—8“¢,,)lydx
Then it follows that
[, uerwex - (1) | vyax| < C\[ |n—uPde+ Ca[ |0°0 — vPdx

which implies that every strong L, —derivative is a weak derivative.



Weyl's Lemma

Weyl's lemma is a famous result that asserts that for U/ a bounded open set in R, if

u = u(x) is harmonic in U, (i.e., u € C}H(U) and Viu(x) = 0, x € U ) then u(x) is infinitely
differentiable in U,

To see why this result is true, recall that every harmonic function has the mean value
property. That is,

Vxe U, r<e, ux) = | e u(y)dS(y) = ﬁj@arm u(y) dS(y).
Then
Jaux) = [ Six=yyuay = 25 [ T(FFE ) ut)dy
= h [T T(E) [,y 20V SG) dr = ) 2 BE2T( L) riar
= u(x)jsa(o) Se(y)dy = u(x).

But this says that Ve > 0, Vx e Uy, Jou(x} = u(x). Since J.u(x) is infinitely differentiable on
U, it follows that «(x) is infinitely differentiable on U although « need not even be
continuous on the closure, U.



