A Note on Nonseparable Hilbert Spaces

Let H be a nonseparable Hilbert space and let B := {e,}aca be a maximal orthonormal
family in H. Let x be any vector in the Hilbert space and for each positive integer j define

Agy = {a e Al l(z,ea)| > llz)/\/5}-

We easily see that A,; can have no more than j members. To see this, suppose that it had
at least j + 1 members, aq, ag, . . ., ajq;. Let

S = Span{eai ’ZZ 1727"'7j+1}7

and let Pg be the orthogonal projection operator onto S. By Bessel’s inequality
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which is a contradiction. Now let

A, ={ae A||(z,eq)| > 0}.

This set is obviously the union of all the finite set A,; and hence is a countable set. Relabeling
we can say that

A:r = {0517061, o '}7

and we define

Ho = Span{eq,, €ay, "}

Let Py be the orthogonal projection operator onto Hy. Then we have the unique decompo-
sition

r = Pyx = Z(a:, o) Car; -
i=1
We therefore see that B is a basis for H. Knowing this we see that all the usual statements
that are equivalent to completeness of an orthonormal system 5 (maximality of B, Parseval’s
identity, Bessel’s equality, etc ) are still equivalent in case the Hilbert space is not separable.



