Let
o)
fle) = / t~te~t dt.
1/e

We want to integrate by parts, however it will prove to be more efficient to first obtain

oo o0 o
k! / th e tdt = kit et — (k4 1)! / t=F=2e7t dt. (1)
1/e 1/e 1/e
To see this we integrate by parts, letting u = t~*~! and v/ = e7%, so that ' = —(k+1)t*"2 and v/ = —e .

The above formula simplifies to
o0 o0
k!/ t7F et dt = k1P eV — (k + 1)!/ t=F 2"t at.
1/e 1/e
Applying formula (1) to the definition of f(e) we see that
o0
fle) = e e — / t—2e "t dt.
1/e
Repeating the process, we get
o0
fle) = (e — e Vet 2!/ t=3e "t dt.
1/e
Inductively we obtain

N-1

fle)=eTte Y (=) inl 4 (—1)NN!/ Nl at.
n=0 1/e
So we define the series N
fe) ~ el/e Z(—l)"e"n!. @)
n=0

To show that this is an asymptotic series we need to look at the limit of the ratio of the error of the partial
sum divided by the last term of the partial sum. That is to say we must show that lim._,o R(€) = 0 where

-1 ! t et dt

NN| IOZ N-1,-t d

R(e) := .
(&)= e 1T (v = 1)1

We apply formula (1) to the numerator:

NN e (N 1)L [ 7N e dt
R(e) = lg% —e~1/eeN (N —1)! :

Now we estimate

/ tN"2e7tdt < el/f/ N2 dt = e VN /(N 4+ 1),
1/e 1/e
So

[R(e)] =

‘N!EN—He_l/E - (N + 1)' flOZ t_N_Qe_t di < QN(N + 1)6 — 0 as e — 0+

—eN (N —1)!

It is easily seen, however, that the series (2) has radius of convergence 0.



