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Abstract The basic virus infection model (BVIM) is widely used in the studies of hepatitis B virus
(HBV) infection dynamics. The basic infection reproductive number of the BVIM is proportional to
the number of all cells of host’s organ prior to the infection. This suggests that the BVIM may not be
a reasonable model for describing HBV virus infection since it implies that an individual with smaller
liver maybe more resistent to virus infections than an individual with a larger one. In [1], we formulated
a standard incidence based model that amended the BVIM (named ABVIM) which corrected this mass
action induced model artifact. We have proved that if its basic infection reproductive number Ry < 1,
then the infection free steady state is globally attractive. In this paper, we first show that if Ry < 1,
the infection free steady state is globally attractive by using approaches different from those given in
[1]. Second we will prove that if Ryp > 1, then the endemic steady state is also globally attractive.
Finally based on a patient’s clinic HBV DNA data of anti-HBV infection with drug lamivudine, we
establish an ABVIM. The numerical simulations of the ABVIM are good in agreement with the clinic
data.

Key words Global stability, HBV infection, basic infection reproduction number, equilibrium point,
clinic data simulation

1 Introduction

More than 400 million people worldwide have chronic hepatitis B virus (HBV) infection. Ef-
fective treatment of chronic HBV infection patients can prevent progression of chronic hepatitis
B (CHB) to cirrhosis, hepatocellular carcinoma, and death. In view of the need for long-term
treatment, the choices of durations and endpoints of therapy are important and difficult issues.
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The study of anti-HBV infection treatment may benefit from the use of mathematical model-
ing. Several models have been introduced for understand the HBV dynamics ([2]-[5]). However
the complex characteristics of human HBV make theoretical researchers difficulty to determine
the specific kinetic parameters of HBV infection, immune responses, and development of liver
disease [6].

Nowak et al. [2] and Zeuzem et al. [5] proposed a mathematical model named BVIM to
describe the hepatitis virus infection. The BVIM with three variables takes the form of

T =\—dx— fvzx
y = Puz —ay (1)
v=ky— pv

where z,y and v are numbers of uninfected (susceptible) cells, infected cells, and free virus
respectively. Uninfected cells are assumed to be produced at the constant rate A, die at the
rate of dz, and become infected at the rate of Svx. § is a (questionable) rate constant describing
the infection process. Infected cells are thus produced at the rate of Svx and are assumed to die
at the rate ay. Free virions are assumed to be produced from infected cells at the rate of ky and
are removed at the rate of pyv. This model is used for studying the dynamic of infectious agents
such as hepatitis B, C and HIV virus ([2], [3], [5], [6]). BVIM has a basic infection reproductive

Ak
number of R = % If R§ > 1, then the BVIM has two steady states, the infection free steady
adp
state Iy and the endemic steady state E*:
A
Er = (=,0,0
f (d7 ) )7

. au A 1.4,
B = (G a0 ) 50 - D).
It is well-known that if a basic reproductive number Rj < 1, Ey is locally asymptotically stable
and E* does not exist. Recently, Leenheer and Smith [7] have studied the global attractive
properties of these steady states.

Observe that the basic infection reproductive number Rf is proportional to A/d which
stands for the number of total cells of the liver. It suggests that a person with a smaller liver
maybe more resistent to virus infection than a person with a larger one. Consequently, the
practical meaning of R{ is biologically questionable; the BVIM may not be a reasonable model
for interpreting HBV virus infection.

In our previous paper [1], we proposed an amended basic HBV virus model (ABVIM):

b\ de — Bvx
r+y
_ Bz —ay (2)
z+y
v =ky— uv

where the meanings of the variables =, y, v and the parameters A, d, a, k, u are the same as those
of the BVIM. However, here  has a clear biological meaning which is the maximum infection
rate of a virus. Its basic reproductive ratio Ry = Sk/au, which is not dependent on the total
number of cells of the individual’s liver. Theoretically, the BVIM seems to be more reasonable.
As an application of the BVIM, it can interpret the viral dynamics of the anti-HBV infection 48
weeks therapy with Lamivudine and 24 weeks treatment-free follow up (see [8]). Our previous
paper proved that if its basic infection reproductive number Ry < 1, then every positive solution
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will converge to the infection free steady state. An extension of this model with a time delay
in infection is presented and studied in Gourkey et al. [9].

The rest of this paper is organized as follows: Section 2 states the global stability analysis
of equilibrium points. An application to HBV infection dynamics is given in section 3. Finally,
concluding remarks are addressed in section 4.

2 Global Stability of Equilibrium Points

If Ry > 1, the ABVIM also has two steady states:

A
Ef = (an’o)v
A MRo—1)  Me(Ro—1)

B = (d—I—a(Ro—l)’ d+a(Ry—1)" pld+ a(Ry —1)]

),

representing the disease free steady state and the endemic steady state, respectively. Observe
that a biologically meaningful E* (meaning its component must be nonnegative) does not exist
if Ry < 1 and it becomes Ey when Ry = 1.

It is easy to show that the solution with initial condition 2(0) > 0,y(0) > 0,v(0) > 0 will
have all its component positive for ¢ > 0. First using a different approach than that given in
[1], we show the globally stable property of the disease free steady state Ey.

Theorem 1 There is an M > 0 such that, for any positive solution (x(t),y(t),v(t)) of
equation (2), we have

z(t) < M, y(t) < M, v(t) < M, for large enough t.

Proof Let
Vi(t) = xz(t) + y(t).

Calculating the derivative of along the solutions of equation (2) gives
Vi(t) = A—dz—ay
< A — min(a, d)Vi(?).

Denote m = min(a, d), it follows that

Vi(t) + mVi() < A

Further

Hence there exists a t; > 0 and an M; > 0 such that Vi(¢t) < M; for ¢t > t; . So that x(t) and
y(t) are bounded. On the other hand, from the third equation of system (2) we obtain

o(t) = ky — uwv < My — uv.

Similar to the argument on Vi (t), we can conclude that v(t) is also ultimately bounded. This
completes the proof. |
Theorem 2 If Ry < 1, then Ey is globally asymptotically stable.
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Proof From the last two equations of system (2), for ¢ > ¢1, we have

. Bux
= —ay < fv—a
V=t y<p Yy

v = ky — uv.

Consider the comparison equations

{ le = /82:2 — azy (3)

2:2 = kZl — Uz

Since Ry < 1, that is Sk < au. It is easy to show system (3) has two negative eigenvalues. For
any solution of system (3) with non-negative values, we have

lim z;,=0,i=1,2.
t——+oo

Let 0 < y(0) < 21(0), 0 < v(0) < 22(0), by the comparison theorem, it follows that y(¢) <
z1(t), v(t) < 2z2(t) for all t > t;. Therefore

lim y(t) =0, lim v(t)=0.

t——+oo t——+oo

From the first equation of system (2), we can get
A—dx — pv <z(t) <\ —dz.

This shows that there exists t > 0, such that ¢ > t5

A
li t) =—.
S0 =4
Let tg = max(tl,tg) N for all t > tg s

lim z(t) = %, lim y(t) =0, lim v(t)=0.

t——+oo t——+o0 t——+oo

This completes the proof. |
Second, we show the following
Theorem 3 If Ry =1, then E¢ is globally asymptotically stable.
Proof The solution to the third equality of system (2) has the form

t
k usd
oft) = v(0)e + o FUI

thus,
v(t) —

kyi(t)\ﬁ(),tﬂqtoo. (4)
u

Hence for any € > 0 small enough, there exists t3 > 0, for all ¢ > ¢35 such that

2

d E_ o)z
dy o (BE—am ap
dt  x+vy r+y T+y
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Since € > 0 is small enough and Ry = ﬁ k — 1, the above inequality can be written as
g a
y> - M
This implies
Jim_y(6) =0 o)
(4) and (5) gives
tl}+moo v(t) =0. (6)

From the first equation of system (2), we obtain

A—dx — fv < i(t) <\ —dax. (7)
From (5)-(7) we have
lim z(t) = A
t——+oo - d
This completes the proof of Theorem 3. |

In order to show the globally stable property of the endemic steady state E*, we need first
to show the following

Theorem 4 If Ry > 1, the system (2) is uniformly persistent.

Proof By the Lemma 3.5 given in [7], we only need to show that Ey is a weak repeller for
X, = int(R%). That is, for every solution starting in Xy € Xi, we have

tligl supd(X(t,Xo), Ef) >0 (8)
where
d(X, A)

denote the distant between the vector X = (z(t),y(t),v(t)) to the set A C R3.
In fact if E is not a weak repeller for X; = int(R%) then (8) does not hold. It follows that
there is a positive orbit (z(t),y(t),v(t)) of system (2) such that

. A .

Jim () =5, dim y() =0, lim o) =0, (9)
Since Ry > 1, we can choose ¢ > 0 small enough such that

oh )

U % + 2¢

For this € and (9), we can select ¢y > 0 large enough such that if ¢ > ¢¢ then

A A
——e<a(t) <=+ yt) <e, v(t) <e.

d d
From the last two equations of system (2), for ¢t > tg, we obtain
2 e
PO N
z+y , 19

v =ky —uv



6 Yu Zheng - Lequan Min - Yu Ji - Yongmei Su - Yang Kuang

Consider the comparison equations

21 = Bza —az (10)

The matrix defined by

A
e 4
=] "¢ A+%B
d
k —u
Since J is a matrix with positive off-diagonal element, the Perron-Frobenius theorem implies
that there is positive eigenvector v = (v1,v2) for the maximum eigenvalue of J. More-
A
kg~ ¢ . . . . .
over, —~ > 1, it is easy to prove the maximum eigenvalue is positive. Let z(t) =
u E —+ 2e

(21(¢), 22(t)) is a solution of system (10) through (lvy(to),lva(to)), where I > 0 satisfies (v (tg) <
y(to), lva(to) < v(tg). It follows that

lim z; =400, i=1,2.
t—-+o00

By the comparison theorem,

lim y=+o00, lim v =400,
t——+oo t——+oo
contradicting the boundedness of the positive solution of system (2). Thus, no positive orbit
of system (2) tends to (3, 0, 0) as t tends to infinity. This shows that system (2) is uniformly
persistent.
Now let us define

D ={(x, y, v):OSx(t)ﬁ%,Ogy(t)<M,0§v(t)<M}.

We can get that the system (2) is competitive in D, with respect to the partial order defined
by the orthant
K ={(z, y, v) € R : () > 0, y(t) <0, v(t) > 0}.

By means of the following theorem, we will show that the globally stable property of E*
when Ry > 1.
Theorem 5 [10] Assume D is convex and bounded. Suppose system

X =F(X), X e D,

18 competitive and permanent, and has the property of stability of periodic orbit. If E* is the
only equilibrium point in int(D), and if it is locally asymptotically stable, then it is globally
asymptotically stable in int(D).
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Theorem 6 Suppose that Ry > 1 , then E* is globally asymptotically stable with respect to
initial conditions which are not located on the x azis.

Proof Similar to the arguments stated in [11], we know that the only possible omega limit
sets of the solutions of system (2) are E* or nontrivial periodic orbits.

1) If an omega limit set does contain E*. We establish the claim.

2) If system (2) possesses a nontrivial periodic solution. Similar to the arguments stated in
[12], we will show this solution must be asymptotically orbitally stable. Assume that p(t) =
(z(t),y(t),v(t)) is a periodic solution containing in int(D). By the criterion given in [12], we
only need to prove that the system

W (t) = (DFP(p(1)))W () (11)

is asymptotically stable, where DF[?! is the second additive compound matrix of the Jacobian

J.
The Jacibian of system (2) has the form

Boy pox px
—d— _
(z+y)? (z+y)? T+y
J— Goy __Ber e
(x+y)? (x+y)? T4y
0 k —
Bu Bx Bx
d—a—
T +y r+y r+y
Buy Pz
DFP = k —d —u—
RERCEE (+)?
0 _Buy gy PVE
(x+y)? (z+y)?
Substituting p(t) into (11) gives
. Bu Bx
Wy = (=d—a-— 0% Wy + W-
1 ( a ery) 1+x+y( 2+ 3)
Wo = kWit (—d—u— L% w4 YT
to @+y)? " @y
PR . T
’ (@+y? ° (@+y)?2 "
We will show that the function
t
VOV, Wa, W) = sup((Wil, 258 (Wal + [7a])
is a Lyapunov function for system (2). We have
pu px
Do |W; < (=d—a——)|W W- W-
Al s (ma-am 2yl L+ wa)
Boy pox
D_|W- < kW —d—u— —F=)|W- —|W-
+| 2| > | 1|+( u (x+y)2)| 2‘+ (ery)Ql 3|
Buy poz
D W3] < ———=|Ws|+ (—a—u— —)|Ws|.
+| 3| = ($‘+y)2| 2‘ ( a—1u (a:—l—y)2)| 3|
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Table 1 Rapid decline in plasma virus: mean HBV DNA levels (log copies/ml) in response to the
therapy, and the virus level returning rapidly after the treatment was stopped.

Week 0 2 4 6 8 12 16 20
Virus load | 7.90 | 6.08 | 6.02 | 6.03 | 6.02 | 6.03 | 6 .02 | 6.03
Simulation | 7.90 | 6.14 | 6. 11 | 6.10 | 6.07 | 6.03 | 5.99 | 5.94

Week 24 28 32 36 40 44 48 -
Virus load | 6.02 | 7.90 | 790 | 7.90 | 790 | 7.90 | 7.85 -
Simulation | 5.90 | 7.76 | 7.83 | 7.87 | 7.89 | 7.90 | 7.90 -

where D,V (¢) is the right derivative of V', and

D+%(IWQI+IW3I) = (zgg—ZEB)?}E;;(WQI—FIW?,)—F%D+(|W2|+IW3|)
& @ M - @ —u—min(a
< kv(t)|W1|+v(t)(y(t) o (a,d))(|Wa| + [Wa]).

Thus, we obtain that

where
., P v B Pu gy)
alf) = —d-a ity yzty o © Ty y)
g2(t) = kg—i-@—@—u—min(a,d):w—min(md).

y oyt) o) y(t)

Hence ¢1(t) < g2(t). We have
V(1) < V(O)y(t)e e,
which implies that V() — 0 as t — +o00. It turns out that
(W (t), Wa(t), Ws(t)) — 0,

as t — +oo. This implies that the linear system equation (11) is asymptotically stable and
therefore p(t) is asymptotically orbitally stable. This completes the proof.

3 An application to HBV infection dynamics

In this section, we will simulate the dynamics of the antiviral treatment of chronic HBV
infection with drug lamivadine reported by Nowak et al. [13]. The study comprised 24 weeks
of treatment and a 24 weeks of treatment-free follow-up.

We choose the patient 2’s plasma HBV DNA data shown in Fig 1 (B) given in [13]. The
patient’s plasma HBV DNA levels decline rapidly, in response to drug treatment and virus
resurges as soon as the drug is withdrawn (see Table 1 and Fig. 1). The patient’s ALT levels
are normal during the therapy [13]. This may implies that the patient’s immune system was
not activated.
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Consequently, we can assume that during the lamivudine drug treatment, the dynamic model
of the patient’s anti-HBV infection therapy is described by the following amended ABVIM [1]

d

iJﬂ:)\—dac—(l—m)ﬂw:,

Cclit 3 z+y

Yy v

- — (1= — 12
3 =0 (12)
d—::(l—n)kyfuv

where m,n are the efficacy of the therapy. Before the drug therapy, assume that m = n = 0,

and the patient is in the stable state E*. Therefore

wv(0)[d + a(Ro — 1)]
AM(Ro — 1)

auRy

k=
k

B = (13)

The followings are detailed steps involved in the estimations of model parameters.

1) A human liver contains ~ 2 x 10! hepatocytes [2]. A patient has about total 3000ml
plasma. Usually, tested virus qualities are in copies/ml. Consequently, we can assume that

M d =2 x 10" /3000. (14)

2) Since the half-life of a hepatocyte is about half a year , we can assume that

d = —1n(0.5)/183 ~ 0.00379. (15)
3) We select that p = 0.67 [2], which is equivalent to assume that the half life of a virus is

about one day.

4) Assume that before the lamivudine treatment, the patient is in the stable virus persist
infection state, that is,
A ARy —1) Ak(Rp — 1)
d+a(Ry—1)" d+a(Ro—1)" uld+ a(Ry — 1)]

).

(#,9,0) = E" = (

5) Based on the clinical data and numerical simulation, we can select the parameters as follows.

{d,a,u, Ry,m,n} = {3.79 x 1073,3.79 x 107%,0.67,9,0,0.982}. (16)

The basic reproduce number Ry = 9 is the one before the therapy (i.e. m =n = 0). Ry will
be reduced to 0.162 during the treatment. After the lamivudine treatment stop, the patient is
assumed to return to the state before the therapy, that is, m = n = 0. Taken the endemic steady
state E* as the initial condition, the numerical simulation is shown in Fig.1. The simulated
data are given in Table 1. Observe from Fig.1 that after the onset of therapy viral levels decline
rapidly, but as soon as the drug is withdrawn, virus level returns rapidly. Figure.l indicates
that the model simulation agrees well with the clinical data reported in [13].

4 Concluding Remarks

The widely used basic virus infection model [2] has been amended [1, 9] because its repro-
ductive number Ry includes a questionable term \/d representing the number of total cells
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Figure 1: The dynamic simulation (solid lines)of the treatment model in which the clinical data
are marked by dots. When Ry = 0.162, virus declines in response to drug treatment and the
free equilibrium Ey is globally asymptotically stable. When Ry = 9, virus resurges as soon as
the drug is withdrawn, the endemic equilibrium E* is globally asymptotically stable.

of the organ to be infected. The amended basic virus infection model (ABVIM) has a more
reasonable reproductive number Ry = Bk/au. It has been shown that if Ry < 1 the virus free
steady state of the ABVIM is globally attractive ([1]). This means that a person with Ry < 1
can not be infected by virus forever.

This paper first proves, using a different approach, that the free steady state F; is globally
attractive if Ry < 1. Then shows that if Ry > 1, the endemic steady state £* of ABVIM is
also globally attractive. This means that a person with Ry > 1 will be very difficult to prevent
to be infected. Consequently HBV vaccines may be the first line choice for preventing HBV
infection.

Theorem 6 also implies that if a person’s Ry > 1, and drug anti-virus therapy can not
activate a person’s immune response, then the anti-virus treatment can not stop until all virus
has been cleared. A practical example illustrates that our theoretical and numerical results are
able to provide helps for understanding HBV infection and anti-HBV infection therapy.
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