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8.3 Nutrients: the Diffusion-limited Stage

In order to grow a tumour requires oxygen and other nutrients. Normal tissues
have blood vessels passing through them, and nutrients in the blood pass into
the tissues through the vessel walls. In the early stages of development tumours
have no such blood supply, and rely on nutrients diffusing from the adjacent
normal tissue. As the tumour grows, diffusion can no longer provide sufficient
nutrient, nutrient concentrations near its centre fall and cells die, resulting in a
necrotic core. The tumour can grow no further and reaches a diffusion-limited
steady state. A similar situation can occur after vascularisation, i.e. after the
tumour has triggered production of its own blood supply, if the pressure in
the tumour gets high enough to collapse the blood vessels in the tumour. In
this section we shall investigate the conditions under which a necrotic core is
produced by modelling the nutrient concentration in this steady state. We shall
assume that the problem is spherically symmetric, leading to simplifications in
the equations which are summarised in Section C.2.3 of the appendix. Let ¢(r)
be the concentration of the limiting nutrient, which we assume for definiteness
to be oxygen, at radius r. Let the radius of the necrotic core (when it exists)
be ry and that of the tumour be rs. We shall take rp to be given and seck
information on r1, so we are addressing the gquestion of how large the necrotic
core would be if the tumour were of a given size, rather than how large the
tumour will become. Let ¢ satisfy the steady-state diffusion equation
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for v, < r < rg, where & is a constant representing the rate of uptake of oxygen
and D is the constant diffusion coefficient. The oxygen is only taken up by

living cells, so that
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for r < r;. Let ¢z be the concentration in the normal tissue, provided by trhE
perfusing blood vessels, and ¢; the concentration at or below which cells rllf:i
The fact that ry is unknown, so that the domains of Equations (3.3.5) ai
(8.3.6) are not given a priori, is a difficulty to be overcome, Such problems are
known as free boundary problems.

Let us first consider small tumours, so small that there is no necrot
Then r; = 0 and the boundary conditions are

(8.3.6)
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using symmetry. Multiplying Equation (8.3.5) through by r?, integrating once,
dividing through by r* and integrating again, we obtain

A
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where A and B are the two constants of integration, or using the boundary
conditions (8.3.7),

(8.3.8)

glr)i= —%%{r* r) + ea. (8.3.9)
This is valid as long as o(0) = ¢,
D
ri<ri=6lce—ca)— (5.3.10)
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Now assume rz > 7., and is known, so that r; > 0, and is to be found. We
may integrate Equation (8.3.3) in the necrotic core to deduce that ¢ must be
constant there, ¢ = &, say. By definition & < ¢, but since no consumption of
nutrient occurs for ¢ < ¢; then we must have é = ¢;. (This may be made math-
ematically rigorous by using a maximum principle.) The boundary conditions
for the region of living cells are now

elri)=a, Jrm) =0, clrz)=c. (8.3.11)

where J = D £ is the (radial) flux of nutrient. The condition at r = ra is as
before; the condfnmm at r = rp ensure continuity of concentration and flux at
the boundary with the necrotic core. (There is no flux at all in the necrotic core,
Bince ¢ = ¢y, constant, and so by continuity there can be none at r;+.) MNote
that there are three boundary conditions, although Equation (8.3.5) is only a
gecond order differential equation. The extra condition is crucial in allowing us
to determine ry. Continuity conditions are often the key to a determination of
an unknown boundary in a free boundary problem,
We again integrate Equation (58.3.3) to obtain
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"" bplying the boundary conditions (8.3.11] we obtain
el ke A Tichanz 1k A
I +B = e (8.3.13)

tl‘aﬂtiug the first of these from the second, and substituting in the value of
tained from the third, we obtain
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—» oo, then from the second of these equalities

from which ry may be found. If ra
—+ h,a constant, where

ryfra =+ 1, 80 from the third r2 =71
Sk 2%{;:2 —e1). (8.3.15)
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EXERCISES

8.3, Some tumours are better appm}dmated by circular cylinders than

Ty spheres.
a) For such a tumour, show
is given by

that the analogue of Equation (8.3.12)

1k
BY = = =R Al R+ B.
R =31D + Alog
b) Find the critical value of the outer radius R above which a
necrotic core begins to form.

c) Find the relationships between A, B and the necroﬁc radius fi.

d} Show that if the external radius of the cylinder is large, A2 =
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the jigsaw we need to connect the v problem with r; or ro. We use the fact
that the outermost cells in the tumour are moving at the velocity of expansion

of the tumour, ‘%*l:t]l = u{rz(t)). Hence

dr 1 P — L ‘?"3
*&f aesi el (1 = _P,_r_;) : (8.4.20)

Hence rq increases indefinitely or until E% becomes equal to Lﬁi. If L « P then
(P+ L)/P = 1, so in either case ra/r; & 1, and we can use the approximation
that r; — r; = h given in Equation (8.3.13) to obtain r; = 3hP/L.

An alternative approach to this problem is to integrate Equations (8.4.16)
and (8.4.17) over the volume V(i) occupied by the tumour, again taking p to
be constant. We obtain

f V. JdV = Vo (pv)dV = —f pLdV+f pFPdV, (8.4.21)

Vi) vie) ¥i(t) Va(t)
where V1 (t) is the necrotic core and V3 () the living cells. Using the divergence
theorem,

f V(pv)dV = | pv-ndS,
S st

where S(t) is the surface of V(t), and since v - n is the normal component of
velocity on the surface, this integral is equal to p%. (Alternatively, for those
familiar with fluid dynamics, this is clear from the interpretation of ¥V - v as
the rate of dilatation.) The equation reduces to
L -f LdV+f Pdv (8.4.22)
dt W1 Va
The interpretation of the terms in this equation is clear. For P and L constant
it gives

% S (8.4.23)
where 1 is the volume of the necrotic core. In terms of the radii r; and ra2,
dra 1 1
ri— = 3P — ) - 3Ini,

and we have recovered Equation (8.4.20). In principle, we can now solve this
equation by substituting in the formula obtained from Equation (8.3.14) for
r1 in terms of r3, and then integrating, but in practice this has to be doné

numerically.

However, we can obtain some usgeful information from the equation. Usu

the loss rate L is much smaller than the proliferation rate P, and we call
that if L < P the outside radius ry of the tumour satisfies ry(t) = 3hP/L
t — oo. In other words, the tumour cannot grow beyond a certain size W'
its nutrient supply is diffusion-limited.

B. Tumour Mndtffing
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ur and the normal tissue. The equation (8.5.24) is 1inea.lr, and ¥1ence ar;m].r l:ﬁ
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0 < r < R. The constant of integration A is then determined by the boundary
1 : E
ondition at f, and we obtain

A Rsinh{ar) ) (8.5.27)
g (1 ~ rsinh(aR)f(aR)
10 <1 < R, where :
flzy=14+0 (cuth:n - ;) (8.5.28)

nd 8 = VD{P = aD/P. The function ¢(r) is a decreasing function of 1,
hown in Figure 8.2.

Inhibitor concentration profile
' ___R=S

Figure 8.2 The inhibitor profile.
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8. Tumour Modelling

If ol is small, this can never hold, whereas if aR is large, it approximates 1
0 < m:il .\ Ife; < E[f—fa-, the tumour will cease growing at some finite val
of B, but if o; > ﬁf?}‘ tumour growth cannot be controlled by the inhibito
(It may of course still be controlled by some other mechanism, such as lac
of nutrient.) We suppose that normal tissue is sensitive to inhibitor, so ¢ |
relatively low and tissue growth is under control, but that a tumour is relativel
insensitive, so ¢; is larger and it escapes inhibitory contral,

EXERCISES

B.8. On the assumption that there is no other growth control mechanism

sketch the bifurcation diagram for the steady state tumour radiu
R*® with bifurcation parameter ;.

8.9. Let the concentration ¢ of an inhibitor satisfy 0 = A — uc + DV
within a tumour, 0 = —uc + DV?c outside it.

a) What is the rationale behind this model?

b) What boundary conditions would you impose at the boundary
between normal and tumour tissue?

¢) Solve the problem in one spatial dimension (for algebraic sim-
plicity), assuming the tumour occupies the region —L < z < L.

d) Sketch the bifurcation diagram for the steady state tumour size
2L* with bifurcation parameter ¢.

6 Vascularisation

In order to grow beyond the diffusion-limited stage, tumours have to have a
d supply. They seem to achieve this by secreting a tumour angiogenesis
clor (TAF) which diffuses across the tissue between the tumour and a blood
ssel, activates new blood vessel formation (angiogenesis), and attracts these
els towards the tumour. Let ¢ be the concentration of TAF in the region
een the tumour and the target blood vessel. Then it can be modelled by

% = —flc)g(n) = hic) + D.V?ec. (8.6.30)

"I€ h(c) represents the rate of decay of the TAF and f(c)g(n) the rate of
=up by the cells n which make up the new blood vessels. The equation for



