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Abstract:

Actions of groups on C*-algebras can be restricted to
non-normal subgroups, but it is not known in general
how to restrict coactions to non-normal quotients, i.e.,
homogeneous spaces. In this talk I will survey,
compare, and contrast some of the recent approaches
to this problem, a variety which includes Fell bundles,
generalized fixed-point algebras, graph algebras,
groupoids, and Hecke algebras.



A - C*-algebra
G - locally compact group

An action of G on A is a strongly continuous homomor-
phism «a: G — Aut(A).

Equivalently, an action is an injective nondegenerate ho-

momorphism

6" A — Cy(G,A) € M(A® Co(G))
= M(A® C*(G)) (G abelian)
such that. ..

[properties which reflect « homomorphism]

Thus, an action @ of G (abelian case) corresponds to

P A— M(A®C(Q)).



In general, a (full, nondegenerate) coaction of G on A
IS an injective nondegenerate homomorphism

§: A— M(A®CYQ))
such that:

() 6(A)(1®C(G)) C AR CH(G))

(i)
(b®idg) od = (ildy ® dg) 06

from A into M(A® C*(G) ® C*(G))
(6g: C*(G) — M(C*(G) ® C*(@)) is the comultipli-
cation)

(iii) 6(A)(1 R C*(G)) = AR C*(G).



vV action (A, G, «) 3 crossed product C*-algebra
A Xa G =1ia(A)ic(C*(G))

with universal property, dual coaction « of G, and a
duality theorem:

(AXaG) x5 G2 ARK(L*(R)).

vV coaction (A,G,d) 3 crossed product C*-algebra

A5G = ja(A)ja(Co(G))

with universal property, dual action é of G, and a duality
theorem:

(Ax;G) xsG =2 AR K(L*(G))

(...for 6 “maximal”).



RESTRICTION

(A, G,a) - action
H C G - closed subgroup

alg: H — Aut(A) is the restricted action of H on A.

(A,G,6) - coaction
H C G - closed normal subgroup

6lq/v = (iIda®q) o4 is the restricted coaction of G/N on
A.

For H C G not normal...7?

Diagram:

A ' M(A® C*HQ))

id
N AQq

M(A® C*(G/N))

Compare action case:

M(A® Co(G)) - M(A® Co(H)).



Nonetheless, we can define a crossed product when H
is not normal:

A x5, G/H = ja(A)jc(Co(G/H)) C M(A x5 G),

and then, e.g.,

Thm. [EKR’'98]
AxsG x5, H~AXs,G/H.

For dual coactions & on A x, G, we can define
(A Xa G) X5 G/H = (Co(G/H) ® A) Xr0a G,
and then, e.qg.,
Thm. [Green ‘78]
AXaG x5 G/H~AX, H.



SKEW PRODUCT GRAPHS

FE = (E° E',r s) - directed graph
G - (discrete) group
c: El — G - labelling

The skew product graph E x.G has:

vertices E° x G

edges F! x G

range r(e, g) = (r(e), g)
source s(e, g) = (s(e), c(e)g)

Ex. FE = (one vertex, one edge), G =17, c(e) = 1.



Thm. [KQR’'01] 3 a coaction §. of G on C*(E) such
that

C*"(E x.G) = C*(F) x5 G,
and hence ([KP’'00])

C*"(Ex.G)x,G=C"(F)®K.

Proof. If C*(E) = C*(se,pv), let
0c(se) = s.®c(e) and  .(py) = py ® 1.



RESTRICTION

(E,G,c) - labelled graph
H C G - subgroup

The relative skew product E x.G/H has:

vertices E° x G/H
edges E!' x G/H

range r(e,g) = (r(e),gH)
source s(e,g) = (s(e),c(e)gH)

Prop. [DPR p'02] If p: FF — E is a connected covering
(i.e., a surjective “local homeomorphism’) then:

Vv € FO 3 a labelling ¢ of E by G = 71 (E,p(v)) such that
F 2 Ex.G/H,
where H = p,m1(F,v).



Ex. FE as above
F' = (two vertices, two edges).

=7
= 27
e) =1



Thm. [DPR p’'02] With (C*(E),G,é.) as above,
C*"(E x.G/H) = C*(F) x5.. G/H,
and hence

C*"(Ex.G/H) ~C*"(E x.G) x4 H.
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