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Abstract:

Let G be a locally compact group, and suppose U is a
representation of a closed subgroup H of G on a
Hilbert space. In this preliminary report on joint work
with Astrid an Huef and Iain Raeburn, we consider the
following problem: when does U extend to a
representation of GG on the same Hilbert space? Our
approach uses crossed-product duality to convert the
extension problem into a regularity problem for an
induced representation; recent versions of Mansfield’s
imprimitivity theorem are then used to address the
regularity problem.



Problem. Let G be a locally compact group and let H
be a closed subgroup of G. Given a representation U of
H on a Hilbert space 'H, does there exist a representation
V of G on H such that V|g =U?

New Problem. Let o be an action of G on a C*-algebra
A. Given a covariant representation (w,U) of (A, H,«)
on ‘H, does there exist a representation V of G on 'H
such that («, V) is covariant for (A,G,a) and V|g =U?

Rep(G) Rep(A x, G)
Res Res
Rep(H) Rep(A x4 H)



For G abelian (Gootman '85, Echterhoff '94):

Rep(A X, G) "9 Rep(A xo G xg HY)
Res ¢_Ind
Rep(A x, H)

Xg is Green’s imprimitivity bimodule.
Reg: Rep(B) — Rep(B x3 Q) is defined by

pr—=(p@M)oBx (1RN)
H— HQ L*(Q).

Key fact:
A X, G Reg A X, G xs G
Res X¢_Ind
A



More generally, for any action (A,G,«) and closed sub-
group H C G, let Xfl denote Green’s

(A X Co(G/H)) X axlt G- A Na! H

imprimitivity bimodule.

Lemma 1.

uasi-Re
Q Res

(A® Co(G/H)) Xagi Gt Ay H

Here the quasi-regular rep'n of (A® Co(G/H)) Xasit G
induced from a rep'n ¢ x W of A xoG on 'H is

(6@ M) x (W @ \G/H)
on H® L*(G/H).



For H = N normal in G, there is a coaction formulation:

A X, G
Reg Res
Axq G xg GJN X Axig N

The regular rep’'n of Ax,G >4&|G/N induced from a rep’'n
o X W of AxoG on H is

((px W)@ XM oax (1 e M)
on H® L2(G/N).



Theorem. Let (A,G,«) be an action, H a closed sub-
group of G, and (w,U) a cov't rep'n of A x, H.

There exists a rep’'n V of G such that («, V) is cov't for
(A,G,a) and V|g =U

if and only if

X&—Ind(r x U) is equivalent to a quasi-regular rep'n of
(A® Co(G/H)) Xagit G.

Proof. Use Lemma 1 and the Rieffel correspondence:

AXy G
Quasi-Re Res
(A® Co(G/H)) Xagit G Axg H



Recall: for any action (B, Q, 3),

Q
(B® Co(Q)) Xgei Q- B
Res Reg
B Nﬁ Q

Dually, for any coaction (B, @, ),

Lemma 2.
B xsQ x5Q«—2 B
Res Reg
B x5 Q

Here Z = B ® L?(Q) is the Katayama bimodule, which
is a right-Hilbert bimodule with the left action from the

canonical surjection
O =(idg®AN)odx (1RM) x (1R p)
of B x5Q x5 Q onto B® K(L3(Q)).



Theorem. Let (A,G,«) be an action, let N be a closed
normal subgroup of G, and let p be a representation of
A Xy G xg G/N on H.
p IS equivalent to a regular rep'n

if and only if

there exists a rep'n T' of G/N on H such that (p,T) is
cov't for (A %, G x5 G/N,G/N,al).

Proof. Apply Lemma 2 to the coaction (Ax.G,G/N, al).
(Since al is maximal, Z is an imprimitivity bimodule.)

A xo G X5 G/N 3~ G/N 2 A Xy G

al

Res Reg

A Xy G x5 G/N



Lemma 3. Let (A,G,«) be an action, H a closed sub-
group of G, and N a closed normal subgroup of G with
N C H C . There exists an

(A® Co(G/N)) Xagit G Xg H/N — (A® Co(G/H)) Xagit G
imprimitivity bimodule Y.
Think:
A Xy G x5 G/N o H/N — AxoG x5 G/H
or
B x5 Q X5 R — B Xy Q/R.

Theorem. Let p be a rep'n of (A® Co(G/H)) XNasit G
on H, and let Y—-Ind(p) = pu x T.

p IS equivalent to a quasi-regular rep'n
if and only if

there exists a rep’'n S of G/N on Y®™H such that (u, S) is
cov't for (A® Co(G/N)) Xagit G,G/N,B) and S|y =T.



Corollary. There exists a rep’'n V of G such that (7, V)
is cov't for (A,G,a) and V|g =U

if and only if

There exists a rep’'n S of G/N such that (u,S) is cov't
for (A® Co(G/N)) Xaeit G,G/N,B) and S|gny =T.

A Xy G B x3 G/N
Res Res
A Xy H B x5 H/N
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