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Summary. This paper studies canonical operators on finite graphs, with the aim of character-
izing the toolbox of linear feedback laws available to control networked dynamical systems.

1 Introduction

There is widespread current interest in distributed control of networked systems,
e.g. [4], [5], [6], [12], [13], [15]. Much of the work to date centered on linear control
laws, and has taken advantage the last twenty years of development in spectral graph
theory. In particular the graph Laplacian, in various incarnations, has seen use as a
stabilizing feedback. The property of the Laplacian used inthese works has been
essentially the fact that it is the generator of a reversiblecontinuous time ergodic
Markov chain: it has one zero eigenvalue and all others are strictly positive. The
study we wish to propose is broader. We wish to ask which linear feedback laws are
possible for actors which must communicate on a (possibly directed) network.

The coarse grain answer to this question is: those laws whichrespect the network
structure. The present work, in initiating this study, precisely defines and character-
izes in some detail classes of canonical (di)graph operators constructed from the
incidence relations. These ideas are implicit or glossed over in a number of ear-
lier publications; we felt that there will be those readers who, like us, benefit from
the careful codification of properties. Our methods have a pronounced geometric
and functorial flavor. There is a literature which has also taken this perspective; see
e.g. [8], [11], [19]. We then turn to characterizing the graph Laplacian as constructed
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from differences of these canonical operators using basic linear algebraic operations.
This section is remarkable in that it touches only tangentially the wide and profound
literature of spectral graph theory. However, building on our foundation of properties
of the fundamental operators and pursuing analogies with algebraic topological and
differential geometric constructs, we are able to characterize operators previously
little considered in the spectral graph theory literature.These include the Laplace-
deRham operator on the edge space and Dirac operators. We show that these contain
much the same graph theoretic information as the Laplacian.

The next section discusses the properties of Laplacians on weighted (di)graphs,
and bears considerable relationship, and some differencesin perspective, with con-
structions of Bensoussan and Menaldi [1] and Chung [3]. We include this section
because we are able to turn this machinery to a geometric context for the Laplacian
of Chung [3]. Early on this operator had mystified us and we hope that this section
may provide an entry point for other readers. From these we turn to characterize
the properties of operators based on other combinations of the canonical operators.
In the former instance, we consider properties related to the undirected incidence
operator. Here we note the prior contribution of Van Nuffelen [18]. Lastly we con-
sider complex combinations of the canonical operators. There is a mathematical
physics literature which touches such objects, but there the operators may be con-
sidered Laplacians on weighted graphs with complex weights[14], [16], [17]. In
our situation this does not seem to be the case. In these latter sections, some of our
results recapitulate the literature, and in some instanceswe have not yet been able
to discover close analogs of our results. The literature in these areas seems to be
relatively poorly developed, perhaps there are new results. We ask indulgence of the
knowledgeable reader to direct us to related publications.

2 Graphs

2.1 The Geometry of Graphs and Digraphs

In this section we will make contact with graph theory, and describe our somewhat
ideosyncratic perspective on the geometry of these objects. The objects of spectral
graph theory tend to be described in terms of one of several matrices; as our perspec-
tive has been formed by contact with functorial constructions in differential geome-
try, operator theory and probability, our discussion will bear a marked resemblance
to these areas of mathematics.

Definition 1. 1. A digraph(or directed graph) is a pairG = (V,E) whereV is a
finite set called thevertex setandE is a subset ofV × V called theedge set.

2. A graph is a pair G = (V,E) whereV is a finite set andE is a subset of
V ⊙ V , where⊙ denotes the symmetric cartesian product; e.g.V ⊙ V consists
of all unorderedpairs of elements ofV , i.e. equivalence classes of the relation
(u, v) ∼ (v, u) onV × V .

3. A multi-graphis a pairG = (V,E) whereV is a finite set andE is a subset of
the disjoint union of an finite number of copies ofV ⊙ V .
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Note that we allow self edges unless otherwise stated. A morestandard and
visual set of definitions are: a digraph is a set of points in which some pairs of
points are connected by arrows, while a graph is a set of points connected by lines.
The order of a graph (resp. digraph) is the number of vertices,|V |. The sizeof
a graph (resp. digraph) is the number of edges,|E|. A digraph is specified by its
transition matrixM(G), which is a|V | × |V | binary-valued matrix in which the
entriesmi,j(G) = 1 iff (vi, vj) ∈ E. The out-degreeof a vertexv ∈ V of a
digraph is the cardinalitydo(v) = |{e ∈ E : ∃u ∈ V s.t. e = vu}|, the in-degreeis
the cardinalitydi(v) = |{e ∈ E : ∃u ∈ V s.t. e = uv}| and thedegreeof v isd(v) =
do(v) + di(v). The degrees of the digraph are defined asdi(G) = maxv∈V di(v),
do(G) = maxv∈V do(v), d(G) = maxv∈V (di(v) + do(v)). For a (multi)graph
there is only one kind of edge, so only one kind of order. A symmetric transition
matrixM(G) specifies a digraph in which every edge is doubled by an edge inthe
opposite direction, the same data also specifies a graph subject to the understanding
that (u, v) ∼ (v, u). The forgetful morphismΦ maps a digraphG = (V,E) to the
graphG̃ = (V, Ẽ) of the same order in which each edgee = (u, v) ∈ E ⊂ V × V
is mapped to its equivalence class[u, v] ∈ V ⊙ V .

Associated to each digraph are a canonical pair of mappings,

σ, τ : E → V,

thesourcemap and thetargetmap. To be precise:

Definition 2. 1. Thesource mapσ : E → V is defined byσ ((u, v)) = u, for
(u, v) ∈ E.

2. Thetarget mapτ : E → V is defined byτ ((u, v)) = v, for (u, v) ∈ E.
The diagram that describes this is:

E
σ

��~~
~~

~~
~

τ

  
@@

@@
@@

@

V V

In the same way, associated to each graph is a canonical map, the incidence map:

Definition 3. The incidence map of a graph isι : E → 2V defined byι([u, v]) =
{u, v} ⊂ V .

Given two digraphs (resp. graphs)G = (V,E) andH = (U,F ) a digraph
homomorphism(resp. graph homomorphism) φ : G → H is a pair of mapsφV :
V → U andφE : E → F such that the source and target maps (resp. incidence map)
commute withφ: σφE(e) = φV (σ(e)) andτφE(e) = φV (τ(e)) (resp. ιφE(e) =
φV (ι(e))). A digraph homomorphism issurjectiveif bothφV andφE are surjective,
and injective if both φV andφE are injective. A digraph homomorphism isvertex
surjective(resp.vertex injective, resp.edge surjective, resp.edge injective) in case
thatφV is surjective (resp.φV is injective, resp.φE is surjective,φE is injective). A
forgetful homomorphismof digraphsφ : G→ H is a homomorphismφ : ΦG→ ΦH
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of the associated graphs. A forgetful homomorphism maps edges to edges without
specifying their direction.

We can use homomorphisms to capture properties of (di)graphs in terms of prop-
erties of simpler (di)graphs. Most important of these simpler (di)graphs areline
segmentsandcircles.

Definition 4. • The line segmentIn is a digraph (resp. graph) in which the vertex
set is the finite set of integers{1, 2, · · · , n}, and the edges are the pairs of ad-
jacent integers{(i, i+ 1) : i = 1, · · · , n − 1} in increasing order, respectively
without order.

• A circle is a digraph (resp. graph) in which the vertex set isZk for somek, and
in which the edge set is the pairs of adjacent integers modk in increasing order
modk, resp. the pairs of adjacent integers modk without order.

A finite pathin a graphG is a forgetful homomorphismφ : Ik → G of a line segment
intoG, i.e. a sequence{v1, v2, ..., vk} in V such that∀i, vivi+1 ∈ E or vi+1vi ∈ E;
edges of the former type are calledsenseand the latter type are calledantisense.
A directed pathis a homomorphism ofI into G; in a directed path every edge is
sense. The first and last vertices of a path are called thestarting vertexandending
vertex, respectively. We call a path vertex which is not starting orending is called
an interior vertex. Recall from the theory of Markov chains that a directed graph is
calledirreducibleif for every ordered pair(u, v) ∈ V ×V there is a directed path for
whichu is the starting point andv is the endpoint. For digraphs irreducible implies
only one connected component, but the converse is not true. We will call a vertexv
such thatdi(v) = 0 (resp.do(v) = 0) germinal(resp. terminal) (more commonly
these are calledsourceandsink). A graph has no germinal or terminal verticies; in
this case irreducible is equivalent to connected.

2.2 Operator Theory on Graphs and Digraphs

It is common to consider a pair of vector spaces associated toa graph;

Definition 5. 1. Thevertex spaceLV is the free linear span ofV , i.e. the vector
space of all real (resp. complex) valued functions defined onV .

2. Theedge spaceLE is the free linear span ofE, i.e.the vector space of all real
(resp. complex) valued functions defined onE.

3. IfW is a subset ofV or E we denote its free linear space byLW .
4. Thesupportof a functionf ∈ LV (resp.g ∈ LE) is the subsetsupp(f) = {v ∈
V : f(v) 6= 0} (resp.supp(g) = {e ∈ E : g(e) 6= 0}).

ForW ⊂ V , we will regardLW as a subset ofLV by use of the convention that
functions inLW are extended to all ofV by zero. ForF ⊂ E, LF ⊂ LE. Likewise
if supp(f) = W thenf ∈ LW and if supp(g) = F theng ∈ LF .

Definition 6. Given the constructions above, there are canonically defined linear
mappings, the source and target operators, obtained as the pullback of the source
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and target maps. Namely, we may define linear mapsS, T : LV → LE bySf = f◦σ
andTf = f ◦ τ . In other words ,Sf(e) = f(e−) andTf(e) = f(e+). where we
introduce the notatione+ = τ(e) ande− = σ(e).

Of course, to do computations with specific examples of thesetransformations it is
sometimes useful to express them as matrices. (However, we will avoid doing so for
the present in order to emphasize the underlying geometric structures.)

We will need to bring into sharper focus certain types of localization ofE overV .
Each edge ofE has a unique source. Ifv is not terminal, it is the source of an edge
ofE. Thus for every vertex, the set valued mappingσ−1 : V → 2E may be regarded
as assigningv to the subsetEσv = σ−1{v} ⊂ E, which is the empty subset ifv is
a terminal vertex. This association may be viewed as a generalized localization of
points ofE overV (in thatEσv ∩Eσu = ∅ if v 6= u), which is a true localization over
Vσ, the set of nonterminal vertices (in thatEσv 6= ∅). SimilarlyEτv = τ−1{v} ⊂ E
may be viewed as a (complementary) generalized localization of E overV by τ ,
which is a true localization overVτ , the set of nongerminal vertices. Thus we may
writeE as a disjoint union:

E =
∐

v∈Vσ

Eσv =
∐

v∈Vτ

Eτv ,

E =
∐

v∈V

Eσv =
∐

v∈V

Eτv ,

although in the latter equations some terms may be the empty set. For irreducible
digraphs there are no germinal or terminal vertices, in thiscaseVσ = Vτ = V .

Denote the free linear span ofEσv (resp.Eτv ) by Lσv (resp.Lτv). Some of these
vector spaces may be{0}. Nevertheless the set

∐
v∈V L

σ
v (resp.

∐
v∈V L

τ
v) may be

regarded as a sort of generalized vector bundle overV , with the obvious projection
mapξ 7→ v for ξ ∈ Lσv (resp.ξ ∈ Lτv). Then

LE =
⊕

v

Lσv =
⊕

v

Lτv ,

so thatLE may be regarded as the space of sections both of these vector bundles.

Lemma 1.ker(S) = LV−Vσ
, ker(T ) = LV−Vτ

.

We may identify some distinguished subspaces inLE .

Definition 7. Cσ(E) is the set of functions which are constant on each subsetEσv ,
i.e. Cσ(E) =

⊕
v C1Eσ

v
(we will restrict ourselves to consideration only of vector

spaces over the complex numbers). LikewiseCτ (E) is the set of functions which are
constant on each subsetEτv , i.e.Cτ (E) =

⊕
v C1Eτ

v
.

Lemma 2.Range(S) = Cσ(E), Range(T ) = Cτ (E)
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Now, if we give the vector spacesLV , LE inner products, we may consider the
adjoint mapsS∗, T ∗ : LE → LV . Different choices of inner product give rise to
different operators, which is an issue we shall consider in the following sections.
Now, sinceLV , LE are free vector spaces, we consider the special cases of the dot
product on these spaces, i.e. theL2 inner products induced by the counting measures
on V , respectivelyE. Note that for these inner productsLσv ⊥ Lσv′ andLτv ⊥ Lτv′
for v 6= v′.

Definition 8. Mσ
v ⊂ Lσv is the subspace of functions onEσv which are orthogonal to

the constants.M τ
v ⊂ Lτv is the subspace of functions onEτv which are orthogonal

to the constants.Mσ(E) =
⊕

vM
σ
v . Mτ (E) =

⊕
vM

τ
v (where in this context⊕

denotes the orthogonal direct sum).

Lemma 3.Lσv = C1Eσ
v
⊕Mσ

v ,Lτv = C1Eτ
v
⊕M τ

v ,Cσ(E)⊥ = Mσ(E),Cτ (E)⊥ =
Mτ (E).

Lemma 4. For an elementg ∈ LE ,

S∗g(v) =
∑

e:e−=v

g(e), andT ∗g(v) =
∑

e:e+=v

g(e).

Proof. Let 1v ∈ LV denote the indicator function of the pointv ∈ V . Then

S∗g(v) = 〈1v, S∗g〉 = 〈S1v, g〉 =
∑

e

S1v(e)g(e) =
∑

e

1v(e
−)g(e) =

∑

e:e−=v

g(e).

The case forT ∗ is analogous.2

Lemma 5. We have

1. ker(S∗) = Cσ(E)⊥ = Mσ(E), ker(T ∗) = Cτ (E)⊥ = Mτ (E).
2.Range(S∗) = LVσ

, Range(T ∗) = LVτ
.

We may regard the operatorsS, T as canonical operators associated with the
digraph, as the operatorsS∗, T ∗ are also canonically associated with the digraph and
our choice of inner product onLV andLE. Moreover, operators constructed from
algebraic combinations of these operators may also be regarded as canonical. The
following results will be useful.

Proposition 1. The operatorsS∗S andT ∗T satisfy:∀f ∈ LV , ∀v ∈ V , S∗Sf(v) =
do(v)f(v) andT ∗Tf(v) = di(v)f(v).

Proof. Sf(e) = f(e−), soS∗Sf(v) =
∑

e:e−=v

f(e−) = f(v)
∑

e:e−=v

1. The case for

T ∗T is analogous.

Corollary 1. ‖S‖2 = do(G) and‖T ‖2 = di(G)

Proof.

‖S‖2 = sup
f∈LV

〈Sf, Sf〉
〈f, f〉 = sup

f

〈f, S∗Sf〉
〈f, f〉 = sup

v
do(v),

since theS∗S is diagonal. The situation forT is symmetric.
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Proposition 2. The operatorsS∗T andT ∗S satisfy

1. S∗Tf(v) =
∑

e:e−=v f(e+)
2. T ∗Sf(v) =

∑
e:e+=v f(e−)

Proposition 3. The operatorsSS∗ andTT ∗ satisfy:

1. SS∗g(e) = do(e
−)g(e) for g ∈ Cσ(E) andSS∗g = 0 for g ∈ Cσ(E)⊥.

2. TT ∗g(e) = di(e
+)g(e) for g ∈ Cτ (E) andTT ∗g = 0 for g ∈ Cτ (E)⊥.

Definition 9. the incidence operatorof a graphG = (V,E) is IG : LV → LE is
defined byIGf([u, v]) = f(u) + f(v).

Lemma 6. LetG be a digraph. ThenIΦGf(e) = Sf(ẽ) + Tf(ẽ), whereẽ is any
element ofΦ−1e.

Remarks. Unlike the source and target operator, the incidence operator is not a pull-
back, e.g. of the incidence mapping. It is more common in the literature (e.g. [2], [3])
to discuss instead with thedirected incidence operator, discussed below, for an arbi-
trary choice of direction to each edge. The additional ease in usingD may based on
a morphism with differential geometry, as has been remarkedby a number of authors
( [2], [3], [10]).

3 Differences, Divergences, Laplacians and Dirac Operators

One fundamental family of operators is founded on the difference operator. A fun-
damental reference for this section is Bollabas [2].

Definition 10. Thedifference operator(i.e. directed incidence operator)D : LV →
LE is defined byDf(e) = Tf(e)− Sf(e).

Definition 11. A cut is a partition of the vertex set into two piecesV = W ∪W c;
equivalently a cut is an indicator function1W ∈ LV . Thecut vectorof W is the
functiong ∈ LE such thatg(e) = 1 if e+ ∈ W bute− /∈ W , g(e) = −1 if e− ∈ W
bute+ /∈W andg(e) = 0 otherwise. Thecut spaceis the span of all cut vectors.

Note that the indicator functions spanLV , and that each cut vector is equal toD1W
for some subsetW ⊂ V . From this it is an easy step (since{1{v} : v ∈ V } spans
LV ) to

Proposition 4. The cut space is equal toRange(D).

Clearly the value of a cut vector on any self edge is zero.

Definition 12. A cycle is a forgetful homomorphism of a circle intoG, i.e. a path
in which the endpoint vertices are equal, and asimple cycleis an injective forgetful
homomorphism of a circle intoG, i.e. a cycle in which only the endpoint vertices are
repeated. By abuse of notation an edge vectorg ∈ LE which is zero except on the
edges of a simple cycle and assigns the value which assigns the value+1 to sense
edges,−1 to antisense edges is also referred to as a simple cycle. Thecycle spaceis
the linear span of the simple cycles inLE .
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Note that we might also consider theself cycle spacelinear span of the set of self
cycles. For the following, denote the self cycle space byK(G), the cycle space by
Z(G) and the cut space byB(G).

Definition 13. A connected componentof a (di)graph is a maximal subset ofV hav-
ing the property that every two vertices are contained in a path. A function inLV is
called locally constantif f(v) = f(u) for anyv, u such thatvu ∈ E or uv ∈ E.

Lemma 7. Locally constant functions are constant on each path, henceare constant
on each connected component ofG. Locally constant functions are a vector subspace
ofLV .

LetC(G) denote the vector space of locally constant functions inLV . Clearly
the dimension ofC(G) is equal the number of connected components ofG.

Proposition 5.ker(D) = C(G), dim (B(G)) = Order(G) − dim (C(G)).

Proof. ClearlyDf(e) = 0 iff f takes the same value on both sides ofe. Thus
Df = 0 iff f is constant on every path, i.e. is locally constant.

Definition 14. Thedivergenceoperator isD∗ : LE → LV , the dual operator ofD.

The following is a direct consequence of Lemma 4

Lemma 8. The divergence operator satisfies

D∗g(v) = T ∗g(v)− S∗g(v) =
∑

e:e+=v

g(e)−
∑

e:e−=v

g(e)

Lemma 9.ker(D∗) = B(G)⊥. Range(D∗) = C(G)⊥.

Proof. For g ∈ ker(D∗) and for all f ∈ LV , 0 = 〈f,D∗g〉 = 〈Df, g〉. The
result follows sinceB(G) = Range(D). ClearlyRange(D∗) ⊂ C(G)⊥, since for
f ∈ C(G), g ∈ LE , 〈f,D∗g〉 = 〈Df, g〉 = 0. Now suppose thatRange(D∗) is
a proper subspace ofC(G)⊥. Then there exists a nonzerof ∈ C(G)⊥ which is
also in the orthogonal complement ofRange(D∗), soDf 6= 0, and for allg ∈ LE ,
0 = 〈f,D∗g〉 = 〈Df, g〉. In particular this is true forg = Df , which implies
0 = 〈Df,Df〉, ofDf = 0, which is a contradiction.

The proof of the following follows easily from [2], p. 53.

Proposition 6.B(G)⊥ = Z(G)⊕K(G).

Definition 15. TheLaplacianof G is the operator∆ = D∗D defined onLV . The
Laplace-de Rhamoperator ofG is the operator2 = D∗D⊕DD∗ defined onLV ⊕
LE , where⊕ denotes the orthogonal direct sum.

Proposition 7. 1.∆ = S∗S + T ∗T − S∗T − T ∗S.
2. ker(∆) = C(G) andRange(∆) = C(G)⊥.

3. 0 ≤ 〈f,∆f〉 ≤
(
d(G) + 2

√
do(G)di(G)

)
〈f, f〉 ≤ 2d(G) 〈f, f〉.
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Proof. 1. Item 1 follows from the definition ofD.
2. u ∈ ker(∆) iff

0 = 〈u,∆u〉 = 〈Du,Du〉 ,
i.e. iff u ∈ ker(D) = C(G). Since∆ is self adjoint, bothker∆ andker(∆)⊥

are finite dimensional invariant subspaces, so∆|ker(∆)⊥ is an isomorphism.
3. Note that

〈f,∆f〉 = 〈f, S∗Sf〉+ 〈f, T ∗Tf〉 − 〈f, (S∗T + T ∗S)f〉
≤ maxv (di(v) + do(v)) 〈f, f〉+ 2‖Sf‖‖Tf‖
=
(
d(G) + 2

√
do(G)di(G)

)
〈f, f〉

≤ 2d(G) 〈f, f〉 ,
where the inequality follows from Theorem 1, the triangle inequality and the
Cauchy-Schwartz inequality, and the succeeding equality follows from Corol-
lary 1. Note that the latter inequality in item 3 is an equality for the case of
the graph which consists of a single directed cycle of even order, andf is the
function which alternates between+1 and−1 on successive vertices;f is an
eigenfunction of∆ with eigenvalue4, d(G) = 2 anddo(G) = di(G) = 1. In
particular the inequalities in item 3 are tight.

Proposition 8. 1.DD∗ = SS∗ + TT ∗ − ST ∗ − TS∗.
2. ker(DD∗) = B(G)⊥ andRange(DD∗) = B(G).
3. The eigenvalues ofDD∗ are the same as those of∆, with the same multiplicity.

If ∆f = λf for λ 6= 0 a constant, thenDf is an eigenvector forDD∗ with the
same eigenvalue.

Thus the Laplace-deRham operator contains only a little additional information
about the graph geometry beyond that contained in the Laplacian. The term ’Dirac
operator’ refers generally to a square root of the Laplacian, although by custom not
to the symmetric square root of the Laplacian. Hence:

Definition 16. TheDirac operatorof G is the operator∂ =

(
0 D∗

D 0

)
defined on

LV ⊕ LE.

Proposition 9. 1. ∂2 = 2.
2. ∂ is self adjoint.
3. ker(∂) = C(G) ⊕B(G)⊥ andRange(∂) = C(G)⊥ ⊕B(G).
4. The eigenvalues of∂ are the (positive and negative) square roots of those of
∆, with the same multiplicity. If∆f = λf for λ 6= 0 a constant, then the

eigenvector of
√
λ (resp. -

√
λ) is

(√
λf
Df

)
(resp.

( √
λf
−Df

)
).

Remarks:We have taken the convention that the Laplacian is a nonnegative operator.
The other common convention is, of course, that the Laplacian is nonpositive. This
perspective has the net effect of replacing eigenvalues of the Laplacian and Laplace-
deRham operators by their negatives, and replacing the Dirac operator by the skew-

adjoint operator

(
0 −D∗

D 0

)
, for which the eigenvalues are imaginary.



256 Matthias Kawski and Thomas J. S. Taylor

4 Operators on Weighted Graphs

Consider a functionw : E → C onE, and a functionρ : V → C onV , which we
will call weight functions. Although some literature considers cases in whichw, rho
are complex, [14], [16], [17], we will suppose thatw andρ are both positive real
functions. Then the bilinear function〈f1, f2〉ρ =

∑
v ρ(v)f1(v)f2(v)

∗ onLV de-
fines an inner product. Likewise the inner product〈g1, g2〉w =

∑
ew(e)g1(e)g2(e)

∗

defines an inner product onLE . Clearly there is a wide latitude of choice of weight
functions, and they influence properties of the canonical operators. We may take
as fundamental the definition of the operatorsS, T . Then the discussion of section
B is valid in its entirety through Lemma 1.3 provided that orthogonality inLE is
understood to be in the weighted sense. However, Lemma 1.4 now takes the form

Lemma 10.For a elementg ∈ LE ,

S∗g(v) =
1

ρ(v)

∑

e:e−=v

w(e)g(e), andT ∗g(v) =
1

ρ(v)

∑

e:e+=v

w(e)g(e).

Proof. Let 1v ∈ LV denote the indicator function of the pointv ∈ V . Then

S∗g(v) = 1
ρ(v) 〈1v, S∗g〉 = 1

ρ(v) 〈S1v, g〉 = 1
ρ(v)

∑
ew(e)S1v(e)g(e)

= 1
ρ(v)

∑
ew(e)1v(e

−)g(e) = 1
ρ(v)

∑
e:e−=v

w(e)g(e).

The case forT ∗ is analogous.2
Lemma 1.5 is valid in the weighted case as stated. We will revise our definitions as
follows.

Definition 17. Theout-degreeof a vertexv ∈ V of a digraph is the sumdo(v) =
1

ρ(v)

∑
e−=v

w(e), the in-degreeis the sumdi(v) = 1
ρ(v)

∑
e+=v

w(e) and thedegreeof

v is d(v) = do(v) + di(v). The degrees of the digraph are defined asdi(G) =
maxv∈V di(v), do(G) = maxv∈V do(v), d(G) = maxv∈V (di(v) + do(v)). For a
graph there is only one kind of edge, so one kind of degree.

Note that the degrees are positive real numbers, but need no longer be integers.

Proposition 10.The operatorsS∗S andT ∗T satisfy: S∗Sf(v) = do(v)f(v) and
T ∗Tf(v) = di(v)f(v).

Proof. Sf(e) = f(e−), so

S∗Sf(v) =
1

ρ(v)

∑

e:e−=v

w(e)f(e−) = f(v)
1

ρ(v)

∑

e:e−=v

w(e).

The case forT ∗T is analogous.2.
With the above definitions of vertex degrees, the following takes the same form as in
the unweighted case.

Corollary 2. ‖S‖2 = do(G) and‖T ‖2 = di(G)
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Proof.

‖S‖2 = sup
f∈LV

〈Sf, Sf〉
〈f, f〉 = sup

f

〈f, S∗Sf〉
〈f, f〉 = sup

v
do(v),

since theS∗S is diagonal. The situation forT is symmetric.

Proposition 11.The operatorsT ∗S andS∗T satisfy:

1. T ∗Sg(v) = 1
ρ(v)

∑
e:e−=v

w(e)f(e+)

2. S∗Tg(v) = 1
ρ(v)

∑
e:e+=v

w(e)f(e−)

Proposition 12.The operatorsSS∗ andTT ∗ satisfy:

1. SS∗g(e) = do(e
−)g(e) for g ∈ Cσ(E) andSS∗g = 0 for g ∈ Cσ(E)⊥.

2. TT ∗g(e) = di(e
+)g(e) for g ∈ Cτ (E) andTT ∗g = 0 for g ∈ Cτ (E)⊥.

The definition of the difference operatorD remains the same in this weighted
situation, and it’s range is still the space of cut vectorsB(G), and its kernel is still
the space of locally constant functionsC(G). The orthogonal complementB(G)⊥,
and the divergence operatorD∗ are generally different, since they defined in terms of
the inner product onLE. LetW denote the operator onLE of multiplication by the
weight functionw. The following lemma is immediate, given thatWK(G) = K(G)

Lemma 11.B(G)⊥ = W−1Z(G)⊕K(G).

Lemma 12.ker(D∗) = B(G)⊥ andRange(D∗) = C(G)⊥

The following theorem takes the same form as the non-weighted case.

Proposition 13. 1.∆w
ρ f(v) = (S∗S + T ∗T − S∗T − T ∗S)f(v)

2.∆w
ρ f(v) = d(v)f(v) − 1

ρ(v)

( ∑
e:e−=v

w(e)f(e+) +
∑

e:e+=v

w(e)f(e−)

)

3. ker(∆w
ρ ) = C(G) andRange(∆w

ρ ) = C(G)⊥ρ

4. 0 ≤
〈
f,∆w

ρ f
〉
≤
(
d(G) + 2

√
do(G)di(G)

)
〈f, f〉

Of particular recent interest are weighted graph Laplacians in the case thatρ(v) =
d(v) andw(e) = 1 for all edges in the graph. In this case the Laplacian has the
representation∆df(v) = f(v) − 1

d(v) (
∑

e:e−=v f(e+) +
∑
e:e+=v f(e−)), and is

self adjoint onLV with respect to the inner product〈f, g〉d =
∑

v f(v)g(v)d(v).
It will be a little easier to see the self adjointness of∆d if we express it in a uni-
tarily equivalent form on a different inner product space. Specifically, note that the
multiplication operatorUf(v) = 1√

d(v)
f(v) is a unitary map from the inner prod-

uct space(LV , 〈·, ·〉1) to the inner product space(LV , 〈·, ·〉d). Thus∆d is unitarily
equivalent to the operatorU−1∆dU = d(v)−1/2∆d(v)−1/2 on (LV , 〈·, ·〉1). But
on this inner product space self adjointness is just symmetry, and the symmetry of
d(v)−1/2∆d(v)−1/2 is manifest. But the latter is just the Laplacian preferred by
Chung [3] because its spectrum is so closely tied to graph geometry.
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5 The Incidence Operator and Its Kin

Recall that the incidence operatorI : LV → LE is defined byIf(e) = Tf(e) +
Sf(e). If a functionf is in ker(I) it must have values of equal magnitude but oppo-
site sign at the vertices on either side of every edge. From this follows the fact that
the values taken byf on a connected component of the (di)graph are determined by
its value at a single vertex. Moreover,f(v) = 0 for v in any cycle of odd order, hence
in the connected component of a cycle of odd order. This is basically everything that
needs to be known about the kernel of the incidence operator.

Lemma 13.ker(I) is the space of functions onV which alternate sign across every
edge. IfG is connected,ker(I) is zero or one dimensional according to whetherG
has cycles of odd order or not. In general the dimension ofker(I) is the number of
connected components without cycles of odd order.

Remarks:. Since a connected graph is bipartite iff it has no odd cycles, dimker(I)
is the number of bipartite components. More generally the kernel contains the span
of the isolated vertices. This result may be originally due to Van Nuffelen [18] in the
context of graphs. A vertex with a self edge is a cycle of odd order, hence on any
component containing a self edge one hasker(I) = {0}.

Note thatI1v = 1Eσ
v ∪Eτ

v
. The setEσv ∪ Eτv seems to us the shadow ofv on the

edge set, so we will call such a vector1Eσ
v ∪Eτ

v
a shadow, and call a vector in the

span of such vectors a shadow vector. Denote the set of shadowvectors byΥ (G).
ClearlyRange(I) = Υ (G).

Lemma 14.AssumeG is connected. IfG has cycles of odd order,{1Eσ
v ∪Eτ

v
: v ∈ V }

is basis ofRange(I). Conversely, ifG has no cycles of odd order, then for any
u ∈ V ,{1Eσ

v ∪Eτ
v

: v ∈ V − {u}} is a basis ofRange(I).
Lemma 15.

I∗g(v) =
∑

e:e−=v

g(e) +
∑

e:e+=v

g(e).

Proof. This follows directly from Lemma 4.
Another way of saying the same thing, is thatI∗g(v) =

〈
1Eσ

v ∪Eτ
v
, g
〉
. Of course

ker(I∗) = Range(I)⊥. The geometry of this statement is the following. Suppose
thatZ2k is a circle of even order, and thatĝ ∈ LE(Z2k) is the alternating function:
ĝ ((i, i+ 1)) = (−1)i, where the addition ”i+ 1” is interpreted as mod2k. Suppose
thatc : Z2k → G is a cycle inG. Define a functiong ∈ LE with support contained
in c (Z2k) by g(e) =

∑
i:e=c((i,i+1)) ĝ ((i, i+ 1)). Theng ∈ ker(I∗). We will call

g an alternating cycle. Let A(G) ⊂ LE denote the span of the alternating cycles.
ThenA(G) ⊆ ker(I∗).
Definition 18. Suppose thatg ∈ LE and that|supp(g) ∩ (Eσv ∪Eτv )| = 1. Then we
will call e ∈ supp(g) ∩ (Eσv ∪ Eτv ) a hanging edge.

Lemma 16.Suppose thatI∗g(v) = 0 and thatsupp(g) ∩ (Eσv ∪ Eτv ) 6= ∅. Then
there are at least two elements ofe, e′ ∈ supp(g) ∩ (Eσv ∪Eτv ) which satisfy
g(e)g(e′) < 0. (In other words,supp(g) has no hanging edges)
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Proof. supp(g) ∩ (Eσv ∪ Eτv ) 6= ∅ implies
∑

e:e−=v |g(e)| +
∑
e:e+=v |g(e)| 6= 0.

SinceI∗g(v) = 0 implies cancellation, there exists at least at least two edgese, e′ ∈
Eσv ∪ Eτv with g(e) > 0 andg(e′) < 0. 2

Definition 19. Let φ : Ik → G be a path, let̂h ((i, i+ 1)) = (−1)i be a function
ĥ ∈ LE(Ik). Defineh ∈ LE(G) by h(e) =

∑
i:e=φ((i,i+1)) ĥ ((i, i+ 1)) if e ∈

φ(Ik) andh(e) = 0 otherwise. We will callh thealternating pathbuilt onφ. If φ is
the restriction of a pathφ′ : Ik+n → G for n > 0 andh′ is the alternating path built
onφ′ we shall say thath is a restrictionof h′.

Lemma 17.Assume that the alternating pathh has no self edges and letv be an
interior vertex ofh. ThenI∗h(v) = 0.

Proof. We have:

I∗h(v) =
∑

e:e−=v h(e) +
∑
e:e+=v h(e)

=
∑

e:e−=v

∑
i:e=φ((i,i+1)) ĥ ((i, i+ 1))

+
∑
e:e+=v

∑
i:e=φ((i,i+1)) ĥ ((i, i+ 1)) .

But, in the latter expression each summand is of magnitude one and uniquely paired
with another such of opposite sign. Indeed, sincev is an internal vertex, for every
i such thatv = φ(i), both edgese = φ ((i− 1, i)) and e′ = φ ((i, i+ 1)) are
coincident withv, hence in the sum, whilêh ((i, i+ 1)) = −ĥ ((i− 1, i)). 2

Lemma 18.An alternating path of even order cannot belong toker(I∗).

Proof. . Such a path either has a hanging edge, or in the case that the initial and
terminal vertex are equal has the initial and terminal edgesof equal sign, so that
I∗h(v) 6= 0 whenv is the initial vertex.2

Lemma 19.Let h be an alternating path of odd order. Thenh ∈ ker(I∗) iff vk =
φ(2k + 1) = φ(1) = v1. In other words, an alternating path is inker(I∗) iff it is of
odd order and an alternating cycle.

Proof. If v2k+1 6= v1 thenh has a hanging edge, hence cannot be inker(I∗). Con-
versely, ifv2k+1 = v1 thenφ defines a cycle of even order, andh is an alternating
cycle.2

Theorem 1.SupposeG is a multigraph. Thenker (I∗) = A(G).

Remark:This result seems to be first due to Grossman et al [9], and thenagain by
ourselves some thirteen years later.

Lemma 20.Range(I∗) is the orthogonal complement of the space of alternating
functions inLV . If G has no bipartite components or isolated vertices, i.e. there is a
cycle of odd order in every component, thenRange(I∗) is all ofLV .

Lemma 21.I∗I = T ∗T + S∗S + S∗T + T ∗S.
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Remark:Grossman et al [9] callI∗I theUnoriented Laplacian.

Proposition 14.Suppose thatG is bipartite. ThenI∗I is unitarily equivalent to∆,
the Laplacian ofG.

Proof. . Letm ∈ ker (I∗I) be real valued and unimodular (which exists by Lemma
13), and letM be the operator of multiplication bym. ThenM is unitary and it’s
own inverse. According to Bollobas [2] p.264,(T ∗S + S∗T )M = −M(T ∗S +
S∗T ). SinceT ∗T + S∗S is a multiplication operator, it commutes withM . Thus
M−1I∗IM = ∆. 2

Remarks:This result is known to the algebraic graph theory community[7],
although we are unaware of a specific reference. For a regulargraphI∗I is a linear
function of the Laplacian.

The following proposition is proved in exactly as Theorem 7.

Proposition 15. 1. ker(I∗I) = ker(I) is the space of alternating functions onV .
2.Range(I∗I) = Range(I∗), the orthogonal complement of the alternating

functions. WhenG has no isolated verticies or bipartite components,Range(I∗I)
is all ofLV .

3. 0 ≤ 〈f, I∗If〉 ≤
(
d(G) + 2

√
di(G)do(G)

)
〈f, f〉.

Proposition 16. 1. II∗ = TT ∗ + SS∗ + ST ∗ + TS∗

2. ker(II∗) = ker(I∗) = A(G), Range(II∗) = Range(I) = Υ (G).
3. II∗ has the same spectrum asI∗I, and, with the possible exception of the

eigenvalue0, with the same multiplicity. Ifu is an eigenvector ofI∗I, theIu is
an eigenvector ofII∗.

Remark:It would be nice to have a characterization of the spectrum inthe non-
bipartite case. We are unaware of progress in this arena since Grossman et al [9],
1994..

6 The Drift of a Digraph

In this section we discuss a family of fundamental operatorson graphs which seems
not to have been discussed in the literature. So far we have considered differences
and sums of the canonical operators,S, T . At this point we will consider the operator
S + iT , mappingLV into LE . The adjoint operator isS∗ − iT ∗, so the operator
(S∗ − iT ∗)(S + iT ) = S∗S + T ∗T + i(S∗T − T ∗S) is self adjoint and positive
semidefinite. We can also consider the same construction using the other square root
of −1 to deduce that(S∗ + iT ∗)(S − iT ) = S∗S + T ∗T + i(T ∗S − S∗T ) is self
adjoint and positive semidefinite.

Our experience with the difference and incidence operatorsmakes the following
lemma a triviality.
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Lemma 22. In a connected digraphG, S + iT (resp. S − iT ) has a trivial kernel
unless the only cycles are of order divisible by 4. In this case there is a one di-
mensional kernel spanned by complex functions in which the which the magnitude is
locally constant and the phase rotates by a factor ifi (resp.−i) across every edge in
traversing from source to target.

Corollary 3. (S∗ − iT ∗)(S + iT ) (resp. (S∗ + iT ∗)(S − iT )) is invertible unless
the only cycles inG have order divisible by 4. In this case there is a one dimen-
sional kernel spanned by complex functions in which the which the magnitude is
locally constant and the phase rotates by a factor ifi (resp.−i) across every edge in
traversing from source to target.

Definition 20. We will call the operatorΓ (G) = T ∗S − S∗T thedrift operatorof
the graph.

Proposition 17.The drift operator satisfies the following properties.

1. Γ is skew adjoint and real.
2. The eigenvalues ofΓ are imaginary. For each eigenvectorf , Γf = λf implies
Γf = −λf , i.e. the eigenvalues and eigenvectors come in complex conjugate
pairs.

3. Γ generates a one parameter unitary groupt 7→ etΓ onLV (in fact a group of
rotations).

4. ‖Γf‖ ≤ d(G)‖f‖.
5. Γf(v) =

∑
e:e+=v f(e−)−∑e:e−=v f(e+)

Proof. 1. Since(S∗+iT ∗)(S−iT ) andS∗S+T ∗T are self adjoint, so isi(S∗T −
T ∗S), henceS∗T − T ∗S is skew symmetric. It also maps real functions to real
functions.

2. Sincei(S∗T − T ∗S) is self adjoint, it’s eigenvalues are real, hence those of
(S∗T − T ∗S) are imaginary. SinceΓ is real taking the complex conjugate of
the eigenvalue equation yields complex conjugate eigenvalues and eigenvectors.

3. This is just the Stone’s theorem on generators of unitary groups; sinceΓ is real,
this unitary group is also real, hence a group of rotations.

4. Forf a complex function:

0 ≤ 〈f, (S∗ ± iT ∗)(S ∓ iT )f〉
0 ≤ ±i 〈f, (S∗T − T ∗S)f〉+ 〈f, S∗Sf〉+ 〈f, T ∗Tf〉

|〈f, (S∗T − T ∗S)f〉| ≤ 〈f, S∗Sf〉+ 〈f, T ∗Tf〉
|〈f, (S∗T − T ∗S)f〉| ≤ d(G) 〈f, f〉 .

But since(S∗T − T ∗S) is skew adjoint, its norm is the maximum of the magni-
tude of its numerical range.

5. This follows from Proposition 2.2
Recall that aregular graphis a graph in which the vertex degreed(v) is indepen-

dent ofv andd(v) = d(G). The same condition is less restrictive for digraphs, since
di(v) anddo(G) may vary subject to the constraintdi(v) + do(v) = d(G).
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Corollary 4. If the vertex-wise degreed(v) = d(G) is constant then the eigenvectors
ofΓ are also eigenvectors of(S∗∓ iT ∗)(S± iT ). In particular, if the only cycles in
G are of order divisible by4, thenΓ has eigenvalues±d(G), and(S∗∓iT ∗)(S±iT )
has eigenvalue2d(G).

Note that while the operators∆ andI∗I are insensitive to the choice of direction
in an edgee = uv, changing the sense of an directed edge results in a differentΓ by a
change of sign in one pair of entries:Γ ′

uv = −Γuv. Moreover, in general this change
of a direction in a single edge also results in a change of the eigenvalues. However,Γ
is insensitive to the addition or deletion of self loopse = vv. The following lemma
follows from basic properties of rotations.

Lemma 23.Order(G) ≡2 dimker(Γ ). In particular, when the order ofG is odd,
Γ has a nonzero kernel.

Generally the adjacency matrix of a (weighted) graph is given by a symmetric
matrix. This data may also be taken as the data of a digraph in which every edge is
accompanied by an edge in the opposite direction (of the sameweight). We have

Proposition 18.When the adjacency matrix is symmetric, the drift is zero, i.e. Γ =
0.

In this sense the drift operator measures the deviation of a digraphG from a graph.

References

1. Bensoussan A and Menaldi JL (2005) Difference Equations on Weighted Graphs, Jour-
nal of Convex Analysis (Special issue in honor of Claude LeMarechal), 12:13–44 .

2. Bollobas B (1998)Modern Graph Theory, Springer, New York.
3. Chung, F. (1997)Spectral Graph Theory, CBMS Lecture Notes. AMS, Philadelphia.
4. Ferrari-Trecate G , Buffa A, and Gati M (2005) Analysis of coordination in multi-agent

systems through partial difference equations. Part I: The Laplacian control. 16th IFAC
World Congress on Automatic Control

5. Ferrari-Trecate G , Buffa A, and Gati M (2005) Analysis of coordination in multi-
agent systems through partial difference equations. Part II: Nonlinear control. 16th IFAC
World Congress on Automatic Control

6. Ferrari-Trecate G , Buffa A, and Gati M (2006) Analysis of Coordination in Multi-
Agent Systems through Partial Difference Equations, IEEE Trans. Automatic Control,
5(6): 1058–1063.

7. Godsil C.(2007), Private communication.
8. Gross J and Tucker T (1987) Topological Graph Theory, Wiley Interscience, New York
9. Grossman, J., Kulkarni D. and Schochetman, I. (1994) Algebraic Graph Theory Without

Orientation, Linear Algebra and Its Applications 212/213:289-307.
10. Hatcher A (2002) Algebraic Topology, Cambridge University Press Cambridge, U.K. ;

New York.
11. Imrich W and Pisanski T Multiple Kronecker Covering Graphs, arXiv:math.CO/050513

v1 8 May 2005



Canonical Operators on Graphs 263

12. Jadbabiaie A, Lin J, Morse A S (2003) Coordination of groups of mobile autonomous
agents using nearest neighbor rules, IEEE Transactions on Automatic Control, 48(6):
988–1001.

13. Ji M, Egerstedt M, Ferrari-Trecate G, and Buffa A (2006) Hierarchical Containment
Control in Heterogeneous Mobile Networks, Mathematical Theory of Networks and
Systems, Kyoto, Japan: 2227-2231

14. Lieb E and Loss M (1993) Fluxes, Laplacians and Kesteleyn’s Theorem, Duke Mathe-
matical Journal, 71(2): 337-363

15. Muhammad A and Egerstedt M (2005) Connectivity Graphs asModels of Local Inter-
actions, Journal of Applied Mathematics and Computation, 168(1):243-269

16. Shubin MA (1994) Discrete Magnetic Laplacian, Commun. Math. Phys. 164:259-275
17. Sunada T (1994) A Discrete Analogue of Periodic MagneticSchrodinger Operators,

Contemporary Mathematics, 173:283-299
18. Van Nuffelen C (1976) On the incidence matrix of a graph, IEEE Transactions on Cir-

cuits and Systems, 23(9):572 - 572
19. S. Vigna, The Graph Fibrations Home Page,

http://vigna.dsi.unimi.it/fibrations/, (as viewed November 2006)




