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Summary. This paper studies canonical operators on finite graphh,thé aim of character-
izing the toolbox of linear feedback laws available to cohtretworked dynamical systems.

1 Introduction

There is widespread current interest in distributed cordafaetworked systems,
e.g. [4], [5], [6], [12], [13], [15]. Much of the work to dateeoitered on linear control
laws, and has taken advantage the last twenty years of gewmeltt in spectral graph
theory. In particular the graph Laplacian, in various imedions, has seen use as a
stabilizing feedback. The property of the Laplacian usethese works has been
essentially the fact that it is the generator of a reversibletinuous time ergodic
Markov chain: it has one zero eigenvalue and all others ai&lgtpositive. The
study we wish to propose is broader. We wish to ask which tifessdback laws are
possible for actors which must communicate on a (possilbgctid) network.

The coarse grain answer to this question is: those laws whggect the network
structure. The present work, in initiating this study, psely defines and character-
izes in some detail classes of canonical (di)graph opesatonstructed from the
incidence relations. These ideas are implicit or glossest ova number of ear-
lier publications; we felt that there will be those readermwlike us, benefit from
the careful codification of properties. Our methods havean@unced geometric
and functorial flavor. There is a literature which has al$@tethis perspective; see
e.g. [8], [11], [19]. We then turn to characterizing the dr&@placian as constructed
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from differences of these canonical operators using bamal algebraic operations.
This section is remarkable in that it touches only tangéwptiae wide and profound

literature of spectral graph theory. However, building anfoundation of properties
of the fundamental operators and pursuing analogies wighba&ic topological and

differential geometric constructs, we are able to chareeteoperators previously
little considered in the spectral graph theory literatureese include the Laplace-
deRham operator on the edge space and Dirac operators. Wetsitdhese contain

much the same graph theoretic information as the Laplacian.

The next section discusses the properties of Laplacianseighted (di)graphs,
and bears considerable relationship, and some differéngerspective, with con-
structions of Bensoussan and Menaldi [1] and Chung [3]. Vede this section
because we are able to turn this machinery to a geometriexifior the Laplacian
of Chung [3]. Early on this operator had mystified us and weehthyat this section
may provide an entry point for other readers. From these we ttucharacterize
the properties of operators based on other combinatiorfseofanonical operators.
In the former instance, we consider properties related eoutidirected incidence
operator. Here we note the prior contribution of Van Nuffe]&8]. Lastly we con-
sider complex combinations of the canonical operators. r& ieea mathematical
physics literature which touches such objects, but thezeotierators may be con-
sidered Laplacians on weighted graphs with complex weifild [16], [17]. In
our situation this does not seem to be the case. In thesedettéons, some of our
results recapitulate the literature, and in some instaneekave not yet been able
to discover close analogs of our results. The literaturdn@s¢ areas seems to be
relatively poorly developed, perhaps there are new resdksask indulgence of the
knowledgeable reader to direct us to related publications.

2 Graphs

2.1 The Geometry of Graphs and Digraphs

In this section we will make contact with graph theory, andalibe our somewhat
ideosyncratic perspective on the geometry of these objé@tts objects of spectral
graph theory tend to be described in terms of one of severaiaas; as our perspec-
tive has been formed by contact with functorial construtimm differential geome-
try, operator theory and probability, our discussion wélkb a marked resemblance
to these areas of mathematics.

Definition 1. 1. Adigraph(or directed graphis a pairG = (V, E) whereV is a

finite set called theertex seland F is a subset of x V' called theedge set

2. Agraphis a pair G = (V. E) whereV is a finite set and®' is a subset of
V ® V, where® denotes the symmetric cartesian product; &g» V' consists
of all unorderedpairs of elements d¥, i.e. equivalence classes of the relation
(u,v) ~ (v,u) onV x V.

3. Amulti-graphis a pair G = (V, E) whereV is a finite set and? is a subset of
the disjoint union of an finite number of copiesiof> V.
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Note that we allow self edges unless otherwise stated. A rsi@amdard and
visual set of definitions are: a digraph is a set of points inclvisome pairs of
points are connected by arrows, while a graph is a set of poeinected by lines.
The order of a graph (resp. digraph) is the number of vertidéd, The sizeof
a graph (resp. digraph) is the number of edgé&s, A digraph is specified by its
transition matrix M (G), which is a|V'| x |V| binary-valued matrix in which the
entriesm; ;(G) = 1iff (v;,v;) € E. Theout-degreeof a vertexv € V of a
digraph is the cardinality,(v) = |{e € E : Ju € Vs.t. e = vu}|, thein-degreeis
the cardinalityl;(v) = [{e € E : Ju € Vs.t. e = wv}| and thedegreeof visd(v) =
d,(v) 4+ d;(v). The degrees of the digraph are definedd&) = max,cv d;(v),
do(G) = maxyey do(v), d(G) = max,ecy (di(v) + do(v)). For a (multi)graph
there is only one kind of edge, so only one kind of order. A syatria transition
matrix M (G) specifies a digraph in which every edge is doubled by an edgein
opposite direction, the same data also specifies a grapbciubjthe understanding
that (u,v) ~ (v,u). Theforgetful morphism? maps a digrapld: = (V, E) to the
graphG = (V, E) of the same order in which each edge- (u,v) € E C V x V.
is mapped to its equivalence cldssv] € V o V.

Associated to each digraph are a canonical pair of mappings,

o,T:E—V,
thesourcemap and theéargetmap. To be precise:

Definition 2. 1. Thesource map : £ — V is defined by ((u,v)) = u, for
(u,v) € E.
2. Thetarget mapr : E — V is defined by ((u,v)) = v, for (u,v) € E.
The diagram that describes this is:

V/ \V

In the same way, associated to each graph is a canonicallesipctdence map:

Definition 3. The incidence map of a graphis: E — 2" defined by([u,v]) =
{u,v} CV.

Given two digraphs (resp. graph€) = (V,E) and H = (U, F) a digraph
homomorphisnfresp. graph homomorphisinp : G — H is a pair of mapspy :
V — U and¢g : E — F such that the source and target maps (resp. incidence map)
commute withg: oog(e) = ¢y (o(e)) andror(e) = oy (T(e)) (resp.todr(e) =
oy (t(e))). Adigraph homomorphism surjectiveif both ¢y and¢ g are surjective,
andinjectiveif both ¢y and¢g are injective. A digraph homomorphismyertex
surjective(resp.vertex injectiveresp.edge surjectiveresp.edge injectiviin case
thatgy is surjective (respgy is injective, respgg is surjective g g is injective). A
forgetful homomorphismof digraphsy : G — H is ahomomorphism : &G — ¢H
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of the associated graphs. A forgetful homomorphism maps®tilyedges without
specifying their direction.

We can use homomorphisms to capture properties of (di)gragkerms of prop-
erties of simpler (di)graphs. Most important of these sengti)graphs ardine
segmentandcircles

Definition 4. ¢  The line segment, is a digraph (resp. graph) in which the vertex

set is the finite set of integefd, 2, --- ,n}, and the edges are the pairs of ad-
jacentinteger(i,i+ 1) : ¢ = 1,--- ,n — 1} in increasing order, respectively
without order.

e Acircle is a digraph (resp. graph) in which the vertex seZjsfor somek, and
in which the edge set is the pairs of adjacent integers modincreasing order
modk, resp. the pairs of adjacent integers mbavithout order.

A finite pathin a graph(y is a forgetful homomorphism : I, — G of aline segment
into G, i.e. a sequencgv, va, ..., vk } in V such thavi, v;v, 41 € E Orv;4qv; € E;
edges of the former type are callednseand the latter type are callexhtisense

A directed pathis a homomorphism of into G; in a directed path every edge is
sense. The first and last vertices of a path are callegttivéing vertexandending
vertex respectively. We call a path vertex which is not startingeoding is called
aninterior vertex Recall from the theory of Markov chains that a directed rip
calledirreducibleif for every ordered paifu, v) € V x V there is a directed path for
whichw is the starting point and is the endpoint. For digraphs irreducible implies
only one connected component, but the converse is not treewiilcall a vertexv
such thatd;(v) = 0 (resp.d,(v) = 0) germinal(resp.terminal (more commonly
these are calledourceandsink). A graph has no germinal or terminal verticies; in
this case irreducible is equivalent to connected.

2.2 Operator Theory on Graphs and Digraphs
It is common to consider a pair of vector spaces associatedtaph;

Definition 5. 1. Thevertex spacd.y is the free linear span of, i.e. the vector
space of all real (resp. complex) valued functions defineti on
2. Theedge spacé x is the free linear span of/, i.e.the vector space of all real
(resp. complex) valued functions definedfon
3. If Wis a subset of or £/ we denote its free linear space byy .
4. Thesupportof a functionf € Ly (resp.g € Lg) is the subsetupp(f) = {v €

V': J(v) # 0} (resp.supp(g) = {e € E: g(e) # 0}).

ForW c V, we will regardLy as a subset afy, by use of the convention that
functions inLy, are extended to all &f by zero. Forl’ C E, Ly C Lg. Likewise
if supp(f) =W thenf € Ly and if supp(g) = F theng € Lp.

Definition 6. Given the constructions above, there are canonically ddfimear
mappings, the source and target operators, obtained as tilbgrk of the source
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and target maps. Namely, we may define linear nfafs: Ly — LpbySf = foo
andTf = f o . Inother words Sf(e) = f(e~) andT f(e) = f(e*). where we
introduce the notatioa™ = 7(e) ande™ = o(e).

Of course, to do computations with specific examples of thesesformations it is
sometimes useful to express them as matrices. (Howeverjihevaid doing so for
the present in order to emphasize the underlying geomeituctares.)

We will need to bring into sharper focus certain types of lizegion of £ overV'.
Each edge o has a unique source. ifis not terminal, it is the source of an edge
of E. Thus for every vertex, the set valued mapping : V — 2F may be regarded
as assigning to the subsetJ = o~ '{v} C E, which is the empty subset if is
a terminal vertex. This association may be viewed as a gkretdocalization of
points of E overV (inthatEJ N ES = ( if v # u), which is a true localization over
V,, the set of nonterminal vertices (in th&f # (). Similarly E] = 7~ {v} C E
may be viewed as a (complementary) generalized localizatfa over V' by T,
which is a true localization ovér,, the set of nongerminal vertices. Thus we may
write £ as a disjoint union:

E= ] B2 =[] EI.

vEV, veVr
— o __ T
P11 =115
veV veV

although in the latter equations some terms may be the engptyFor irreducible
digraphs there are no germinal or terminal vertices, incagel, = V. = V.

Denote the free linear span &f] (resp.E] ) by L7 (resp.L]). Some of these
vector spaces may B@}. Nevertheless the s¢i, ., L7 (resp.] [, L7) may be
regarded as a sort of generalized vector bundle bvewith the obvious projection
map¢ — v for§ € LY (resp.£ € L7). Then

Le=PL; =L,

so thatl. y may be regarded as the space of sections both of these vaatileb.
Lemma 1. ker(S) = LV,VG, ker(T) = LV,VT.
We may identify some distinguished subspacek in

Definition 7. C,(E) is the set of functions which are constant on each subSet
i.e. C,(E) = @, Clgs (we will restrict ourselves to consideration only of vector
spaces over the complex numbers). LikewiséFE) is the set of functions which are
constant on each subsef, i.e. C;(E) = @, Clg;.

Lemma 2. Range(S) = Cy(E), Range(T) = C-(E)
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Now, if we give the vector spaceky, Lg inner products, we may consider the
adjoint mapsS*,T* : Ly — Ly . Different choices of inner product give rise to
different operators, which is an issue we shall considehafollowing sections.
Now, sinceLy, L are free vector spaces, we consider the special cases ofthe d
product on these spaces, i.e. fifeinner products induced by the counting measures
onvV, respectlverE Note that for these inner produdt§ L LS, andL] L L7,
forv £ v'.

Definition 8. MJ C L is the subspace of functions &if which are orthogonal to
the constantsM] C L] is the subspace of functions @ which are orthogonal
to the constantsM, (E ) p, M7. M. (E) =@, M] (where in this context
denotes the orthogonal direct sum)

Lemma3. L] = Clgs ® M), Ly = Clg; © M,

v C,(E) = M,(E),C.(E)* =
M, (E).

v

Lemma 4. For an elemeny € Lg,
S*gw)= > gle), andTg(v) = > gle).
ee” =v e:et=v

Proof. Let 1, € Ly denote the indicator function of the poime V. Then
S*g(v) = (1u,8%g) = (Sly, g) 251 g(e) =Y 1u(e)gle) = > gle).

The case foff ™ is analogous™

Lemma 5. We have

1. ker(S*) = C,(E)* = M,(E), ker(T*) = C.(E)*t = M, (E).
2. Range(S*) = Ly, , Range(T*) = Ly, .

We may regard the operatofs7T as canonical operators associated with the
digraph, as the operatafs, 7* are also canonically associated with the digraph and
our choice of inner product ohy and Lg. Moreover, operators constructed from
algebraic combinations of these operators may also bededas canonical. The
following results will be useful.

Proposition 1. The operators$™*S andT*T satisfy:Vf € Ly,Vv € V,S5*Sf(v) =
do(v) £ (v) ANT*T f (v) = d;(v) f (v).
Proof. Sf(e) = f(e™),s05*Sf(v) = >, f(e”)=f(v) > 1. The case for

ee =v ee” =v

T*T is analogous.
Corollary 1. ||S[|? = do(G) and ||T'||* = d;(G)
Proof.
Sf.Sf) (f.5*Sf)
S||? = su <7:su ———= =supd,(v),
ISIP= 2 75 = W

since theS*S'is diagonal. The situation fdF is symmetric.
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Proposition 2. The operatorsS*1" and7™ S satisfy

1. S*Tf(’l)) = Ze:e*:v f(€+)
2.T*Sf(v) =30y fle7)

Proposition 3. The operatorsS S* and7'7™ satisfy:

1. 5S*g(e) = d,(e)g(e) for g € C,(E)andSS*g =0 for g € C,(E)*.
2.TT*g(e) = d;(eT)g(e) for g € C.(E) andTT*g = 0 for g € C, (E)*.

Definition 9. theincidence operatoof a graphG = (V. E)isZg : Ly — Lgis
defined byZ f ([u, v]) = f(u) + f(v).

Lemma 6.Let G be a digraph. TheTsc f(e) = Sf(€) + T f(€), whereé is any
element ofb—!e.

RemarksUnlike the source and target operator, the incidence apeisanot a pull-
back, e.g. of the incidence mapping. Itis more common initeesture (e.qg. [2], [3])
to discuss instead with thaérected incidence operatpdiscussed below, for an arbi-
trary choice of direction to each edge. The additional easssingD may based on
a morphism with differential geometry, as has been remabgednumber of authors

(2], [3], [10)).

3 Differences, Divergences, Laplacians and Dirac Operatsr

One fundamental family of operators is founded on the diffiee operator. A fun-
damental reference for this section is Bollabas [2].

Definition 10. Thedifference operata(i.e. directed incidence operator) : Ly —
L isdefinedbyD f(e) =T f(e) — Sf(e).

Definition 11. A cutis a partition of the vertex set into two piecés= W U W<,
equivalently a cut is an indicator functioh, € Ly . Thecut vectorof W is the
functiong € L suchthaty(e) = 1ife™ € W bute™ ¢ W, g(e) = —1ife” € W
butet ¢ W andg(e) = 0 otherwise. Theut spaces the span of all cut vectors.

Note that the indicator functions spar-, and that each cut vector is equalid i
for some subseé” C V. From this it is an easy step (sin¢g,, : v € V'} spans
Ly)to

Proposition 4. The cut space is equal Bange(D).
Clearly the value of a cut vector on any self edge is zero.

Definition 12. A cycleis a forgetful homomorphism of a circle int®, i.e. a path

in which the endpoint vertices are equal, andimple cycles an injective forgetful
homomorphism of a circle int@, i.e. a cycle in which only the endpoint vertices are
repeated. By abuse of notation an edge vegtar L which is zero except on the
edges of a simple cycle and assigns the value which assignsathe+1 to sense
edges;—1 to antisense edges is also referred to as a simple cyclecyidie spacés
the linear span of the simple cyclesiin;.
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Note that we might also consider tkelf cycle spacénear span of the set of self
cycles. For the following, denote the self cycle spacddiy~), the cycle space by
Z(@G) and the cut space by (G).

Definition 13. A connected componeatf a (di)graph is a maximal subset Bfhav-
ing the property that every two vertices are contained in thpa function inLy is
calledlocally constantf f(v) = f(u) for anywv, u such thatvu € E oruv € E.

Lemma 7. Locally constant functions are constant on each path, haneeonstant
on each connected componentbfLocally constant functions are a vector subspace
of Ly.

Let C(G) denote the vector space of locally constant functionsyn Clearly
the dimension of (G) is equal the number of connected components.of

Proposition 5. ker(D) = C(G), dim (B(G)) = Order(G) — dim (C(G)).

Proof. Clearly Df(e) = 0 iff f takes the same value on both sideseof Thus
Df = 0iff fisconstanton every path, i.e. is locally constant.

Definition 14. Thedivergenceperator isD* : Ly — Ly, the dual operator oD.

The following is a direct consequence of Lemma 4

Lemma 8. The divergence operator satisfies

D*g(v) = T*g(v) = S*g(v) = Y gle)— > gle)

e:et=v e:e”=v
Lemma 9. ker(D*) = B(G)*. Range(D*) = C(G)*.

Proof. For g € ker(D*) and for allf € Ly, 0 = (f,D*g) = (Df,g). The
result follows since3(G) = Range(D). Clearly Range(D*) C C(G)*, since for
f € C(@), g€ Lg, {f,D*g) = (Df,g) = 0. Now suppose thaRange(D*) is
a proper subspace @f(G)L. Then there exists a nonzefoe C(G)* which is
also in the orthogonal complement Btinge(D*), soDf # 0, and for allg € Lg,
0 = (f,D*g) = (Df,g). In particular this is true foy = Df, which implies
0= (Df,Df),of Df =0, which is a contradiction.
The proof of the following follows easily from [2], p. 53.

Proposition 6. B(G)* = Z(G) & K(G).

Definition 15. The Laplacianof G is the operatorA = D*D defined onLy. The
Laplace-de Rharaperator ofG is the operatoid = D*D & DD* defined oLy &
L, whered denotes the orthogonal direct sum.

Proposition 7. 1. A= S*S+1T*T — S*T —T*S.
2. ker(A) = C(G) and Range(A) = C(G)*.

3.0 < (£,41) < (d(G) + 2/A(GVA:(G) ) {1, f) < 2(G) (£, f).
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Proof. 1. Item 1 follows from the definition ob.
2. u € ker(A) iff
0 = (u, Au) = (Du, Du) ,
i.e. iff u € ker(D) = C(G). SinceA is self adjoint, bothker A andker(A)*+
are finite dimensional invariant subspaces/sber(A)+ is an isomorphism.
3. Note that

L Af) = (£, S"SE) + (£, T*Tf) — (f, (ST + T*S) f)
< max, (di(v) + do(v)) (f, f>+2HSfHHTf||
= (4(G) + 2/, (C)&(G)) (1. f
< 24(G) (f, f),

where the inequality follows from Theorem 1, the triangleqnality and the
Cauchy-Schwartz inequality, and the succeeding equalitgvis from Corol-
lary 1. Note that the latter inequality in item 3 is an equafir the case of
the graph which consists of a single directed cycle of evelemandf is the
function which alternates betweel and —1 on successive verticeg; is an

eigenfunction ofA with eigenvaluet, d(G) = 2 andd,(G) = d;(G) = 1. In

particular the inequalities in item 3 are tight.

Proposition8. 1. DD* = SS* +TT* — ST* — T'S*.
2. ker(DD*) = B(G)* and Range(DD*) = B(G).
3. The eigenvalues @ D* are the same as those df, with the same multiplicity.
If Af = \f for A\ £ 0 a constant, therD f is an eigenvector foPD D* with the
same eigenvalue.

Thus the Laplace-deRham operator contains only a littleitiatél information

about the graph geometry beyond that contained in the Laplad he term 'Dirac
operator’ refers generally to a square root of the Lapla@#though by custom not
to the symmetric square root of the Laplacian. Hence:

Definition 16. The Dirac operatoiof G is the operatord = (g % ) defined on
Ly @ LEg.

Proposition9. 1.9% = 0.

2. 0 is self adjoint.

3. ker(9) = C(G) ® B(G)* and Range(d) = C(G)* & B(G).

4. The eigenvalues @ are the (positive and negative) square roots of those of
A, with the same multiplicity. 1fAf = A\f for A # 0 a constant, then the
eigenvector of/\ (resp. 4/\) is (‘/Xf) (resp. ( Y )).

Df -Df
Remarks\We have taken the convention that the Laplacian is a nonivegsaterator.
The other common convention is, of course, that the Laphaisimonpositive. This
perspective has the net effect of replacing eigenvaludssof é&placian and Laplace-
deRham operators by their negatives, and replacing the Djparator by the skew-
0 —D*

adjoint operato<D 0

) , for which the eigenvalues are imaginary.
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4 Operators on Weighted Graphs

Consider a functiom : £ — C on E, and a functiorp : V. — C onV, which we
will call weight functionsAlthough some literature considers cases in whichho
are complex, [14], [16], [17], we will suppose thatand p are both positive real
functions. Then the bilinear functiofy:, f2), = >_, p(v) f1(v) f2(v)* on Ly de-
fines an inner product. Likewise the inner prodigt, g2),, = >, w(e)gi(e)ga(e)*
defines an inner product dng. Clearly there is a wide latitude of choice of weight
functions, and they influence properties of the canonicaraers. We may take
as fundamental the definition of the operatSrd’. Then the discussion of section
B is valid in its entirety through Lemma 1.3 provided thath@gonality in L g is
understood to be in the weighted sense. However, Lemma W4akes the form

Lemma 10.Foraelemeny € Lg,

S'g(0) = = 3 w(elgle). andT'g(0) = = 3 w(elg(e)

e:e =v e:et=v
Proof. Let 1, € Ly denote the indicator function of the point V. Then

579(v) = a7 (1o 5°9) = 755 {510 9) = o 2. w(e)STu(e)g(e)
- p(lv) Ze w(e)lv(e*)g(e) = ﬁ Z w(e)g(e).

ee” =v

The case fofl™* is analogous™
Lemma 1.5 is valid in the weighted case as stated. We wilseeour definitions as
follows.

Definition 17. Theout-degreef a vertexv € V of a digraph is the surd,(v) =

oGy > w(e), thein-degreds the sumi;(v) = &5 > w(e) and thedegreeof
e~ =v et=v

vis d(v) = d,(v) + d;(v). The degrees of the digraph are definedda@~) =

max,cy d;(v), do(G) = maxyey do(v), d(G) = max,ev (d;(v) + do(v)). For a

graph there is only one kind of edge, so one kind of degree.

Note that the degrees are positive real numbers, but neezhgei be integers.
Proposition 10. The operatorsS*S and T*T satisfy: S*Sf(v) = do(v)f(v) and
T*Tf(v) = di(v)f (v).
Proof. Sf(e) = f(e™), so
1 1
S*Sf(v) = — w(e)f(e”) = f(v)— w(e).
@) =05 X w@fE) =100 3T wle)

ee” =v ee” =v

The case fofl T is analogous.
With the above definitions of vertex degrees, the followiets the same form as in
the unweighted case.

Corollary 2. ||S||? = d,(G) and || T||? = d;(G)
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Proof.

512 = sup BLEIL _ g L5500,

fELy <f7f> f <f7f>

since theS* S is diagonal. The situation fdF is symmetric.
Proposition 11. The operatorg™.S and S*T satisfy:
1.7T*Sg(v) = p(lv) > wle)f(eh)

ee =v

2.5*Tg(v) = p(lv) > w(e)f(er)

e:et=v
Proposition 12. The operatorssy'S* and7'T™ satisfy:

1.5S*g(e) = d,(e)g(e) for g € C,(E)andSS*g = 0for g € C,(E)*L.
2.TT*g(e) = di(eT)g(e) for g € C-(E) andTT*g = 0 for g € C,(E)*.

The definition of the difference operatdr remains the same in this weighted
situation, and it's range is still the space of cut vectB(&r), and its kernel is still
the space of locally constant functio6$G). The orthogonal complemer(G)*,
and the divergence operatbr are generally different, since they defined in terms of
the inner product o z. Let W denote the operator abg of multiplication by the
weight functionw. The following lemma is immediate, given tHatK (G) = K(G)

Lemma 11. B(G)* = W~1Z(G) ® K(G).
Lemma 12.ker(D*) = B(G)* and Range(D*) = C(G)*+
The following theorem takes the same form as the non-weigtdse.
Proposition 13. 1. AP f(v) = (S*S +T*T — S*T' = T*S) f(v)
2.3 10) =dw)0) - 5 (T w@fe)+ T wefe))

ee” =v eer=v

3. ker(AY) = C(G) and Range(AY) = C(G)*r
4.0 < (f,Avf) < (d(G) + 2\/do(G)di(G)) (£, 0

Of particular recent interest are weighted graph Laplaciarthe case thai(v) =

d(v) andw(e) = 1 for all edges in the graph. In this case the Laplacian has the
representatiomsf (v) = f(v) — iy (o=, fleT) + 2o, fle7)), and is

self adjoint onLy with respect to the inner producf, g), = >, f(v)g(v)d(v).

It will be a little easier to see the self adjointnessAyf if we express it in a uni-
tarily equivalent form on a different inner product spaceedfically, note that the

multiplication operatof/ f(v) = \/%f(v) is a unitary map from the inner prod-

uct space Ly, (-,-),) to the inner product spaddy, (-,-),). ThusAg is unitarily
equivalent to the operatdf ' A,U = d(v)—l/QAd(v)—172 on (Ly,(-,-);). But
on this inner product space self adjointness is just synynaird the symmetry of
d(v)~Y2 Ad(v)~'/? is manifest. But the latter is just the Laplacian preferrgd b
Chung [3] because its spectrum is so closely tied to grapmgég.
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5 The Incidence Operator and Its Kin

Recall that the incidence operatbr: Ly — L is defined byZ f(e) = T'f(e) +
Sf(e). Ifafunctionf isin ker(Z) it must have values of equal magnitude but oppo-
site sign at the vertices on either side of every edge. Frasrfalows the fact that

the values taken by on a connected component of the (di)graph are determined by
its value at a single vertex. Moreovéiv) = 0 for v in any cycle of odd order, hence

in the connected component of a cycle of odd order. This ikchlgeverything that
needs to be known about the kernel of the incidence operator.

Lemma 13.ker(Z) is the space of functions dn which alternate sign across every
edge. IfG is connectedker(Z) is zero or one dimensional according to whetligr
has cycles of odd order or not. In general the dimensioheo{Z) is the number of
connected components without cycles of odd order.

Remarks: Since a connected graph is bipartite iff it has no odd cyelesker(7)
is the number of bipartite components. More generally thraddecontains the span
of the isolated vertices. This result may be originally du¥an Nuffelen [18] in the
context of graphs. A vertex with a self edge is a cycle of odiegrhence on any
component containing a self edge one has(Z) = {0}.

Note thatZ1, = 1gsur;. The sett] U E] seems to us the shadowobn the
edge set, so we will call such a vectbg, - ashadow and call a vector in the
span of such vectors a shadow vector. Denote the set of sheettars byY(G).
Clearly Range(T) = T (G).

Lemma 14. Assumé is connected. I has cycles of odd ordefl gz up; 1 v € V'}
is basis ofRange(Z). Conversely, ifG has no cycles of odd order, then for any
u €V {1gsupr : v €V —{u}} is a basis ofRange(Z).

Trg(v) = > gle)+ Y gle).

e:e” =v e:et=v

Lemma 15.

Proof. This follows directly from Lemma 4.

Another way of saying the same thing, is tay (v) = (1g;uE;, g). Of course
ker(Z*) = Range(Z)*. The geometry of this statement is the following. Suppose
thatZ,y, is a circle of even order, and théate Ly (Z2y) is the alternating function:
g((i,i+ 1)) = (1), where the additioni"+ 1" is interpreted as mo@k. Suppose
thatc : Zs, — G is a cycle inG. Define a functiory € Lg with support contained
inc(Zar) by g(e) = 3 yecc(iiivn) 9 ((4,7+1)). Theng € ker(Z*). We will call
g analternating cycle Let A(G) C Lg denote the span of the alternating cycles.
ThenA(G) C ker(Z*).

Definition 18. Suppose thag € L and that|supp(g) N (EJ U ET)| = 1. Then we
will call e € supp(g) N (ES U ET) ahanging edge

Lemma 16.Suppose thal*g(v) = 0 and thatsupp(g) N (EJ U ET) # (. Then
there are at least two elements efe’ € supp(g) N (EJ U E]) which satisfy
g(e)g(e’) < 0. (In other words supp(g) has no hanging edges)
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Proof. supp(g) N (B3 U E7) # 0 implies Y. _, lg(e)l + Y., lg(e)] # 0.
SinceZ*g(v) = 0 implies cancellation, there exists at least at least tw@seg’ ¢
EJ U E] with g(e) > 0 andg(¢’) < 0.0

Definition 19. Let ¢ : I, — G be a path, let: ((i,i + 1)) = (—1)* be a function
h € Lg(I). Defineh € _LE(G) by_h(e) = Zi:e:¢((i,?+1))h((i7_i+ 1)) ife €
¢(I) andh(e) = 0 otherwise. We will calk thealternating patiouilt on ¢. If ¢ is
the restriction of a patlp’ : I1,, — G forn > 0 andh’ is the alternating path built
on ¢’ we shall say that is arestrictionof //.

Lemma 17.Assume that the alternating pathhas no self edges and letbe an
interior vertex ofh. ThenZ*h(v) = 0.

Proof. We have:

T*h(v) = Y-y hle) + 2.0, P(e)
= Dere==v 2ite=g((ii+1) P (17 +1))

+ Ze:e*:v Zi:e:¢((i,i+1)) h (('L, 1+ 1)) .

But, in the latter expression each summand is of magnitudeaad uniquely paired
with another such of opposite sign. Indeed, sinde an internal vertex, for every
i such thatv = ¢(i), both edges = ¢ ((i —1,i)) ande’ = ¢((i,i+1)) are
coincident withv, hence in the sum, while ((i,i + 1)) = —h ((i — 1,i)). O

Lemma 18.An alternating path of even order cannot belongto(Z*).

Proof. . Such a path either has a hanging edge, or in the case thatitiaé and
terminal vertex are equal has the initial and terminal edgfesqual sign, so that
Z*h(v) # 0 whenv is the initial vertex.O

Lemma 19.Let h be an alternating path of odd order. Thénc ker(Z*) iff v, =
#(2k + 1) = ¢(1) = v;. In other words, an alternating path is iter(Z*) iff it is of
odd order and an alternating cycle.

Proof. If var+1 # v1 thenh has a hanging edge, hence cannot bieeiiZ*). Con-
versely, ifvop+1 = v theng defines a cycle of even order, ahds an alternating
cycle.O

Theorem 1.Supposé&7 is a multigraph. Therker (Z*) = A(G).

Remark:This result seems to be first due to Grossman et al [9], andabam by
ourselves some thirteen years later.

Lemma 20. Range(Z*) is the orthogonal complement of the space of alternating
functionsinLy . If G has no bipartite components or isolated vertices, i.e.dh&ga
cycle of odd order in every component, theange(Z*) is all of Ly .

Lemma21. 77 =TT + S*S + S*T' +T*S.
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Remark:Grossman et al [9] call*Z theUnoriented Laplacian

Proposition 14. Suppose thatr is bipartite. TherZ*Z is unitarily equivalent taQ,
the Laplacian ofG.

Proof. . Letm € ker (Z*7) be real valued and unimodular (which exists by Lemma
13), and letM be the operator of multiplication by:. ThenM is unitary and it's
own inverse. According to Bollobas [2] p.26d]*S + S*T)M = —M(T*S +
S*T). SinceT*T + S*S is a multiplication operator, it commutes wifif. Thus
M~'T*IM = A. O

Remarks: This result is known to the algebraic graph theory commufity
although we are unaware of a specific reference. For a regtdphZ*7 is a linear
function of the Laplacian.

The following proposition is proved in exactly as Theorem 7.

Proposition 15. 1. ker(Z*Z) = ker(Z) is the space of alternating functions dh
2. Range(Z*Z) = Range(Z*), the orthogonal complement of the alternating
functions. When? has no isolated verticies or bipartite componeiitange(Z*7)
is all of Ly,.

3.0 < (£,T°Tf) < (d(G) +2(/H(C)d,(@)) (1. ).

Proposition 16. 1.ZZ* =TT* + SS* + ST* +TS*
2. ker(IT*) = ker(Z*) = A(G), Range(ZIZ*) = Range(T) = 1(G).
3.Z7* has the same spectrum d8Z, and, with the possible exception of the
eigenvalud), with the same multiplicity. I& is an eigenvector af*Z, theZw is
an eigenvector afZ*.

Remark:It would be nice to have a characterization of the spectruthemon-
bipartite case. We are unaware of progress in this arena §ingssman et al [9],
1994..

6 The Drift of a Digraph

In this section we discuss a family of fundamental operatargraphs which seems
not to have been discussed in the literature. So far we haveidered differences
and sums of the canonical operat&#s]". At this point we will consider the operator
S + 4T, mappingLy into Lg. The adjoint operator i$* — i1, so the operator
(S* —iT*)(S +1iT) = S*S +T*T + i(S*T — T*S) is self adjoint and positive
semidefinite. We can also consider the same constructiog tis¢ other square root
of —1 to deduce thatS* + iT*)(S — iT) = S*S + T*T + i(T*S — S*T) is self
adjoint and positive semidefinite.

Our experience with the difference and incidence operamaiees the following
lemma a triviality.
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Lemma 22.In a connected digrapliz, S + i7" (resp. S — iT") has a trivial kernel
unless the only cycles are of order divisible by 4. In thisectigere is a one di-
mensional kernel spanned by complex functions in which thelvthe magnitude is
locally constant and the phase rotates by a factaériesp. —i) across every edge in
traversing from source to target.

Corollary 3. (S* —iT*)(S + ¢T) (resp. (S* + ¢T*)(S — T)) is invertible unless
the only cycles irG have order divisible by 4. In this case there is a one dimen-
sional kernel spanned by complex functions in which the hvtiie magnitude is
locally constant and the phase rotates by a factér(iesp.—i) across every edge in
traversing from source to target.

Definition 20. We will call the operatoll'(G) = T*S — S*T thedrift operatorof
the graph.

Proposition 17. The drift operator satisfies the following properties.

1. I' is skew adjoint and real.

2. The eigenvalues df are imaginary. For each eigenvect@y I'f = A f implies
I'f = —\f, i.e. the eigenvalues and eigenvectors come in complexigatg
pairs.

3. I" generates a one parameter unitary group- ¢*’” on Ly (in fact a group of

rotations).

ALf < d@A-

5.Tf(0) = Y iy (€)= oo =y f€7)

Proof. 1. Since(S*+iT*)(S—iT)andS*S+T*T are self adjoint, so i§ S*T —
T+%S), henceS*T — T*S is skew symmetric. It also maps real functions to real
functions.

2. Sincei(S*T — T*S) is self adjoint, it's eigenvalues are real, hence those of
(S*T — T*S) are imaginary. Sincé’ is real taking the complex conjugate of
the eigenvalue equation yields complex conjugate eigargand eigenvectors.

3. This is just the Stone’s theorem on generators of unitesys; sincd is real,
this unitary group is also real, hence a group of rotations.

4. For f a complex function:

N

0 < (f, (5" £4T™)(S ¥ iT)f)

0 < i (f,(S"T —T*S)f) +(f,5"Sf) + (/,T*Tf)
I, (S* T =T*S) )| < {f,S*Sf) +{f,T*Tf)
[(f, (S*T =T*S)f)| < d(G)(f, [)-

But since(S*T — T*5) is skew adjoint, its norm is the maximum of the magni-
tude of its numerical range.
5. This follows from Proposition 21
Recall that aegular graphis a graph in which the vertex degré@) is indepen-
dent ofv andd(v) = d(G). The same condition is less restrictive for digraphs, since
d;(v) andd,(G) may vary subject to the constraifii(v) + d,(v) = d(G).
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Corollary 4. If the vertex-wise degre&v) = d(G) is constant then the eigenvectors
of I are also eigenvectors 6™ +4i7*)(S £ 4T'). In particular, if the only cycles in
G are of order divisible byt, thenI” has eigenvaluesd(G), and(S* FiT™)(S+iT)
has eigenvalugd(G).

Note that while the operator$ andZ*Z are insensitive to the choice of direction
in an edge = uwv, changing the sense of an directed edge results in a différbp a
change of sign in one pair of entries;,, = —I",,. Moreover, in general this change
of adirection in a single edge also results in a change ofifenealues. Howevel,;
is insensitive to the addition or deletion of self loaps- vv. The following lemma

follows from basic properties of rotations.

Lemma 23.Order(G) =5 dimker(I"). In particular, when the order of is odd,
I" has a nonzero kernel.

Generally the adjacency matrix of a (weighted) graph ismivg a symmetric
matrix. This data may also be taken as the data of a digraplichvevery edge is
accompanied by an edge in the opposite direction (of the segight). We have

Proposition 18. When the adjacency matrix is symmetric, the drift is zeeo,li. =
0.

In this sense the drift operator measures the deviation @raghG from a graph.
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