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Abstract

In this paper we give a survey of the recent progress in the search for both necessary and
sufficient conditions for small-time local controllability of affine control systems, and discuss in
detail various high-order phenomena — which are some of the obstacles a more complete theory
has to overcome — and exhibit the techniques which allow one to show (non-)controllability of

individual such systems, thereby proving new conditions, both necessary and sufficient ones.

1 Introduction

The object of our studies are affine control systems of the form

i) = ) +iui<t>ﬂ<x<t>>

z(0) = 0 (1)
u() € UCCR”

where z € R™, and fY, ..., f* are smooth (typically real analytic) vectorfields on R™, f°(0) = 0,
and the control u is a measurable function taking values in a compact subset U of R* containing
zero in its interior. We mostly consider single-input systems, i.e. kK = 1, and then usually have U
an symmetric interval about zero.

Such systems are a natural generalization of the linear system
& = Ax + Bu (2)

which are so often employed in engineering applications. One ultimate goal of the study of systems
of form (1) is to find stabilizing feedback laws. A solution to this problem is of utmost importance

for a successful implementation in automatic control into nonlinear environments. Standing in the
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way to such a solution are many difficult problems, which are of high mathematical interest in
their own right. One of these problems is (small-time) local controllability (or reachability), which
essentially asks for the set of points which may be reached from a given initial point by solutions of
system (1). On a purely formal level any solution to this problem may be thought of as a nonlinear
open mapping theorem (for mappings from a function space into a finite dimensional space), thus
explaining the deepness and intricacy of this problem.

Many different notions of controllability have been developped, for a survey see section 2.3 of
[23]. Here we only will use accessibility and small-time local controllability (STLC) (about an
equilibrium point). The attainable set Ay (t) at time ¢ > 0 is the set of all points which can be
reached in time t by solutions of (1). We say (1) is accessible if A4(t) has n-dimensional interior for
all t > 0, and we say (1) is small-time locally controllable if Ay(t) contains the equilibrium (i.e. the
reference solution) = = 0 in its interior for all ¢ > 0. (Here a regrettable confusion of terminology
has occurred, as intuitively one would like to call this property small-time local reachability from
zero, while small-time local controllability should refer to that the equilibrium can be reached from
a neighbourhood in small time. However, in our setting these two notions are symmetric under
time reversal, and we shall stick to the now established definition as given above.)

We recall the Kalman-Rank-Condition which is both a necessary and sufficient condition for

both local controllability and accessibility of the linear system (2):
Theorem 1.1 If and only if rank{B, AB, ..., A" 1B} = n then 0 €intAy(t) for all t > 0.

In the nonlinear case, however, a system may be accessible without being locally controllable; for

example consider the system

Example 1.1
z1(t) = wu(t) z(0) = 0
iat) = a2 Ju() < 1.

(3)

The for engineering applications important and for mathematicians more interesting property is, of
course, local controllability. Indeed, it is not too hard to find necessary and sufficient conditions for
accessibility (at least in the analytic case) once the matriz language involving the matrices A and B
has been replaced by the corresponding Lie algebra language involving the vectorfields f0,..., f~.
(For a statement of the theorem see section 2.)

Thus while accessibility is in itself of no major importance for nonlinear systems, the easily
checkable conditions for it remain important as a very first test for local controllability (since a
locally controllable system clearly must be accessible.)

There are many possible approaches to finding conditions for local controllability, leading to
different results and requiring different hypotheses. We here shall follow the road taken by Hermes,
Sussmann and others in the early 70s. The underlying philosophy is that for (analytic) systems of
form (1) the entire information about local properties of the system (e.g. local controllability) is
contained in the values of the iterated Lie brackets of the vectorfields fO,..., f* evaluated at the

initial point = 0. Moreover, these values are in principle easily computable (possibly involving



some symbolic computations in the case of higher order Lie brackets). Therefore it is a very natural
approach to look for conditions for small-time local controllability in terms of the elements of the
Lie algebra generated by the vector fields f°,..., f* evaluated at x = 0.

In other cases, e.g. nonsmooth vectorfields, different approaches are necessary as the Lie series
techniques will often only yield little information. To only name a few examples, powerful techniques
have been developed for systems posessing sufficient symmetries (e.g. Crouch and Byrnes [6]), so
that actions of a symmetry group group of the system allow one to deduce controllability. As
another example, results allowing nonsmooth systems (e.g. only Lipschitz) have been obtained by
Frankowska [7, 8]. Alternatively, a more algebraic approach has been taken by Knobloch [16] and
Wagner [29].

We already mentioned that from a purely formal point of view any result for local controllability
may be viewed as a nonlinear open mapping theorem. But also local controllability is very closely
related to optimal control: On one side one looks for conditions for a reference trajectory to lie in the
interior, on the other side on looks for conditions for a reference trajectory to lie on the boundary
of the attainable sets (or the attainable funnel in (¢, z)-space), and naturally sufficient conditions
for one problem readily translate into necessary conditions for the other one, and conversely.

Finally, even in the study of second order differential operators (and stochastic processes) our
problem of local controllability plays an important role, as for example what we call attainable set

is precisely the domain on which a strong maximum principle for hypoelliptic operators holds [28].

2 Terminology and technical preliminaries

For the most part we will consider single-input systems, i.e. x = 1. In this case we will write u and
g instead of u; and f!. The solution to system (1) at time ¢ > 0 corresponding to the control u is
denoted by z(t,u) = z(¢,u)(0). In the few cases that the initial condition x(0) = 0 is replaced by
x(0) = xo we write x(t,u)(xo) for the solution.) The attainable set at time ¢ > 0 (corresponding
to the control set U) is Ay(t) = {z(t,u) : u(s) € U for s € [0,¢]}. In the single-input case we will
typically consider U = [—¢q, 0], i.e. the control-set a symmetric interval about the origin. In this
case we write A, (t) instead of A|_. .(?).

The system (1) is accessible (from zero) if int Ay (¢) # 0 for all ¢ > 0. The system (1) is small-
time locally controllable (STLC) if 0 € intAy(t) for all ¢ > 0, and the system (1) is small-time
locally controllable with small controls STLC, (about zero) if 0 € int.A.,(¢) for all g9, ¢ > 0. Thus,
STLC: is stronger than STLC, which in turn implies accessibility.

The Lie bracket of two smooth vectorfields v and w is [v,w] = (Dw)v — (Dv)w. (Note,
that in some places the negative of this expression is used.) We also use (adv,w) = [v,w] and
(ad"™ v, w) = [v, (ad® v, w)] for i = 1,2,.... The Lie algebra generated by the set F of vectorfields
F={f0f ... ffyis L(F) = L(fY, ..., 5, f%) (or L(g, f) if K = 1). Its homogeneous compo-
nents LK) (F) are spanned by all iterated brackets containing k; factors fil,j=1,...,k, and I
factors fo. Here k € Z; if K = 1 and k is the multi-index (K1, ..., k) € (ZF)" otherwise.

In the single-input case the following notation is also standard: S*(g, f) = > i<k 2ol LU (g, f),



the subspace of L(g, f) spanned by all brackets containing at most k factors of the controlled field
g.

Finally for p € R™ and C any set of vectorfields let C(p) = {v(p) : v € C}. At several places
we will have to carefully distinguish between formal Lie brackets and the vectorfields obtained
by bracketing the fields f and g. We will use the convention that X°, X' ... X* (or X,Y in the
single input case) denote indeterminates, which generate the free Lie algebra L(X') (or L(Y, X)) with
homogeneous components L*)(x) (or LY (Y, X)) defined in the obvious way. The envelopping
algebra is A(X) with homogeneous components A®(X). Finally, we denote particular iterated
Lie brackets generally by using greek superscipts, e.g. X7, X9, X7, etc. The natural evaluation
homomorphism ® = % : L(X) — L(F) which is defined on the generators by ®(X/) = fJ, j =
0,1,...x shall in general not be mentioned explicitly, unless necessary to avoid confusion. Rather,
we will understand that if X™ denotes a particular element of L(Y, X), then we use f™ for ®(X™).

An important role in the theory is played by families of dilations (on a vector space). (For an
exhaustive treatment see [9].) Specifically, a one-parameter family of dilations on R™ (w.r.t. fixed
coordinates (x1,...,2,)) parametrized by ¢t € R is a family of maps As(x) = (t"xq,...,t"™xy,)
where rq,...,r, are nonnegative integers. A polynomial p is homogeneous of degree m, p € H,,,
(w.r.t. the family A, of dilations) if p(A¢(z)) = t™p(x). We let H,, = 0 if m < 0. For example, if
Ay(x) = (taq,t2m9,t%23), then p(z) = 2§ + 2123 + 1379 € Hg. The subspaces H,, form a gradation
of the algebra P of polynomials in x = (x1,...,2,), i.e. Hp - Hy C Hypomry, Hyy 0 Hyy = 0 if
m#m/, and H = @, Hy,. (One may also consider the associated filtration P = |Jyo_y Pr, with
P = ;‘n:() H; )-

Corresponding to this notion of homogeneous polynomials there is a notion of homogeneous
vectorfields with polynomial coefficients: A vectorfield v(z) = 37 ’Uj(l‘)a%j (with polynomial
coefficients v;(x) is homogeneous of degree —k w.r.t. A, if vH,, C Hy,_j, for all m € Z. We then
write v € n_j. Note that v € n_j if and only if v; € H,,_ for j = 1,...,n. For example with A,
as above v(x) = 8%1 + xlaim + x?xga%g €n_yq.

Observe that n_;(n_;H,,) € Hyy—g—; and thus [n_g,n_;] Cn_,_;. Alson_,Nn_; =0 if k #1
and n = > * _n_,, and thus {n_;}xez form a gradation of the Lie algebra n of vectorfields with
polynomial coefficients. Finally, observe that n_, = {0} if p > max?_; r;, and thus L(n_,), the
Lie algebra generated by n_; is nilpotent.

At some times it is very convenient to also consider compositions of dilations. In particular
we will use two-parameter families of dilations {A; s} 550 defined by A, 5(z) = Agl)(A(f) (x) =
("6 x1,... e ™mx,) with nonnegative integers r;-,r;-’,j =1,...,n. The sets Hy, v and n_; _,
are defined in the obvious way.

Fundamental to this approach of small-time local controllability is the Lie-series formalism, in
particular the Chen-Fliess-series. (Again, for a comprehensive coverage of this topic we refer the

reader to [23].) Specifically, one considers the differential equation (or control-system)

S = S(XO4 35 u(t)XY)

S(0) = 1 )



(with u(-) integrable) on A(X?!,..., X* X9), and one finds the unique solution
Ser(t,u) = Za;(t, u) X! (5)
I

where I ranges over all multi-indices (i1, . . .,i,) withr € Z+ and i; € {0,..., s}, X = X1 X%2... Xt

and the coefficent a(t,u) is the iterated integral

ar(t,u) = /0 u(t) /O "t ) /0 A /0 St ut) dbydts . 6)

The importance of this series for our purposes lies in its role as an asymptotic series for the
propagation of an analytic function 1 along trajectories of (1). Specifically, if ¢ : R" — R is
analytic, then

P(x(t,u)) = ((®(Ser(t, u))y)(0) (7)
or equivalently

Da(tu) =Y ar(t,u)(f4)(0). (8)
1

For small times ¢ > 0 and analytic vectorfields f? this series converges locally uniformly (for details
see [23]).

Note that the iterated integrals aj(¢,u) are homogeneous in the following sense. (Here we
only consider the single-input case x = 1, the multi-input case being similar in proper multi-index
notation.) For a fixed control w = uy, : [0,T] — [—€0,€0] and €,6 > 0 define u. ;5 : [0,07] —
[—e€0,e€0] by ue 5(0t) = euq 1(t). Letting I; the number of 4; in I which are equal to j = 0,1 one
obtains

ar(0t, ue 5) = 6115[0‘”1(11(15, u11)- (9)

Closely related is the following scaling lemma which applies to systems which are homogeneous w.r.t.
a two-parameter family of dilations. Here we only give the single-input version, the extension to

several controlled fields being simple, but a notational nuisance.

Lemma 2.1 If A5 is a two parameter family of dilations on R™ such that foe n,_; and ft=

8%1 €n_y _y, then x(dt,uc5) = Ac 5(x(t,u1,1) for every admissible control u = uy 1.

Corollary 2.2 Under the same hypotheses as in the lemma the attainable sets are homogeneous
in the following sense A 5 Az, (t) = Az, ().

Proof (of the lemma): We show that t — x(6t,u.5) and t — A, 5(x(t,u1,1)) are both solution

to the same initial value problem

gt) = 0f(y(t)) + dues(dt) f1 (y(1)
= f(y(t) + dura(t) f1 (y(1)); (10)
y(0) = 0.

Observe that from the hypothesis necessarily < dzi;f >= 0 must hold, and we may write

flz) =37 aj(x)a%j with polynomials a;(z) € H,, s;—1, where r;, s; are nonegative integers with



Acs(x) = (€0 xy,...,e™M6°xy). Verify 2(60,u.5) = 0= A, 5(x(0,u1,1)). Also, in the first com-
ponent %J;l(ét,ug’(;) = du, 5(0t) = eduy1(t) and %(Ae’g(m’(t,ul,l)))l = eéﬁxl(t,uu) = eduq 1().
For j > 1 we have $;(6t,uc5) = da;(x(0t, uc 5)) and

G At unn); = €98% faj(t,ury)
= §e"d% La;(x(t,ur)) (11)
= da;(A(z(t,ui1))).

A basic tool to prove general theorems about local controllability as well as optimality, but also
to obtain information about the geometry of individual systems where the known theorems fail, are
local approximation cones to the attainable set, and the associated families of admissible control
variations.

Definition. A vector £ € R™ is an m-th order tangent vector to the attainable set(s) at zero, if
there is a one-parameter family of points q(s) € Ay(s), s > 0 such that q(s) = £s™ + o(s™). Here
o(s) is such that lims_o 0(;:) =0.

The set of all m-th order tangent vectors is denoted K™ and K = (J;,—; K™. Sometimes
it is more convenient to work with the cones generated by these tangent vectors, and we use
K™ = Uys0 XK™ and K = - A\K.

As a consequence of f0(0) = 0 the sets K™, m > 0 form an increasing sequence of convex

cones. We may remind the reader that in general the attainable set may well have inward corners,
and even inward cusps, and and that because of this the local approximating cones as employed
say in the various versions of the Maximal Principle or when considering controllability about a
nonstationary reference trajectory have to be defined in a much more restrictive way than in above

definition. Specifically one finds in this special case:

Lemma 2.3 Let K™ be defined as above.

(i) If X € [0,1], then AMK™ C K™.

(ii) If m <1, then K™ C K!.

(iii) If v, v € K™ and X € [0,1], then Xm0 + (1 — \)™0?) € K™,

Thus the sets K™ form an increasing sequence of truncated cones which are almost convex.
Proof: (i) Let A € [0,1] and v € K™. Fix a one-parameter family {us}s>0 of control variations
us @ [0, s] — U such that (s, us) = vs™ + o(s™), s > 0. Define the controls i, : [0,s] — U by

if 0<t<(1—M\)s

N 0
us(t) = { .
us(t—(L=XA)s) if (1—-XN)s<t<s,

(12)
and clearly x(s, s) = x(As,ups) = (A™0)s™ + X™o(s™).
(ii) Let A, v and {us}s>0 be as in (i). Also let I > m. We only have to consider 0 < s < 1 and thus
may define:
0 if 0<t<s—s/m
(1) = e e (13)
Ui (t —8™) if s — s/ <t <s.



and clearly (s, iis) = £(s™" ugns) = v(s™H + o((s™HY) = vs™ + o(s™).
(iii) Let {ugl)} s>0 and {ugz)} s>0 be families of control variations generating the m-th order tangent

vectors v(1) and v, respectively. For \ € [0, 1] define the family of control variations {u)}>0 by

(1) :
t f <t <A
W) = { g (1) if o<t<As (14)

ug)_/\)s(t —As) if As<t<s.

The conclusion z(s,u) = (A"v™M + (1 — \)™v)s™ £ 05™) is a direct consequence of Gronwall’s
lemma. (See also the appendix.)

The main value of the cones K™ is that they are approximating cones in the following sense:

Theorem 2.4 If K’ is a closed convex cone (with vertex 0 € R™) such that K’ \ {0} C intK™ for
some m < oo then there are constants C, T > 0 such that K'NB(0,Ct™) C Ay/(t) for all0 <t < T.

Corollary 2.5 If K™ = R" then there are constants C, T > 0 such that B(0,Ct™) C Ay(t) for
all0<t<T.

The theorem can be seen as the statement that the minimum-time map is locally Hoélder continuous
with exponent 1/m in the direction of K'.

The proof of this theorem is constructive and can be used to synthesize some stabilizing feedback
laws (for the time-reversed system). An outline of the proof is given in the appendix. A similar
theorem for a more general setting with an indirect proof is given in Frankowska [7, 8].

To explicitly generate and compute tangent vectors to the attainable sets it is sufficient and
usual to consider one-parameter families of control variations us : [0,s] — U (of the zero reference
control) and the terminal points ¢q(s) = x(s, us) of the associated trajectories.

Note that we do not require any continuity of the selection s — wus whatsoever in order to
obtain above convexity results. This makes the cones we consider here very different from those

usually employed in the theory of optimality, e.g. in the many versions of the Maximal Principle.

3 Survey of conditions for STLC

Before we come to conditions for small-time local controllability we need the following criterion for

accessibility:

Theorem 3.1 (Hermann-Nagano) If dimL(f°,..., f%)(0)=n then intAt) # 0 for all t > 0.
Moreover if the vectorfields f')i = 0,1,...,x are analytic then dimL(f°,..., f*)(0) = n is also
necessary for int Ay (t) # 0 for all t > 0.

Blanket Hypothesis: Unless otherwise stated we shall from now on always assume that dimL( f°,
y -+, f%)(0) = n since otherwise (in the case of analytic vectorfields) we we may restrict our attention
to the smaller integral manifold of L(f°,..., f*) through zero.

The first sufficient condition for STLC is the Linear Test:



Theorem 3.2 If span{(ad”f°, f/)(0) : v = 0,1,...; j = 1,...,k} = R™ then the system (1) is
STLC.

The close relation of this theorem to the Kalman Rank condition (Theorem 1.1) is immediate, and
indeed, this theorem may be thought of as the statement: If the linearization of the system (1) is
STLC then so is the system (1) itself. (The converse is, of course, not true.)

The most simple system for which the linear test fails to hold is (3) which clearly is not con-
trollable. Here g = 8%1, fzx%a%z, lg, f] = 23518%2, 9,19, f]] = 28%2, all other brackets (modulo
anticommutativity and the Jacobi identity) are identically zero. The only brackets which do not
vanish at z = 0 are g(0) = 8%1 and [g, [g, f]](0) = 28%2; the second bracket being nonzero at z = 0
essentially determines the non-controllability of the system. This example motivates the following
necessary condition for STLC which in optimal control theory is known as the Legendre-Clebsch

condition.

Theorem 3.3 (Hermes [10], Sussmann [24]) If the system (1) is STLC then [g,[g, f]](0) €

Example 3.1
t] = 0) =0
Bo=u o all) (15)
i o= P () < 1

For this system one easily calculates that g(0) = 8%1, and (ad™g, f)(0) = m!a%27 are the only

brackets not vanishing at zero. Also it is not too difficult to see that the system (15) is STLC if

and only if m is an odd integer. This example motivates the Hermes Condition:

Theorem 3.4 (Hermes [10], Sussmann [24])
If S?**(g, £)(0) € S**~1(g, £)(0) for all k € Z+ then system (1) is STLC.

Note that this condition does not require brackets containing an even number of factors of the
controlled field g to vanish at the origin, but rather only requires them to be (at zero) expressible
as linear combinations of brackets containing fewer factors g.

The basic idea why brackets containing an odd number of factors of the controlled field g are
never obstructions to controllability is as follows: Those iterated integrals aj(t,u) in the Chen-
Fliess-series with I; odd are homogeneous of an odd degree in the control u, and thus a;(t, —u) =
—aj(t,u). Consequently, if all brackets containing an even number of factors of the controlled field
g vanish at the origin, and the family of control variations us generates the tangent vector f™(0),
then the family —us generates the tangent vector —f™(0). Here u — —u is an input symmetry
which leads to a symmetry of the attainable set if all brackets with an even number of factors g
vanish at zero.

If not all these brackets vanish at zero, but they are linear combinations of brackets with
fewer factors g, then one considers families of control variations essentially parametrized by their
amplitude, e.g. u: = euy, € > 0. Now one uses that the iterated integrals as(¢,u) are homogeneous

of order I; in the control-amplitude, i.e. as(t,u.) = e™*as(t,u1), and clearly as € goes to zero those



coefficients ay(t,u) with I; small will dominate those with I; large. The hard part in the proof is
to show that several such neutralizations can be done simultaneously.

The necessary condition corresponding to Theorem 3.4 is:
Theorem 3.5 (Stefani [21]) If (1) is STLC then (ad®™g, f)(0) € S*™~1(0) for all m € Z+.

The proof of this theorem uses that there is precisely one term corresponding to the brackets
(adeY, X) in the Chen-Fliess series, this iterated integral being always nonnegative, and moreover
it can be shown that for sufficiently small times ¢ > 0 it always dominates the remaining part of
the series corresponding to terms with at least 2m factors Y. The proof of this last assertion is
based on a repeated use of the Holder inequality to estimate the size of all ar(¢,u) with Iy > 2m
and a rough estimate of how many such coefficients for each fixed length |I| have to be considered.

Geometrically, if (ad*™g, £)(0) & S*™~1(g, £)(0), then in first approximation the attainable set
lies (for small times) on one side of the hyperplane through zero perpendicular to (ad*™g, f)(0). In
other words every tangent vector in K has a nonnegative projection on (ad®™g, £)(0).

However not all brackets containing an even number of factors Y need to be neutralized to give

STLC as was first shown in the following example:

Example 3.2 (Stefani [19])

1 = wu z(0) = 0
Ly = a1 lu()| < (16)
T3 = x:{’xg

One easily computes that the only brackets (modulo the Jacobi identity) which do not vanish at
zero are: g(0) = %, lg, f1(0) = 6%27 and [[g, f], (ad, f)(0) = 66%37‘ The last bracket contains 4
factors of the controlled field, and thus is a possible obstruction to STLC. However, an explicit
construction of controls shows that 0 € int.A;(¢) for all ¢ > 0.

A close examination of this and similar systems revealed the following reasoning why these are
controllable: If 4 : [0,7] — [—1, 1] is a control such that z1 (T, a) = z2(T, @) = 0, and x3(T, @) # 0,
then for the time-reversed control @' (which is defined by @~ 1(¢) = @(T — t)) one easily verifies
that 21 (T, 4" 1) = zo(T, 4~ ') = 0, but also x3(T,@)z3(T,%') < 0. The change of sign in the
last component occurs because the bracket X™ = [[Y, X], (ad®Y, X)] of type (4,2) contains an even
total number of factors X and Y. This corresponds to an even number of integrations in the
corresponding iterated integral, which leads to a change of sign under the symmetry operation time
reversal. (z;(T,u) = 0, i = 1,2 is necessary in order for the boundary terms to vanish, when
manipulating the integral.)

The time reversal as illustrated above is one main ingredient to Sussmann’s general theorem

(s.b.), another one is illustrated in the following example.

Example 3.3 (Sussmann [24])

T = u z(0) = 0
Ty = 1 ju()] < 1 (17)
T3 = a:%—km‘(f



In (17) the important brackets are (ad?[g, f], f)(0) = 28%3 and (ad?g, f)(0) = 66%3, which are of
types (2,3) and (3, 1) respectively, so that the Hermes condition (Theorem 3.4) fails However, one
can show that this system is STLC. The idea is as follows: Even though the possible obstruction
to STLC (ad?[Y, X], X) contains fewer factors Y than the bracket(ad®Y, X), it is of greater total
length, and thus the associated integrals in the Chen-Fliess series are homogeneous of order 5 in ¢
as opposed to order 4 for the second bracket.

Thus instead of considering families of control variations parametrized by the amplitude, here
one considers controls parametrized by the length of time that they are different from the zero
reference control. Specifically, for any fixed control u; 1 : [0,7] — U consider the one-parameter
family of controls uys : [0,07] — U defined by u; 5(6t) = uy,1(t), and one finds ar(6T,u15) =
ol ‘aI(t,uLl). Intuitively, for § — 0 the integrals corresponding to brackets of shorter length
dominate those corresponding to brackets of greater total length.

Combining these families of control variations with those introduced earlier (those parametrized

L one arrives after metic-

by the amplitude), and also the input symmetries u — —u and ©u — u~
ulous work at the following special version of Sussmann’s general theorem on sufficient conditions

for STLC:

Theorem 3.6 (Sussmann [26]) If there is a weight © € [0,1] such that for all brackets X™ of
type (k,1) with k even and | odd there are brackets X™ of type (kj;,1;) with k; +Ol; < k+ Ol such
that f7(0) is a linear combination of f™(0) then the system (1) is STLC.

The general theorem of Sussmann applies to the multi-input case (allowing different weights for the
various controlled fields), case, and also allows the brackets of type (even,odd) in above statement
to be replaced by more general ”fixed elements of a group of input symmetries”. Since presently we
do not know of any other practical input symmetries, we here shall only use above version and refer
the interested reader to the original paper for the statement of the general version of the theorem.

Pictorially, the statement of Theorem 3.6 is as follows: Graph the homogeneous subspaces
L®D(Y, X) as the (k,l)-th entries of an infinite matrix. The only "bad” brackets (i.e.possible
obstructions to STLC) are of type (even,odd). But the possible obstructions in (2k, 2] + 1) may be
neutralized by all brackets in types which lie above the line through (2k, 2l + 1) with slope O, see
figure 3.

Note, that several bad brackets in a given system may be neutralized simultaneously in above
manner, but the weight © has to be the same in all these neutralizations.

In terms of families of control variations the weight © determines how the two different families
of control variations from above are to be combined. In particular, starting with the two-parameter

1= and

family of control variations {us}cs>0} defined by u.5(dt) = eui1(t) one sets ¢ = s
§ = 5 to obtain a one-parameter family of control variations {us1-e g0 }s>0, which finally leads to
ar(s9t ugi-e o) = s TO®Na (¢ uy ).

Above theorem has been slightly extended in such a way that brackets of the form (ad” X?, X™)
of type (k + v,1) may be treated in certain cases like brackets of type (k,[), i.e. outside factors of

the uncontrolled (or drift-) vector field f° do not count:
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(2k, 20 + 1)

(2k + 201, 1)

tan~—! ©

Figure 1: Neutralizing bad brackets

Theorem 3.7 (Bianchini-Stefani [1], Hermes-Kawski [11]) If there is a weight © € [0,1]
such that for all brackets X™ of type (k,l) with k even and l odd there are brackets X™ of type
(kj,1;) with kj+0l; < k+0Ol and vj; > 0 such that f7(0) is a linear combination of (ad” f°, f™)(0)
then the system (1) is STLC.

For brackets of type (2,3) the complementary necessary condition has been proven (s.b.). However,

in general brackets of type (even,odd) need not be bad brackets as will be shown in the next section.

Theorem 3.8 (Kawski [13, 14]) If (1) is STLC. and X™ € LZ3) (Y, X) then f(0) € (S'(Y, X)(0)+
{(ad’ f, (ad’g, [))(0) = v>1}).

Note, that the two last theorems specify a certain set of brackets of type (3, ) which can neutralize
brackets of type (2,3), while the other brackets of the same typee (3,-) cannot neutralize brackets
of type (2,3). This necessary distinction of brackets of the same causes the proof to become even
more technical, and also makes one expect much increased difficulties when trying to prove similar
necessasry conditions for STLC pertaining to brackets of type (even,odd) of higher order (greater
length).

Comparing theorems 3.5 and 3.6 on one side and 3.4 and 3.8 on the other side, one observes a
large gap betwen necessary and sufficient conditions for STLC (even for the single-input system).
In the following sections we shall venture into this gap from various sides, and explore the high
order phenomena which make it so difficult to find simultaneously sharp necessary and sufficient
conditions for STLC.
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At this point we may remark that some of the conditions for STLC about an equilibrium point
given above carry over to small-time local controllability about a (not necessarily constant) reference
trajectory. One of the main differences is that in that case even brackets of type (even,even) may
be the first obstructions to small-time local controllability In the case of f(0) = 0, if a bracket f™
is neutralized by the brackets f™, j = 1,2,..., then (ad”f, f™) is neutralized by (ad” f, f™), j =
1,2,.... This is not necessarily true in the case of a nonconstant reference trajectory Z, and in
Bianchini-Stefani [2] an example of a system is given in which all brackets of type (even,odd) are
neutralized as in theorem 3.6, but the system is nonetheless not locally controllable about a reference
trajectory due to the bracket [X, [V, [Y, X]]] of type (2,2) which is not neutralized.

4 Good brackets of type (even,odd)

In this section we show that there are more brackets of type (even,odd) than those of form
(ad” X% X™) (with v > 1) that need not be neutralized in order to give small-time local con-
trollability.

We first consider the following system on R*:

Example 4.1.
1 = u z(0) = 0
. _ 1.3
r3 = EII
i‘4 = TI2X3
One easily computes the at zero nonvanishing brackets: ¢(0) = 8%1, lg, f1(0) = 8%2, (ad3g, £)(0) =

8%37 and f7(0) = [(ad®g, f), (ad®f, 9)](0) = 8%4' Note that the bracket X7 is of type (4,3), not of
the form (ad”X, X7) for any v > 1, and f™(0) is not a linear combination of any other brackets at
zero, and thus X7 has to be considered a potential obstruction to STLC by the theorems in the
previous section. However, the system (18) is STLC. To show this, observe that the system (18)
is homogeneous w.r.t. the two-parameter family of dilations A 5(x) = (edx1, 6%, 30423, 48 24)
in the sense that w.r.t. this dilation f € ny_; and g € n_; ;. Therefore A.(dt) = A, s5A;(t) for
all e,0 € (0,1].

By the Hermes Condition (Theorem 3.4) the (z1,x2,x3)-subsystem is STLC, and one easily
generates suitable positive multiples of i%, j=1,2,3, as 15,274 and 4" order tangent vectors,
respectively. To generate a positive multiple of —1—8%4 as a 7" order tangent vector consider the
family of control variations ug : [0,40] — [—1,1], ¢ € (0, 1] defined by uy(¢t) =1 if t € [0,1] U [3, 4]
and up(t) = —1if t € (1,3], and us(dt) = up(t). One easily verifies that x(46,us) = (0,0,0,57y4)
for some suitable constant y4 > 0.

To generate —8%4 as a 7" order tangent vector consider the following control variation u" :

12



0,27 + 7] — [—1,1] (with &, 7 as chosen below) defined by (here T¢ = 4 + 2¢)

1 if te0,1)U[2+¢,3+2¢)
-1 if 1,2 26, T,
WS (1) = 1 tel,24+8U[3+2(T) (19)
0 if te[Te te+n)
—ubN(t =Ty —n) if t € [T +n, 2T + ).
Then some elementary calculations give that for all s € [0, 7):
21 (Te, u) = aq(Tg + s,uém) = 0,
2o (T, us") = aa(Te +5,u%") = 2—¢2 and (20)
23(Te,us) = a3(Tp +s,u") = 2—¢

Also z;(2T¢ + n,us") = 0 for j = 1,2,3 and all choices of &, > 0. We let C(§) = z4(T¢,us") =
fngxg(s, ubM)z3(s,us") ds. One easily verifies that C(0) > 0 and x4(2T¢+n) = 2C (&) +n(2—£2)(2—
). Choose v2 < £ < ¥/2 and n > 2C(€)(2—¢%)71(2—¢*) 7! and one obtains z4(2T¢ +n, u") < 0.
Now use the homogenuity of the system to obtain a suitable positive multiple of —6%4 as a Tth
order tangent vector via the usual scaling of the control, i.e. ug’"(ét) =ué"(t) for 6 € (0,1].

In our construction we made use of that f;(E;) =0 for j = 1,2,3 where F; is the hyperplane
{x : 1 = 0}, and that on the intersection of F; with any neighbourhood of x = 0 fs4(x) = zaz3
takes both negative and positive values.

Note that Example 4.1 generalizes in an obvious way, namely by replacing &3 = %x% by 3 =
mx%m_l for any integer m > 2. The computations remain essentially unchanged, and if one
chooses *%/2 < € < ¥/2 then one obtains —f™ = —[(ad®*™ g, ), (ad?f, g)] = % as a (2m + 3)t
order tangent vector. Summarizing, we have:

Proposition 4.1 For every integer m > 2 the systems

il = u LIT(O) = 0
. _ 2m—1

1‘3 — :L‘l

Ty = Toxg

are STLC and thus the associated brackets [(ad®*™ 1Y, X), (ad®X,Y")] of type (2m,3) need not be
obstructions that have to be neutralized in order to give STLC.

To obtain new general sufficient or necessary conditions for STLC one has to consider all brackets
in one homogeneous component at one time. We illustrate this by considering L(*?) (Y, X)) which

is free of rank five. We consider the following system on R!?:

1 = u i7 = taiw z(0) = 0

Ty = 1 U1 x6 lu()] < 1

. 1..2 . 1,.2

r3 = 5331 Yo = §x3

. 1.3 . 1,.2,.2 (22)
Ty = GI7 Ys = Zx1x3

. 1 4 .

5 2471 Y4 7

T¢ = w5 Us = T2T4

13



This system is clearly not STLC (e.g. because of z3(¢,u) > 0 for all ¢ > 0, u admissible). In this
case we are interested in the projection of the attainable sets on the y-subspace. We compute the

values of the following brackets at zero:

f™0) = (ad’f,(ad’g, /))(0) = 52
f™(0) = (ad*(ad’g, f), )(0) = 5%
f7(0) = (ad®[g, f], (ad®g, /))(0) = 52 (23)
fr0) = [£[lf,9), (ad®g, NN0) = 52
[70) = [(adf,9), (adg, /)](0) = 5%
Note, that all these brackets are of type (4, 3), and they are linearly independent vectors at x = 0.
Also, L3)(Y, X) is free of rank five, and therefore X7, ..., X™ form a basis of this homogeneous

subspace of the free Lie algebra. Observe, that there are at least three independent supporting hy-
perplanes of the attainable set in the y-subspace. Also, one may show that the (z1, o, 24, 27, 5, Ys)-
subsystem is STLC, and therefore three is the maximal number of independent supporting hyper-
planes of the attainable set in the y-subspace.

Thus, there are three bad and two good brackets of type (4,3). Above basis for L(*3)(Y, X) is nice
because it splits into bases {X™, X™2 X"} for the bad and {X ™, X7} for the good subspace. For
the higher order homogeneous subspaces of the free Lie algebra on two generators it is not known
how to find similar nice basis. (Already in the next interesting homogeneous subspace L*%) (Y, X),
which is free of rank 14, the Philipp-Hall- and the Chen-Fox-Lyndon bases no longer split in such

a way.)

5 Neutralizing and balancing bad brackets

In this section we give a new necessary condition for neutralizing bad brackets and also consider
the case when a bad bracket is not neutralized by lower order brackets, but a pair of bad brackets is
balancing each other to possibly give STLC. We shall give examples for various cases, in particular
pairs of brackets of different type and pairs of brackets of the same type.

Also, the controllability of the system may depend on the relative lengths of the vectors obtained
by evaluating the brackets at zero. In this case one may consider a one-parameter family of such
control systems, and in particular look at the critical value when the system changes from STLC to
not STLC. In the three-dimensional example we give here, we will find nontrivial periodic extremals
(solutions to the Hamilton-Jacobi-Belmann equations) which foliate some portion of the boundary
of the attainable set.

First consider the following two control systems on R*:

Example 5.1
9:02 = o lu()l < eo (24)
xr3 = X2 > 0
Ty = x% — A:v‘ll



Example 5.2

T = u z(0) = 0

9:62 = n lu(-)| < eo (25)
r3 = X2 > 0

i4 = a3 — A}

Certain aspects of the first system have been discussed in [20]. (Note, that in the first system
the z3-component is insignificant for questions about controllability and has only been introduced
to facilitate the comparison of these two systems.) The brackets which do not vanish at zero are
g(0) = 8%17 lg, f1(0) = 6%27 (ad?f,g)(0) = 8%3, and (ad*g, £)(0) = —24)\8%4 in both systems; and
(ad?[g, f1, £)(0) = 28%4 in the first system, and (ad®(ad?f, g), f)(0) = 28%4 in the second system.
From the linear theory it is clear that suitable positive multiples of i%, 7 =1,2,3 are j-th
order tangent vectors to the attainable set. We now show explicitly when and how one can obtain

(multiples of) :l:a%4 as tangent vectors. It is more convenient to do these calculations for the system

no= u y(0) = 0

V2 = lu(-)] < eo

ys = 2

: ) (26)
Ys = Y3

Us = Y3

S

Y6 = Ui

which has the advantage of being homogeneous w.r.t. the two-parameter family of dilations
A 5(y) = (e6y1,e6%ya, e53ys, €265y4, €267 y5,e26%ys) in the sense that w.r.t. this dilation f € Ny _1
and g € n_; _;, and therefore the attainable set is homogeneous, also.

First choose a control v = uy; : [0,7] — [—1,1] for some T > 0 such that v # 0 and
y;(t,u1,1) = 0 for j = 1,2,3. For example the control u;; defined on [0,4 + 2v/2] by uy(t) = 1 if
t€[0,1]U[2+ V2,3 +2Vv2] and uy 1(t) = —1 else satisfies these requirements.

Let Cj = y;j(T,u1,1) for j =4,5,6. Then

Cy = OTy%(s,ul,l) ds >0
Cs = (;‘Fyg(s,ul,l) ds >0 (27)
Ce = (;‘Fy‘f(s,ul,l) ds >0

Define u. 5 : [0,0T] — [—¢, €] as usual by u. 5(6t) = eu11(t), (uco = 0). Using the scaling-lemma
(Lemma 2.1), i.e. y(dt,uc5) = Ac5(y(t, ufl, 1])), for system (24) we obtain for system (25)

[L’((ST, u5,5) = (0707075255(04 - 52)\06))7 (28)

and for system (25)
(6T, ue.s) = (0,0,0,267(C5 — (%)QACE;)) (29)
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1 1
Let 1 = (/\%‘6) > and ny = (/\%”6) ?. Then in the second system the family {Unys,25 >0 generates

—|—k13%4, and the family {uan,s s }s>0 generates —kga% as a tangent vector (both of order nine)(with
suitable positive constants ki, ko.

In the first sytem the situation is more delicate. Here one can fix ¢ > 0 so small that (Cs —
52)\06) > 0 and then consider the one-parameter family of control variations {u. s}s>0 to generate
—1—8%4 as a fifth order tangent vector. But in general it will not be possible to generate —8%4 as
tangent vector. Here the only way to reach points on the negative z4-axis is to modify the basic
control u = uy,1 in order to change the relative sizes of C4 and Cs.

However, consider the C'-function ¢ : R* — R defined by ¢(x) = x4 + %’$2|$2$1 + %1’2%’?,

and one easily verifies
2
e (f +ug)(d(x(t,u)) = (col2| + 221)(colwa| + uws) + (3~ egN )1 (30)

Thus ¢ is nondecreasing along trajectories if Ae3 < %, and in this case the system is uncontrollable.
(Then clearly no point in the x;-plane with negative z4-coordinate may be reached.) On the other
hand one can explicitly show that the system is STLC if \e3 > % The most interesting case is
however when equality holds. In this case we have that ¢ is constant along trajectories if the control
satisfies the feedback-law u = u(x) = —sgnzy. One easily sees that the corresponding trajectories
are periodic, and that they are solutions to the Hamilton-Jacobi equations.

To view this critical case, e.g. ¢g =1 and A = )y = \/g from a different perspective one may
first consider the following C! change of coordinates (21, 22, 23,24) = (21, %2, 73, ¢()), and then
form the Hamiltonian H (p, z,u) = piu + p2z1 + p3z2 + pad(x(z)). If one interprets the derivatives

in the system of equations

_O0H(p,z,w) . 9H(p,z,u)

= ) =1,2,3,4. 31
ap] Y p] 82] 7j 9 Sy ( )

Zj
in a generalized sense, then one finds that above periodic trajectories foliating part of the boundary
of the attainable set correspond to solutions u = —sgnzy, p = (0,0,0,—1), and z(t) satisfies |z3| —
222 = 0 and z4 = const.. Remarkable is, that (only) after this nonsmooth change of coordinates
these distinguished extremals correspond to singular solutions of the Hamilton Jacobi equations
with constant co-state vector p.

The system (24) is closely related to the necessary condition Theorem 3.8, as essentially the
construction of the (along trajectories nondecreasing) function ¢(x) together with the estimates
used to prove Theorem 3.5 show that the bad bracket (ad?[g, f]), f) cannot be neutralized by

brackets containing four or more factors g. If one increases the number of integrators before taking
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a square then the situation becomes more intricate:

T = u z(0) = 0
iy = @ [u()l < eo
T3 = 2 > 0
(32)
Tp—1 = Tp—2
&y = a2 -

Here the important brackets are (ad?(ad” !X, Y)X) and (ad™Y, X) which are of types (2,2n — 1)
and (m, 1), respectively. By Sussmann’s theorem (Theorem 3.6) this system is STLC if m < 2n.
On the other hand if one finds that this system is not STLC, for some m = m(n) < oo, then by a
similar reasoning as in Theorem 3.8 one may conclude that the bad bracket cannot be neutralized
by brackets containing more than m — 1 factors Y.

Due to the more intricate geometry of the boundary of the attainable set of system (32) the
construction of a similar function as above ¢ becomes much more difficult, and we only arrive at

the following condition which probably can be improved.
Proposition 5.1 The system (32) is not STLC, if m > 2™.
This proposition follows directly from the following lemma.
Lemma 5.2 If f € C™ (R, R) has an absolutely continuous (m—1)th derivative, | f™ ()| < M a.e.
and |f9(0) = fO(t) =0 for j =0,1,..., then
[ £26)ds = g [0 (52" as (33)

where K is a constant depending on M and m only. (An estimate for K can be found in the proof,

s.b.)

Proof. First consider a differentiable function & € C! with absolutely continuous derivative & =
7, |n'| < L. Then for m > 1 and k > 0 compute

2m—1 772}‘CH om—1 2k, 1 2m—1, 2k+2 2m
(’f\f 2k + 1)L ) [313 n (f) + [¢] Tt (m), (34)
and
a (52m—1 (2m)n*+3 ) _ gmeL 2k 2m (i)
dt (2k+1)(2k + 3)L (2k+1)L" L

om—2_ ok+a,  2m(2m —1)
e i)

/

Combining the appropriate terms and using that () <1 we may conclude that

d 2m)(2m — 1 t J .
dt { (2]5 + 1))((2k + 3)L2 / §2m_2(8)772k+4(s) ds} < p {/0 £2m(5)772k(5) ds

+(2k " 1) ‘§’£2m 1( ) 2k+1(t) + (Qk " 1)2(77;k - 3)L§2m_1(t)772k+3(t)}
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Thus if 7(0) = n(¢) = 0 then upon integrating one obtains

(2m)(2m — 1)
(2k +1)(2k + 3)

e ds > o e o) ds (35)

and inductively

/Ot€2m(8) ds > (47537?)1!)”[’27” /Otn2k+4(s) ds (36)

The lemma follows by successively applying inequality (36) to the derivatives of the function f,
observing that if |f)(-)| < L;, and fU=1(0) = fU=D(t) = 0, then |fU=(s)| < $L;t (this last
expression may be taken as L;_; in the next step).

In both the examples 5.1 and 5.2 the bad brackets which are to balance each other are of
different types, and thus the systems are sensitive w.r.t. the usual scaling operations on the control
u1,1 — U 5. In the following we consider a system in which two different bad brackets of the same
type have to balance each other in order to obtain STLC. The lowest order such brackets are of

length nine, as one can check readily by writing out all possible lower order systems.

Example 5.3.
T N <
& l’; [u()l < eo (37)
T3 = T3 A >0
iy = 2% — Az}
In this case the brackets which do not vanish at zero are g(0) = 8%17 lg, f1(0) = 8%27 (ad3g, £)(0) =
63%3, which are of types (1,0), (1,1) and (3, 1), respectively, and (ad?[g,f], (ad*g,f))(0) = —48/\3%4,
and (ad?(ad3g,f),f)(0) = 726%4, which are both of type (6,3). Thus the system is homogeneous

w.r.t. the two-parameter of dilations A, s5(x) = (edz1,e0%x2,e35%x3,e%6%24) and thus the system
is STLC or equivalently STLC, if and only if zero lies in the interior of the attainable set at any
positive time for any positive control bound.
As before one easily obtains %, j =1,2,3 as tangent vectors of order 1,2, and 4, respectively.
Note, that because of the homogenuity of the attainable set (or the control system) it suffices to
show that for some time 7' > 0 and some control bound €y > 0 the attainable set A, (t) intersects
both the negative and the positive z4-axis in order to conclude that the system is STLC (even
STLC.) (noting that we already obtained the tangent vectors :I:% j=1,2,3).
First consider the following one-parameter family of controls u” : [0,4 + n] — [-1,1], n >0,
defined by
1 if ¢te€[0,1)U[34+n,4+n]
u'(t) = 0 if te[2,2+0n) (38)
-1 if te[l,2)U[2+n3+n)
Then z;(4 + n,u") = 0 for j = 1,2,3 and every n > 0, and z4(4 + n,u") = z4(4,u’) + na3(1,u°).
Note, that z3(1,u%) > 0 and z1(t,u") = 0 for t € [2,2 + 7n]) and that therefore x4(4 + n,u")
eventually becomes positive for n sufficiently large. This means that we found a control steering to

a point on the positive x4-axis.
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For A > 1 one also has z4(4,u°) < 0 and one is done.

The interesting case however is 0 < A < 1. (The intermediate case can be handled by a
combination of the controls given above with those introduced below.) We first define the following
basic control element u! : [0,7] — [~1, 1] where T' = 4 + 2+/2 defined by

{ 1 if te0,)U2+v2,3+v2)
—1 if te 1,24+ V2)U[3+ v2),T]

u'(t) = (39)

For two controls v; : [0, Tj] — U we define their concatenation vy * vy : [0,77 + To] — U by

Ul(t) if te [O,Tl)

. (40)
Ug(t) if te [Tl, T + TQ}

vy kvg(t) = {

The time-reversed control u~! is defined by u~'(t) = u'(T — t), and inductively let u**1 = u! x
uF, w Pl =t uF, and finally uj, = u* « vk,

From z;(T,u') = z;(T,u™!) = 0 for j = 1,3 it follows that x;(2kT,uy) = 0 for j = 1,
Similarily, from xo(T,u!) = —22(T,u~!) = 2 — v/2 we obtain z2(jT,ux) = x2((2k — 7)T,us) =

§(2-+v2), 7=0,1,...,k. Welet Cy = fo 73(s,u!) ds and compute

CO

T et (s, up)23(s,u) ds = 20 [T ad(s,u)(5(2 — V2) + 23(s,ul) ds

= ijo (A25 + A1j + Ag)
for some constants Ag, A1, As with Ay >0
= C42k‘3 + 0(]{33) with C42 > 0.

(41)

(Here o(k™) stands for terms such that limg_ O(kk—f) =0.) Thus 24(2kT, u) = 2kCq1 — A(k3Cyo —
o(k?)), which is negative for sufficiently large k. Detailed analysis shows C4; ~ C42 ~ 1, and thus
k ~ A\~1/2 gives an approximation for the number of switchings employed to reach a point on the
negative x4-axis. Obviously this growing number of switchings reflects that the system becomes
increasingly uncontrollable as the parameter \ approaches 0 from above.

(Here we are only concerned about small-time controllability of the system with no claims
about optimality. However, it seems reasonable to expect that any time-optimal control steering to
a point on the negative axis will also have to change the sign more and more often as the parameter
A becomes small. Since we do not have a priori regularity estimates for such optimal control, a
reasonable choice to measure the regularity of the control is the number of changes of sign of the
absolutely continuous function z(-, %) where @ is such an optimal control. For details see following

section.)

6 Fast switching control variations

In the previous section in Example 5 we used control variations whose number of switchings de-

pended on the parameter A in the way that if A decreases, i.e. the system becomes increasingly
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uncontrollable, then the number of switchings needed to control the system increases. However, for
each system (i.e. each fixed \) the number of switchings was the same for all times ¢ > 0.

In this section we shall consider systems which only can be controlled by means of increasingly
faster switching control variations; the number of switchings increasing to infinity as the disposable
time ¢t > 0 decreases to 0.

The importance of such controls for the purpose of controllability lies in that they allow one
to control systems which cannot be controlled by means of the usual controls, and for which in
particular Sussmann’s theorem (Theorem 3.6) fails; but also these controls promise to have some
impact on the theory of (regularity of) time-optimal controls, as in particular for such systems there
cannot be any bound on the number of switchings of optimal controls. An interesting question is
whether also the switching surfaces of such systems are irregular, in the sense that they may be no
more locally finite unions of embedded manifolds.

Before explicitly discussing the systems requiring such controls, recall the usual construction of
families of control variations, as for example in any of the standard proofs of the different versions
of the maximum principle:

Usually one starts with a reference control ug defined on some time interval [0,t] (here we may
for ease assume that ug = 0) and perturbation data I' = {t,...,¢,d1,...,0r,€1,...,&,}, where the
t; are times in the interval [0, 7] at which the perturbations are to be taken, and these are specified
by defining u''(t) = ¢; if t € [t; — &;,t;] and ul'(t) = ug(t) else. Then one considers the curve
generated by the terminal points (7, u") when §;,6; — 0, j = 1,...,r. Finally one considers
the tangent vectors to this curve at (T, ug) which under suitable hypotheses form an infinitesimal
convex cone, which via an associated open mapping theorem gives the desired sufficient conditions
for local controllability or necessary conditions for optimality.

Recently many refinements of the outlined technique have been introduced, for example one
may also consider control variations obtained by deleting and inserting pieces of the control. (Here
it is important to make sure that the time intervals [t; — J;,t;] do not overlap, and that insertions
and deletions are done the proper order.) Moreover, one may obtain refined results by letting
the various parameters go to zero at different rates, etc. All of the control variations obtained in
this way have in common that one always works with a finite number of times ¢;, and in particular
essentially always works with control variations with a fixed number of switchings, and these families
of control variations are parametrized by the continuous parameters d;,¢;. Here we show that in
order to obtain sharper results for both controllability and optimality it is essential to also consider
control variations obtained by increasing the number of switchings; the technique is outlined in
the following example. The difference between these new and the standard control variations is
sketched in the figures (6) and (6), both illustrating the case of r = 1.

Consider the following system on R*, which for reasons explained in [13] is the lowest order

system for which such phenomena occur.
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Example 6.1

¥ = u z(0) = 0

1"2 = X |u()| § €0

S (42)
ﬂfg — 1’1

T4 = x% — a;g

In this case the behaviour of the system is determined by the brackets g(0) = 8%1’ lg, f](0) =
2 (adg, £)(0) = 6%, f7(0) = (ad?(ad’g, f), £)(0) == 7252, and £7(0) = (ad"g, f], £)(0) =
—7! 8 . The first three brackets are of types (1,0), (1,1), and (3, 1), respectively, and in particular
contaln an odd number of factors of the controlled field g. The fourth bracket f° is of type (6,3),
and clearly an possible obstruction to STLC. It is only linear dependent on the fifth bracket f7,
which is of type (7,8), i.e. contains both more factors g and more factors f, and thus by the
standard theorems can not neutralize the bracket f&.

For N € Z*, T, 9 > 0 we denote by Un(T\,ep) the set of measurable controls u : [0,7] —
[—¢, ] which are such that ¢ — 21 (t,u) = [fu(s)ds changes the sign at most (N — 1) times. With

this notation we claim the following:

Claim 6.1 The system (42) is STLC:.

7

Claim 6.2 If u € Uy (T,e0), z1(T,u) =0, and N7 < £iT T2, then x4(T,u) > 0.
Claim 6.3 If z}in the last equation of (42) is replaced by x5, then the system is not STLC.

Note, that in particular if u : [0,7] — [—¢0, &0] is piecewise constant with at most N jumps,
or is piecewise smooth and changes the sign at most N times, then u € Un(T,e0). However, in
general the control u is only required to be integrable, and thus the number of changes of sign of
x1(,u) = f(fu(s) ds is the meaningful parameter.

To prove Claim 6.1, first note that the (z1, z2, z3)-subsystem is STLC by Theorem 3.4, and thus
one easily obtains i%, j = 1,2,3 as tangent vectors of respective orders 1,2,4. Also, because
the bracket X7 is shorter than the bracket X7, one easily obtains +a%4 as 9th order tangent
vector. (For an explicit construction of the associted families of control variations see Kawski
[15].) To generate —8%4 as a tangent vector to the attainable set, construct a family of control
variations with an increasing number of switchings as follows: Fix a control v : [0,T] — [—1,1]
(for some T' > 0) such that z1(T,v) = x3(T,v) = 0 and x2(T,v) > 0. (For example one may take
T=4+2y2, v(t)=1ift €[0,1)U[2+ 2,3 +2v2) and v(t) = —1 otherwise.)

Denote by v~! the time reversed control (i.e. v~'(t) = v(T —t)) and inductively define via

COIlcatenationu(l):v>l<v_1 (ie. uM(t) =v(t)if0 <t < Tand uM(t) = v (t—T) if T <t < 2T),
and u D) = v % u®) x =1 [0, 2KT] — [—1, ] For given to,e0 > 0 let § = 0(to, k) = to/(2kT)
and define ug )5 [0,to] — [€0, €0] by uao 5( t) = eou'®)(t). One easily verifies that x;(to, ug;?é) =0

for 5 =1,2,3 and computes
(k) 0 oW 0 g ()
$4(t0,u€0’5) = ; m3(s,u60’5) ds — ; ajg(s,uao 5)ds
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T k=1 .7
= 250669k/ To(s,v)ds — 20765 E / (jao(T,v) + x2(s,v))" ds
0 —Jo
j=0

1
= Eoﬁtok_lgkcl — €o7t0k_115k8(02 + O(%))
1
= 606t8]€_801 — 507t(1)5/€_7(02 + O(%)) (43)
Here C7 and C5 are some positive constant depending on the choice of the initial control v and
O() stands for terms such that O(3) — 0 when k — oco. Now choosing k = k(eq, o) = Ceytty®
(with C' a sufficiently large constant) one obtains z (%, u® ) = (0,0,0, —Kt3" + o(t§7)) for some

£0,0
constant K > 0, and thus generates —K =2 as a 57-th order tangent vector. Controllability follows

Ox4
from Theorem 2.4.

To prove claim 6.2, let N € Z* and g, T > 0 satisfy N7T7/2€g/4 < 1 and let u € Un(T,ep) be
such that z1(T,u) = 0. Choose 0 =ty <t < ... <t =T, (r < N) such that z[t;,tj41] is of
constant sign for j = 0,1,...,7r—1. Let A = foTa;g(s, u) ds; we may assume 0 < A < 1. Clearly there
is t € [0, 7] such that xo(t,u) > (A/T)l/7 = B and thus za(+,u) increases by at least C'= B/N on
at least one subinterval Ij, = [tj,, tjo+1]-

Since x1(-,u) is nonnegative on this subinterval we may use the Holder inequality to conclude
that

thJrl

x3(tjo+1,u) — x3(tjo, u) = /t z3(s,u)ds > (C3/T?) = D. (44)
70

We may assume that z3(tj,,u) < (—1/2)D < 0 (otherwise 3(tjo4+1,u) > (+1/2)D < 0 leads via

similar reasoning to the same conclusion). From |u(-)| < ¢ and z1(tj,,u) = 0 we we know that

z3(tj, + s,u) < (—1/2)D + 35t for 0 < s < 59 = (2Dey?)V/* and finally
AR

T, s 1 L 3 4.0 3
/ x3(s,u) ds Z/ (—=D+ —gps™)°ds > (= N aegy 4T~
0 0 2 4 T

[SIe]

> A. (45)

To prove Claim 6.3 one proceds similar as in Section 5 by constructing a C'-function ¢ : R* —
R, here ¢(x) = x4 + %x1$3|x3| + %:L‘?l’g Note that ¢(0) = 0 and V¢(0) # 0 and thus ¢~1(0)
locally defines a C' hypersurface H through the origin. We show that for t,ey > 0 sufficiently
small the intersection of the attainable set (of 42 with 27 replaced by z§) with the subspace
E1 = {x € R* : 21 =0} lies on one side of H, and thus the system is not STLC.

The function ¢ does not necessarily increase along trajectories, but

d U 2 2
asb(ﬂf) = (|zs] + 5563)(%56‘11+ z3]) + (77_393513 — z5). (46)

The first summand on the right hand side of 46 is clearly nonnegative. Also, a simple application

of the Hoélder inequality gives

/Ot:vg(s, u)ds = /OT.(/OS:UI(U’ u)do)®ds <t /0830?(5, u) ds. (47)

Thus for any admissible control u : [0,t] — [eg,£0] we may conclude that ¢(z(t,u)) > (= —

%) (fx?(s, u)ds > 0 if g9, t > 0 are sufficiently small.
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For a first generalization of this example see Kawski [15]. (The detailed analysis of what precisely
are the admissible partial orderings on the homogeneous elements in the free Lie algebra, induced

by these new families of control variations, is subject of ongoing research.)

7 Appendix

The proof of theorem 2.4 uses Gronwall’s inequality in several places in the following form:
Gronwall’s lemma. If the vector field system (1) has Lipschitz constant L on Ay (2T), i.e.

K

|f2(z0) = f(yo) + D il f(20) = f(yo)| < Llzo — ol (48)
i=1

for all xo,yo € Ay(2T) and all w € U then |x(t,u)(p) — z(t,u)(0) — p| < |p|tel* for all 0 < t <
T, u(:-) €U and p € Ay(T). In particular, for any 6 > 0 one may choose T = T(§) > 0 such that
TerT < § and thus |z(t,u)(p) — x(t,u)(0) — p| < d|p| for all0 <t < T and p € Ay(T).
Proof of theorem 2.4 It suffices to consider for K’ elementary simplicial cones of the form
C(o!,...,v") = {371 \jv7 : Xj > 0} by means of the following
Fact. If K’ and K are closed convex cones (both with vertex 0) such that K’ \ {0} C intK, then
there is a finite number of simplicial cones @(vm, v i =1,..., p, such that K C Uleﬁ
and C1\ {0} C intK for eachi =1,...,p. (To prove this fact note that for example the intersection
of the cone K’ with the unit (n — 1)-sphere S"~! is compact and consider the open cover of this
set by the interiors of all elementary simplicial cones lying inside K.) Note that the number p
of simplicial cones may be very large as is illustrated in K = {v € R? : v3 > (v 4+ v3)'/?} and
K ={veR?: v3>(1+¢)(v}+v3)"/?} for £ > 0 small.

Next we assume that the elementary simplicial cone K’ = C(v!,...,v") has nonempty interior,
and thus there is a linear change of coordinates such that ¢’ = (0,...,0,1,0,...,0) € K and
vl = (1 —ns)ei+2?:156j =(g...,6,1=(n—1)g,e,...,e), i =1,...n for some € > 0 which we

may take so small that 4en? < 1.

It is convenient, to work with the associated one-norm, i.e. || >7_; aje?|| := 37, |a;|. This, and
the change of basis of R clearly affect the size of the constant C' in the theorem by a multiplicative
factor. Note, that in these local coordinates a vector w = (w1, ..., w,) is in K’ if and only if w; >
ellw| = e3>} |wj| for each i = 1,...,n. First fix T3 > 0 such that for all 0 <t < Ty, p € Ay(T1)
and u(-) admissible

[#(t, u)(p) — x(t,u)(0) — p|| < %lel- (49)

Fix families {ugi)}szo of control variations generating the m-th order tangent vectors e’, i =
1,...,n. Fix 0 < T < T} such that

||l (¢, ugz))(O) —tmel|| < e*t™forall 0 <t < T andi=1,...,n. (50)

Let C = (2nm)~™. For every t < T and for every point 2> € K’ N B(0,Ct™) we will construct
a control v™ (as a L!-limit) such that z(t,v)(0) = 2. Fix z*° € K' N B(0,Ct™) and let
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Too = 2nm|2%°||1/™.

Notation: For any control u defined on [0, 7'] with 7" < 7, we define the control @ on [0, 7°°] by

al) 0 if 0<t<7o—1 (51)
u =
(t= (T = 7)) i Too =7 <t < 7c

Let 20 = 0, 70 = 0, and v0 = 0. Inductively, suppose z*,7° and v’ (defined on [0,7;] have been
defined. Choose p(i+ 1) € {1,...,n} such that

(2% — zi)u(iﬂ) > (2 =2 forl=1,...,n. (52)
1 .
Let tiv1 = (1 —ne)(z® = 2™ . and 7541 =75 + tip1 (= E;ﬂ) tj)

utl(ﬁrl)(s) it 0<s<tiy

! . (53)
vi(s —tiy1) if tip <s < Tig.

Let yit! = 2(t;1, uT)(0) and 2i+! = (141, v71)(0) = 2(m,v?)(yi+1). To verify that |2 —

i+1
2| — 0 as i — oo first observe that

ly"™* =ty < 2. (54)

and thus
Iy < (L4 ¥ty < )12 = 2. (55)

Using Gronwall’s inequality and the last inequality as an estimate for ||y**! — 0| we have
. . . e .
17 = T+ 2 < (56)
n
By choice of u(i+ 1)

(L = ne) (= = 2') — 72| = (1= ne) Tppyyign) (2™ — 20

< (1L 5, o
Combining the inequalities (54),(55) and (57) results in
1220 = 2| < mefl2 = 2 4 [[(1 = ne) (2% = 2) — i er )|
73 eH D) | | (|
(58)

IN

(ne+ (1-— na)”—_l +e? + £)]z> -2

2n 1
< by choice of € < 4n2

Therefore inductively [[2°° — 21| < (22=1)7F1)12%°|| —) as i — co. Next observe that t;;1 <

120 = 27/ < (3554712 I)Y/™ and thus

T+ Yjeo S 2™ (Bt

< ||Z°°H1/mﬁ < 2nml|z%°|Y™ < 7 (59)

using (1 — 4)V/™ <1 -

2nm*
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At this point it becomes apparent why we tangent vectors of some finite order m to compose
infinitely many corrections in a finite time in order to reach the point z*°. Finally we have to verify
that (2> — 2*1) € K’ for all i = 1,.... (Since one cannot go backwards we need t;11 > 0.)

By hypothesis (2> — 2Y) = 2> € K'. Suppose (2® —2%) € K/, i.e. (22 —2"); >¢l[z®°—2|, | =
L...,n. Also (2°° — 2%) (y(i41) > L11(2%° — 2%)|| by choice of u(i +1). Using these together with the

inequalities (54),(55) and (57) componentwise, one finds:

. . I .
(2 = 24 )iy = (2 = iy < (4 )2 = 2], andhus (60)
(Zoo—ziﬂ)u(iﬂ) > N5(Z°°—Zi)u(i+1)—(52+ﬁ)||zoc—ziH
[[z0° —ziF1]] = %sz—z‘ﬂ
2
> (-t —5) (61)
> 63?2711__1‘3 > ¢ by choice of ¢.
Similarily, for I # p(i + 1):
(ZOO _ Zi+1)l — (ZOO _ Zi)l + (zi + yi+1 _ Zi+1)l _ yli-I—l? (62)
and thus , _ ,
(200 —ztF1Y, (z° =21 = (2 4+ ) llz= =2
Hzoofzi-le - 2n;1 HZOO—Z'””
S T2 oy, (63)
= 2p—1 in) = &

Here it becomes apparent, that to make the inductive step work one needs that K’\ {0} is properly
contained in the interior of K. Also, one has to aim at a point short of (2> — 2%) in order to avoid
overshooting (because of the several errors incurred in each step), so that one can still do further

corrections.

(i+1)
+1
one when trying to synthesize stabilizing feedback for the time reversed system, i.e. first one takes

Finally, note that the order in which the controls ug and v’ are composed is the natural
a rough shot at the equilibrium, and later when the system is already close to the equilibrium one
uses successively finer corrections. The advantage of synthesizing stabilizing feedback as in this
proof lies in that this construction only requires the knowledge of 2n one-parameter families of

controls, rather than one 2n-parameter (or one n—parameter) family of controls.
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