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We give an angular open mapping theorem applicable to
local approximating cones of the attainable set of an affine
control system. The proof is constructive and indicates how
to implement a discrete time stabilizing feedback.

1 Introduction

The purpose of this paper is to provide a modified open mapping theorem, which
also applies to maps which are not open, but whose intersection with a convex
cone is relatively open. We give a constructive proof, which for the special maps
considered here may be seen as an alternative to the indirect proof of Frankowska’s
more general open mapping principle.

Open mapping theorems are of utmost importance in both the theories of opti-
mality and local controllability, as only they allow one to use local approximating
cones to conclude that a trajectory lies on the boundary (or in the interior) of the
attainable set. In the theory of optimal control, e. g. the Maximum Principle
(e.g. [4, 5, 6]), one typically uses a very restrictive definition of tangent vectors to
a set which leads to small approximating cones. This is closely related to the fact
that in general the attainable set may have inward corners (even inward cusps).
This makes it impossible to work in that case with the most general — and most
intuitive — notion of tangent vectors to a set and simultaneously have them form
a convex cone, which is also an approximating cone to the attainable set.

However, to obtain strong sufficient conditions for (small-time) local control-
lability (STLC) about an equilibrium point one wants to employ the most general
notion of tangent vectors to a set. (For example, one does not want to be re-
stricted to tangent vectors generated by families of Pontryagin control variations,
or those employed in the High Order Maximal Principle [4], but instead be able to
also consider tangent vectors generated by, e.g., discretely parametrized families
of control variations with an increasing number of switchings like those employed
in [3].
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Of course, by enlarging the set of tangent vectors, one needs a stronger open
mapping theorem, e.g., like the one provided in [1, 2]. For the special case of an
affine Lipschitz control system we give a direct proof of a similar result, which
also allows to draw the "expected” conclusions in the case that the approximating
cone is not the full space. Also, as a side result we obtain information about
(directional) Holder continuity of the minimum time value function.

2 Preliminaries

We consider affine control systems on R" of the form
&= f(x) + Y ui(t)g’(x), 2(0) =0, u(-) €U (1)
j=1

where the vectorfields f and ¢’ are locally Lipschitz near zero, f(0) = 0, and
the controls u/ are measurable with values in the compact set 4 C R”, where
0 € intd. The solution to (1) (at time ¢ > 0) corresponding to control u is
denoted by x(t,u) = x(t,u)(0). (Sometimes we will also use z(t,u)(xo) to denote
solution to (1) with initial condition z(0) = xy.) The attainable set at time ¢t > 0
is A(t) = {z(t,u) : u(-) € U}. The system is small-time locally controllable
(STLC) about the rest solution x = 0 if 0 € int.A(¢) for all ¢ > 0. Otherwise z = 0
lies on the boundary of the atainable funnel U,o{t} x A(tf) € R""! for small
t > 0 and thus may be considered optimal.

In the proof of the theorem, and also in the following lemma, we will use
Gronwall’s lemma several times in the following form: If f, g',..., ¢* have the
Lipschitz constant L on A(27") in the sense that for all y;,y, € A(2T), u e U

Fl) — Fl2) + iluxguyl) — g(u)| < Llys — wal (2)

and p € A(T) then |z(t,u)(p) — z(t,u)(0) — p| < |p[te® for all 0 < ¢t < T
and u(-) € U. In particular, for any § > 0 we may choose 7' = Ts > 0 such that
TselTs < § and thus |z(t, u)(p) —z(t,u)(0)—p| < 6Ts forall 0 < ¢t < Ty, p € A(Tj).

Among the various possible notions of tangent vectors to the attainable set,
we use the following:

Definition 2.1 A vector v € R" is a m-th order tangent vector to the attainable
sets (of (1)) at zero if for all t > 0 there are points q(t) € A(t) of the form
q(t) = vt™ +o(t™). (Here o(t™) stands for terms such that lim;_oo(t™)/t™ = 0.)

The set of all m-th order tangent vectors (to A(t) at zero) is denoted by K™, while
K™ = Uy AMC™ is the set of tangent rays to A(t) at zero. With this notion we
have:

Lemma 2.1 (a) If \™ € [0,1], then A™K™ C ™.

2



(b) If m <1 then K™ C K'.
(¢) If v1, va € K™ and A™ € [0,1] then X"™vq + (1 — \)™vy € K™.

Thus the sets K™ form an increasing sequence of truncated convex cones. To keep
this paper self-contained we give the short proof here (alternatively see e.g. [2]).
Proof. (a) Let A € [0,1], v € K™ and choose a one-parameter family {u;}s>o
of control variations us : [0,s] — U such that z(s,us) = vs™ + o(s™), s > 0.
Define the controls @ : [0, s] — U by

(0 if0<t<(1—\)s
(1) = { us(t—(1—=XN)s) if (1-=XNs<t<s )

and clearly x(s,is) = x(As, urs) = (A™v)s™ + A™o(s™).
(b) Start with A, v and {us}s>0 as above. Also, let [ > m. Clearly, we only have
to consider s < 1 and thus may define, using o = s™/*,

ug(t):{o if 0<t<s—o (4)

us(t—o) if o—s<t<s

and clearly z(s, ;) = z(0,u,) = vo' + o(a!) = vs™ + o(s™).

(¢) Let {ulM}.>0 and {uP},5¢ be families of control variations generating the
m-th order tangent vectors v! and v?, respectively. For A € [0,1] define the family
{ud}ss0 1 [0,8] — U by

WNt) = uyy (1) if 0<t<M\s
o ugg—),\s(t —As) if As<t<s.

()

The conclusion z(s,u}) = (A™v! + (1 — A\)™v?)s™ + o(s™) is an immediate conse-
quence of Gronwall’s lemma. Note that the properties (a) and (b) of the truncated
cones K™ strongly depend on x = 0 being an equlibrium solution. Also, even if
s — x(s,uM) and s — x(s,ul!)) are smooth curves, in general s — z(s, u})
will not be smooth, usually not even a curve, as is illustrated in the following.

Example 2.1

Let f(x) = 122752 = (0,1227)" and g(x) = 32 = (1,0)". Define

T,

: 3
1 if s—s°<t<s

(6)

Let I' C Ry be an arbitrary set of nonnegative numbers and I” = R{ \ I’ its
complement. If s € I’ then define

1 <t<

2 7
-1 if J<t<s (7)

and if s € I’ then define

—1 if
w2 :{ +1 if

e O
A IA
~ <+
IA IA
»w Nl®
=



Then the terminal points z(s, u{!) = (s°,4s) and z(s,u®) = (0, s) lie on smooth

curves and the families {u{!},50 and {u®},5¢ generate the third order tangent

0
Oxo

vectors 8%1 and respectively. However, if for A € (0,1) we define

ud) i s
A(f)_{ ﬁ(t) f 0<t<A (9)

| wP) if As<t<s,
then

(A3s3 ) ((T—=N)s+2(Ns)%)3 —4(Xs)?) if seTl

(s 1) = { (N353 (1= \)s —2(As)®)® + 12(\s)?) if s € I” (10)

and in general s — (s, u) will no longer be a smooth curve, e. g. choose both
I’ and I" dense in R{. However, the families {u) },>0 still generate the third order

tangent vectors )\38%1 +(1— )\)38%2, in the sense as in definition 2.1.

3 Motivation and statement of the theorem

Consider the single input system

{ = u ()

A
—_

Ty = 2} z(0) (11)

The attainable set at time T" > 0 is

1 1 1
Alt)={=x € R? : lzi| <t gxi’ <z < E(t+$1)3 — gxi’} (12)

while 3 = R x Ry, the closed upper half plane. Thus no nontrivial truncation
of K2 lies inside the attainable set A(t) at any time ¢ > 0. However, for every
closed convex cone K’ (with vertex at zero) such that K’ \ {0} C intK3 there are
positive constants C, T > 0 such that £' N B(0,Ct3) C A(t) for all 0 <t < T,
see also figure 1.

X2

/ T3 K

a K
NI L

Figure 1: Attainable set and approximating cones
This picture already contains the main idea, as we have the following
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Theorem 3.1 If K’ is a closed convex cone (with vertex 0 € R™ such that K\
{0} C intK™ for some m < oo, then there are constants C > 0, T > 0 such that
K' N B(0,Ct™) C A(t) for all0 <t <T.

Corollary 3.2 If K™ = R" then there are constants C > 0, T > 0 such that
B(0,Ct™) C A(t) for all0 <t <T.

We conclude this section with the following remarks:

1. The theorem may also be thought of as the statement that the minimum-
time map is locally Holder continuous with exponent 1/m in the direction of K™
(or in a full neighbourhood of zero, in the case of a full tangent cone as in the
Corollary).

2. At this time we do not know if the following is true: “If the vectorfields
f, g%, ..., g" are real analytic and the system (1) is small-time locally controllable
about zero, is then cal K™ = R™ for some finite m?” (Or alternatively, does small-
time local controllability imply local Holder continuity of the minimum-time map
near zero?). In the C'*-case, the system may be small-time locally controllable,
but the approximating cones K™, m > 0 may all have empty interior as is clear
from the system &7 = u, @y = exp(—1/z}), z(0) = (0,0), |u(-)] < 1. While
generalizations of above theorem covering such systems may be possible, certain
difficulties arise in the proof when composing controls which generate tangent
vectors of “infinite order”.

4 Proof of the theorem

To facilitate the proof of the theorem we reduce it to the case of K’ being an
elementary simplicial cone C(v',...,v") = {7 Ajv7 : A; > 0} generated by
the n vectors v, ..., v™ by means of the following
Fact: If K' and K are closed convex cones (with vertex zero) such that K'\ {0} C
intKC, then there is a finite number of elementary simplicial cones C*(v>!, ... v®™"), i =
1,...,p, such that C*\ {0} C intK for eachi=1,...,p and K' C U/_,C".

A straightforward way to verify this fact is by considering the open cover
of the compact set K’ N .S™1 by the interiors of all elementary simplicial cones
which are contained in K, and then taking a finite subcover (here S™~! is the unit
(n — 1)-sphere).

Next we may assume that the elementary simplicial cone K' = C(v!,... v")
has nonempty interior, and thus there is a linear change of coordinates such that
(in the new coordinates) e’ = (0,0,...,0,1,0,...,0) € K and v' = (g,¢,...,1 —
(n—1)g,e...,e) = (1 —ne)e' + X} ee/, i =1,...,n for some € > 0 which we
may take sufficiently small so that it satisfies 4n%e < 1.

Note that w = (wy, ..., w,) € K" if and only if |w;| > elw| = e X7, ]e]| =
1,...,n. We work with the associated 1-norm on R" (w.r.t. the basis (e, em)).



This, and the change of coordinates clearly may affect the constant C' in the
theorem (in B(0,Ct?)) by multiplication with a positive factor.

As outlined above, there is 77 > 0 such that for all 0 < T < Ty, p € A(Ty),
and u(-) admissible we have |z(t, u)(p) — z(t,u)(0) — p| < £|p| as a consequence
of Gronwall’s inequality and because the vectorfields f, ¢!, ..., ¢" are assumed to
be Lipschitz near zero.

Fix families {u’}¢>0 of admissible controls generating the m-th order tangent
vectors €', 1 =1,...,n. Fix 0 < T < Ty such that |z(t,u!)(0) — t™e'| < &2t™ for
0<t<Tandi=1,...,n.

Let C'= (2nm)~™. To show that K' N B(0,Ct™) C A(t) for all 0 <t < T we
will for any fixed 2 € K'N B(0, Ct™) construct a control v (as a L'-limit) such
that x(t,v>)(0) = 2.

Fix 2> € K/ N B(0,CT™), and define 7, = 2nm - |2>['/™,

Before we begin the construction, we need to introduce further notation: If
u defined on the time interval [0, 7] with 7 < 7, is an admissible control, then
define the control @ on the time interval [0, 7] by

u(t):{o if 0<t<7o—71 (13)

Ut — (Too — 7)) i 7o =7 <t <7

Then clearly (7o, )(0) = z(7,u)(0), using f(0) = 0.

We let 2° =0, 7y = 0, v9 = 0 and define a sequence of admissible controls
v’ ¢ [0,7] — U such that 2@ % 2(7.,07)(0) — 2. Since 2 € A(rs) for
each i, and A(7y) is closed, 2> € A(7y) follows. Moreover, v L, 5% and
Z(Too, 1) (0) = 2°°.

Suppose that 2%, 7; and v" : [0, 7;] — U have been defined. Choose u(i+1) €
{1,...,n} such that (2> — 2"),41) > (2 —2") for [ =1,...,n.
Let t; = ((1 —ne) (2™ — zi)u(iﬂ))l/m and 7 =7+t (= Z;ﬂ) t; ).
Define

) p(i+1) 3 < < t.
UH-I(S) — u?i-&-l (S) 1f 0<s< lit1 (14>
V(s —tip1) if tip <s<Tip
Let y' ! = a(tir, uf [ )(0) and 21 = 2 (710, v11)(0) = 2(7, 0) ().
To verify that |2 — z¢| — 0 as i — oo first observe that
[yt — e < ey (15)
and thus
v < (L + et < 2™ = 2] (16)
Using Gronwall’s inequality and (16) as an estimate for |y*** — 0] we have
i1 (i ity < Sy 17
2 = Ty = (17)



By choice of u(i + 1) we have

(1 —ne)(z® —2") =t "] = (1—ne) Y ( )i (18)
l#u(ﬂrl)

< (1 —ns)n

|2 — 2.

Combining the estimates (15), (17) and (18) we obtain
2 < ong]e™ — 2 4 (1 - ne) (2% — 2f) — et D)

+ |tﬁ_1€“(i+1) _ i+1‘ + ‘zi+1 _ (ZZ + szrl)’

|z

n—1 € .

< (ne+ (1 —ne) +¢ —|—4)|°°—zl|
2n —1 1

< n2n (by choice 0f5§4—712).

Thus, inductively
) m—1 i+1
]z°°—211§<n2 ) —0asi— o0 (19)

n

] 1/m
Next observe that ;. < |2 — 2|/™ < ((2” 1) | 2% |) and therefore

: s 20— 1N\ 1
o a——
< ol < r
1/m
(Here we used that (1—%)/ <1-;L)

In this last calculation it becomes apparent how the finite order m of the
tangent vectors allows one to do infinitely many successive “corrections” without
needing an unbounded amount of time.

Finally we have to verify that (2> — 2™!) € K’ for all i. (This is necessary
since we do not allow to follow trajectories backwards in time, i.e. we require
tir1 > 0 for each i.)

By hypothesis 2> — 20 = 2> € K’. Now suppose (z* — z¢) € K/, i. e,
(2 —20) > elz® =21, | = 1,...,n. Also, (2™ — 2'),441) = £|z>® — 2| by
choice of (i + 1). Using these together with the inequalities (15), (17) and (18)
componentwise, we find:

[e.e]

fe'e) 7 e’} 7 € 00 7
(2% = 2" D) urn) — ne(2® — 21y < (74 )E =7 (20)
and thus
(20 = 2" sy ne(2™ — 2') iy — (€% — 52> = ']
|ZOO _ Zi+1| = 27;;1 ’ZOO _ zil
2n <1 o2 © >
7/"’/ —_— —_— —
2n—1\n 4n
dn—1—c¢
> 272271 =) > ¢ by choice of ¢
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Similarily for [ # u(i + 1)

(Zoo _ ZH—l)l — (Zoo _ Zi)l + (yi-i-l + Zi _ Zi—i-l)l _ y;'—&-l (21)
and thus
(2 — 21y, (2° — 27, — (2 + %)|z°° — 2
‘ZOO _ Zi+1| — 22;1 |ZOO _ zi+1|
2n 5 £
2 ) >
1T T )2

Here it becomes apparent, that to make the inductive step work, one needs that
K\ {0} is properly contained in the interior of K, and that one also has to “aim”
at a point short of (2°° — 2*) in order to avoid going too far (because of the several
error terms involved), so that further corrections are still possible.

Even though the corollary follows immediately from the theorem, e. g., by
applying the theorem to the 2" elementary simplicial cones C(=e?, ..., de™) for
all possible combinations of + and — signs, a considerably shorter direct proof
can be obtained upon observing that in this case one can at each step “shoot”
directly for 2> — 2%, since now corrections in all directions are possible, i.e., one
has no longer to worry about “over-shooting”.

Specifically, without introducing the cone K’ and ¢, via a linear change of
coordinates (e.g. pure scaling) one may assume that  C B(0,1). Choose families
{uF} >0 of controls generating the tangent vectors e", i = 1,...,n. Now choose

Fulitd) if (ZOO - Zi)“(i_;,_l) >0

tiy1 = (2% — 2')4(41)| and use as the next control u; ")

—p(i+1)
tir1

may expect to arrive at the point z* in even considerably smaller time, which

and u otherwise. This avoids the previous delicate choice of ¢;,; and one

essentially allows one to choose a larger value of the constant C'.

5 Example and application to stabilization

As an example how the theorem may be used to decide that a system is small-time
locally controllable, or that the attainable set at small times contains a truncated
cone, we consider the following system (which has been discussed in detail in [3]).

Ty = 1 u(-)] <1
b= (22)
iy = a3—28 (m=7Torm=23)

All the presently known general theorems for sufficient conditions for small-time
local controllability fail to provide any definite conclusion for this system. How-
ever, the tangent vectors icia%i, 1 =1,2,3, and +c4% (with suitable positive
constants ¢;) of respective orders 1,2,4 and 9 are easily generated.



Also, in the case of m = 7 one may generate _640%4 as a tangent vector (of
order 57) in the following way: Define u! : [0,3 + 2v/2] — [~1,1] by

1 if te[0,V2)U[2+2v2,3 +2V2]
ut(t) = 0 if te[l+2v2,2+2V2) (23)
-1 if te[V2,1+2V2)

Let ™! be the time-reversed control defined by u™'(t) = v (T —t) (where T =

1 (k+1) _

3 4 2v/2), and define inductively via concatenation @) = ' x u! and @

Fxu' : [0,2kT) — [~1,1]. Finally, we use from [3] that there is a positive

u
constant M such that if one chooses k(s) (for s > 0) to be the smallest integer
larger than Ms~¢, then —048%4 is generated as a 57-th order tangent vector by the
family of controls wu, : [0,s] — [—1,1], s > 0 defined by us(2k(s)Tt) = a*®)(¢).
Thus, in the case of m = 7, we have 57 = R* and therefore may conclude that
there are constants C,T > 0 such that A(t) 2 B(0,Ct*) for all ¢ € [0,T], and in
particular the system is small-time locally controllable.

In [3] it is shown that if m = 8, then z4(¢,u) > 0 for all ¢ > 0 sufficiently small
and all admissible controls u. Consequently, in this case one obtains K% = {y =
(Y1, Y2, 43, ya) € R* 1 yg > 4}, Letting K's = {y € R* = ya > 0(|yn| + ol + lus))},
for each § > 0 there are Cs, T5 > 0 such that A(t) 2 B(0,Cst?)NK's for t € [0, Ty].
While the minimum-time function clearly is discontinuous at the origin, we may
say it is Hélder continuous with exponent 1/9 in the direction of K9 at zero.

The constructive proof we have given here for the theorem can almost imme-
diately be employed to synthesize a special form of stabilizing feedback for the
time reversed system

T=—f(x)— iujgj(a:), z(0) =2, uel (24)

in the following sense: Suppose one knows a finite number of one-parameter fam-
ilies of controls {u’}q, @ = 1,...,7, generating the tangent vectors v* € K™ for
the system (1), and as before K’ is a closed convex cone with K\ {0} C intK™.
Then for each initial state 2> € K’ sufficiently close to zero one may construct a
control v steering the sytem (24) to zero in the finite time 7.; the control 7>
is essentially the time reversed control of v>® as constructed in the proof of the
theorem.

Note that this is not a feedback-law in the usual sense (i.e. u=u(x)), in par-
ticular it is not memoryless. However, an advantage of this feedback for imple-
mentations is that one only has to know a finite number of one-parameter familes
of controls (rather than one n-parameter family). Furthermore, only at discrete
times does on have to determine the state, and then to decide which control to
use next (and for how long). The time-intervals in between consecutive decisions
naturally become shorter, the closer the system is to the equilibrium.

Finally, from this point of view it also is natural to first take a “rough shot” at
the origin, and then make successively finer corrections thereafter — while in the
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proof of the theorem the order in which the successive corrections are composed

seemed unnatural at first; which now clearly can be attributed to the reversed

direction of the time. Moreover, this form of stabilization is also self-correcting

(as long as the errors are not too large) and even allows one to consider systems

where the rest point for some reason may be reached only from certain directions

forming a cone K properly contained in R”, e.g., the soft landing problem.
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