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ABSTRACT

Computer technology is widely being “added” to existing mathematics courses at the introductory collegiate level. It is much harder to “integrate” professional computer technology, and take advantage of the major opportunities they offer. We will argue that it is comparatively easy to integrate modern computer algebra systems. It is considerably harder to achieve similar levels of integration with MATLAB. This is of significance, as MATLAB is the tool of choice of many practicing engineers and scientists, and of many engineering and applied mathematics faculty. Due to external pressures to integrate technology into all courses across their programs, it is common for faculty from such client disciplines to ask mathematics department to consider using MATLAB even in the first calculus course. While we see great opportunities, we argue that the pedagogical consequences are far-reaching and they require very careful planning, and often challenging revisions of the curriculum – unless, of course, one only uses the package as a simple calculator or graphing tool.

Keywords: Functions, computer algebra systems, undergraduate mathematics teaching

1.  The environment in which to choose a particular technology
Around the world, the use of modern computing technology is becoming the norm in mathematics courses at the introductory collegiate level such as single- and multi-variable calculus, differential equations and linear algebra: Logarithm tables, slide-rules, abacus, etc. have routinely been replaced by hand-held calculators and software packages based on personal computers. In this note we shall restrict our attention to – the pedagogical consequences of – the choices between two major kinds of professional software packages. (Although widely used at this level, we do not consider graphing calculators and the like to be professional tools for scientists and engineers.) Recall the many different uses of hand-held calculators: Starting in the 1970s, they were initially used to carry out simple numerical calculations. More advanced models allowing a limited amount of programming in various idiosyncratic languages. Later, larger screens allowed for “graphing calculators” which since the early 1990s have been widely utilized at both the secondary and post-secondary level. Much research has studied the impact of these graphing calculators on the learning process. While already available since the early 1990s, it is only in recent years that calculators with nontrivial computer algebra capabilities are finding widespread use. Their impact has been less well studied. Discussions often focus on their impact the way exams are given. 

In this note we contrast two kinds of professional computer technology as used in the first postsecondary mathematics courses. More specifically, we contrast MATLAB with computer algebra systems (CAS) such as MAPLE and MATHEMATICA. MATLAB is best known as a numerical powerhouse (with superb graphic capabilities) that has become an everyday tool for large sections of the engineering community, but also encompassing many applied sciences extending as far as medical imaging. On the other hand, MAPLE and MATHEMATICA were originally designed as research tools to study formal calculations, and how to automate these. A significant amount of such research continues at this time. But it is the (originally) unintended and unanticipated use of these tools in both secondary and post-secondary technical classes that now primarily drives and supports the continued development of these tools in mid-sized commercial enterprises. 

Inside mathematics departments (in addition to the continuing discussion whether to use technology at all, or to which degree), one readily observes the opposite preferences of applied mathematicians with a strong background in scientific computing and of those with a more pure, more theoretical background. The first group is torn between programming in FORTRAN or C and using MATLAB. The second is torn between no or only minimal use of technology and fully utilizing computer algebra systems in their classes. Not surprisingly, decisions which technology to adopt are often quite haphazard, depending on the instructors who usually teach either course. Add to this the ``client disciplines’’: At large public research universities, such as the one of the author, it is common that the main calculus, differential equations and linear algebra courses are populated to well over 50%, sometimes even over 70%, by students majoring in engineering and the physical sciences. The wishes and preferences of such large clientele deserve to be carefully listened to, and, where reasonable, also be met by implemented curricula. In the United States, the role of the accreditation agency ABET [1] for engineering programs is of particular importance in this context. Coincident with the turn of the millennium ABET adopted completely revised accreditation criteria, known under the name “Engineering Criteria 2000” [1], or EC2000 for short. The criteria used before that change consisted of very long check-lists of syllabi, staffing, labs, etc. The new criteria are much more outcome-oriented. For example they ask each program to demonstrate that its graduates can “solve problems by applying knowledge and using methods of mathematics and the sciences”. Further emphasis is placed on the graduates’ ability to work in teams, to communicate their findings, and to comfortably work with modern computer technology. Partially driven by such external pressure, but also limited by caps on the total number of “credit hours” in a program (typical are 120 hours in a four year program), it is natural that engineering programs try to integrate professional technologies throughout all their classes. Mathematics courses typically make up a sizeable chunk (common are 20%) of the programs. Thus it is of little surprise when the engineers knock on the doors of the mathematics department, and suggest, or request that professional technology be included even in the first year calculus courses. There are sizeable numbers of engineers who use computer algebra systems for their professional work. Yet due to both the prevalence of MATLAB in industrial applications, especially digital signal processing, imaging, control etc. and its common use in upper level engineering courses, the engineers typically suggest that MATLAB also be used in the first calculus courses (rather than ask for computer algebra systems).

This article does not aim at deciding whether MATLAB is the right or wrong choice. Instead it argues that such decision has significant pedagogical consequences, consequences which often may not be apparent to all those involved in making the decision to adopt either kind of package. The objective of this note is to provide faculty who face such decision with some background material to assist a careful discussion with engineering faculty, and then weigh the relative merits, benefits and disadvantages of either choice. Note, one may call MATLAB from inside MAPLE, and one may use the MAPLE kernel inside MATLAB (via the “symbolic” toolbox – yes, “everything” “symbolic” needs to be “enclosed” in “quotes”, reminding this author of the “ALGOL” days in the late 1970s, before PASCAL became the standard 1st programming language for students in the 1980s). Each call of the other package from inside MATLAB and CAS, respectively, is unappealing and not well suited for routine use. 

The main focus is on a major mismatch of MATLAB and the learning objectives of traditional first year collegiate mathematics courses. We contrast this with the smoother match of computer algebra systems with course contents. A much bolder question may be asked – but is beyond the scope of this note: If MATLAB reflects the true desire and needs of engineering, and it is such mismatch for the typical mathematics courses, maybe one should ask how to reinvent these courses! Indeed, our experience is that it is almost impossible to meaningfully integrate MATLAB into traditional curricula, which only pay lip service to calculus reform (such as the best-selling, widely used text by Stewart [2]). On the other hand courses that truly balance symbolic, numerical, graphical and verbal aspects such as the Harvard Consortium Materials [3] make it much easier to truly integrate the engineer’s preference MATLAB. 

2. Traditional calculus remains an “algebra course”
Many modern courses in linear algebra and differential equations nowadays routinely include numerical solutions – admitting that there is really no choice and no alternative once one steps beyond linear differential equations, or beyond very miniscule matrices with small-integer entries. Yet even reformed calculus courses still include a very heavy dose of symbolic calculations. Indeed, calculus is still often more an algebra class as opposed to an analysis class: The mathematician distinguishes derivations which are algebraically defined as linear operations that satisfy the product rule D(fg)=(Df)g+f(Dg), and derivatives which are analytic objects defined as limits via approximability by linear objects. Most traditional calculus curricula include a few sections on limits; yet they retreat very quickly into the algebraic domain of derivations. This author still has to see final exams which require derivatives as opposed to derivations in order for an A-level pass. We here are not arguing that this wrong. We are simply observing that calculus remains a very algebra-focused course.

Thus it is of little surprise that it is very hard to integrate MATLAB into such course, simply because MATLAB has a primarily numeric focus. Indeed, this disparity is what makes MATLAB particularly attractive to some calculus teachers: It provides for a very clean split between what has to be done by hand, and what may be done using technology – no long explanations are required of rules what may be used during exams! MATLAB is used for explorations, for checking solutions that have been obtained symbolically by hand for plausibility, and as a general “add-on” to add some pictures and the like. Beyond this, it remains simply useless for doing the work that is demanded on traditional exams. This is a very workable approach, but it is far from true “integration” of technology.

Contrast this with CAS, where the A stands for algebra. The very fact that the CAS can handle pretty much every problem in a traditional calculus exam that involves derivatives or integrals just reiterates our point that calculus is very much an algebra class. Most to the point are calculations of limits – CAS can handle almost all limits that arise in a typical calculus course: The limits in calculus are algebra not analysis! This starts with the popular exercises involving limits of rational functions, but extends to basically every limit that can be handled by Taylor series expansions (which, of course, includes L’Hopital’s Rule). Even the common arguments for limits of sin(x)/x as x approaches zero that use geometric arguments typically appear only in the texts, in lectures, but practically never on final examinations. 

In summary, the name “calculus” used in the Anglo-speaking regions for the first course on differentiation and integration is not at all a misnomer – the course remains firmly focused on the algebraic automation which has led to the huge success of the tools originating more in the work of Leibniz than that of Newton: Calculus is accessible to millions, because everyday applications can be reduced to algebra that can be carried out with little understanding beyond prescriptive recipes. In turn, this also severely puts into question the size of calculus in the engineering curriculum: The very same feature that allows most anyone to perform “calculus-calculations”, also allows for their automation, allowing them to be wrapped into a black-box. Engineers (and most mathematicians) use any calculator (or computer) to evaluate square roots or trigonometric functions without worrying about the algorithm behind the calculation. Much the same way as pencil-and-paper algorithms for taking square-roots by hand, which were taught well into the 1970s, have disappeared, most of the algebra-recipes from today’s calculus will soon disappear from the curricula of most engineers. On the side, we note, that the algorithms taught in secondary / post-secondary levels rarely have anything in common with the way such calculations are done “professionally”. E.g., contrary to widespread beliefs, the “usual” algorithms for evaluating trigonometric functions are not at all calculus based (such as Taylor approximations), but instead rely on the CORDIC algorithm [4].  Similarly, the integration techniques taught in calculus are far from the “professional” methods employed inside CAS: On one side is the Risch algorithm, which not only decides in a finite number of steps, whether integrals may be calculated in closed form, but also provides the latter for a large class of functions [7,8]. In more generality, the state-of-the-art reduces most any integrand to Meijer-G functions, and then proceeds automatically with the integration [8,9]. Our calculus classes never get close to the truth.

 This view puts the engineers’ request for MATLAB into a completely new perspective: In order to successfully integrate MATLAB into the first calculus course, the latter has to reform, to shift its focus from algebra to the problems that it was originally created to address. MATLAB could be the vehicle to force change – but the danger is that it is simply used as an add-on that protects the traditional algebra content in the afore-described manner.

3. Functions in calculus and in CAS
An alternative is to concentrate on what calculus delivers beyond the algebraic recipes which so easily can be “automated away”. Indeed, my engineering colleagues for a long time have considered this first year of collegiate mathematics as the course that studies (continuous) “change”. They even suggested that we should change the name because “calculus” too much suggests (algebraic) calculations. From a mathematical perspective, the objects which are “changing” are functions. Mathematicians may think of this first year of collegiate math as the study of smooth functions. This is a very different concept from the study of (symbolic) “expressions in x”. However, the agreement over “calculus as a study of functions” may be only very superficial: indeed a large portion of teachers and students alike say “function” when they mean (simple algebraic) “formula”. Typically this is most clearly given away when the instructor or student asks “find a function” – when in reality the function is already perfectly well defined, yet the question was about finding a (simple algebraic) formula. 

Oversimplifying, we may say that the large majority of students coming from secondary schooling and a large number of instructors confuse function and (algebraic) formula. Sometime every student at this level should encounter or have encountered the mathematical definition of a function as a subset 
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. Even an only cursory look at any traditional calculus text-book immediately convinces one that this definition is irrelevant for calculus.

Yet there is another way of looking at functions that occupies some sort of middle ground between the above: Functions as mappings, suggestively symbolized by arrows 
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. From a very advanced point of view this raises questions about computable functions, a topic which is much better studied in theoretical computer science than in the traditional mathematics community – this is clearly far beyond the scope of this note. Nonetheless, this view opens the door to calculus as a study of functions that is much closer to what my engineering colleagues so often have implored me to teach. Indeed, many of their functions are given by messy computer implementations, but they are evaluated with a simple push of a button, just like evaluating the sine at any given decimal number on a calculator. 

The major unease with this notion of function is nowhere as apparent as when studying anti-derivatives in calculus: The basic theorem is that, up to an additive constant, every continuous function defined on a (possibly infinite) interval has a unique anti-derivative. I.e., for every such 
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 is a perfectly well-defined anti-derivative, and it is a mathematical solution to the problem of finding an anti-derivative of 
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. Yet most every student is reluctant to put this down as her/his answer, as is most every instructor unwilling to consider such answer as worthy of an A on the exam or passing the calculus course. This is not to say that the usual tacit understanding and agreement between instructor and student about what is acceptable as an “answer” is bad – but this clearly exhibits a different understanding of functions than this author and his engineering colleagues would like to see studied in the first collegiate mathematics course.

Now add the computer algebra systems to this picture: One of the most distinctive features of both MAPLE and MATHEMATICA (in only slightly different notation) is their provision of “pure functions”, which allows, for example, in MAPLE to define > f : = x -> int (expr, t = a .. x); as long as expr is a valid expression which may depend on t. In the author’s experience from many calculus courses taught since the early 1990s, all of which integrated substantial amounts of technology, the large majority of students is initially very uncomfortable with this arrow notation, compare [5]. But at the end of the first semester typically a significant portion freely uses this notation. At the end of the first year the majority may feel comfortable with it – in spite of virtually of them coming from secondary schooling that confused formulas with functions. Given this observation, it is very helpful that both CAS allow one to work with the traditional “expressions” as well as “pure functions”, and even mix them quite freely. Indeed, most advanced users routinely combine both ways of implementing functions [6], and it is flexibility of both the machine and of the human mind which provides so much power! For example, the following examples of MAPLE code achieve basically the same, yet they reflect quite different ways of thinking about functions:

	> y : =  x ^ 2 ;
	> f : = s -> s ^ 2;

	> subs ( x = 3 , y );
	> f ( 3 );

	> plot ( y , x = - 5 . . 5 );
	> plot ( f , - 5 ..5 );

	> diff ( y, x );
	> D(f) ;


Note that the functions > f : x -> x ^ 2; and > g : s -> s ^ 2; are identical in MAPLE (as far as most any user at this level will see). This early encounter of “dummy” variables can prove very helpful in later constructions, e.g. when constructing antiderivatives nobody likes to see students who write expressions like
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. The next notable difference is “plugging in x=3” versus “evaluating at 3” – clearly one is an operation on algebraic expressions, whereas the other is about functions. Next, the graph of a function makes perfect sense without naming any variables, or labeling the axes. This is in conflict with much secondary teaching, and it is in conflict with common usage of formulas in introductory science courses. In mathematics, we may plot the exponential or the squaring function f from above. There is no x. Yet, when the physicist plots kinetic energy 
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then the symbols m, v, E stand for very well-defined physical quantities. This becomes even more noticeable when the mathematician talks about the derivative of f (which is the function “multiply/multiplication by 2”) which does not require any reference of any variable x whereas the physicist in the introductory class always seems to differentiate one quantity with respect to another variable 
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, and would go ballistic if there was no symbol after the d in the bottom. Where MAPLE uses D(f) to denote the derivative of f, MATHEMATICA is even nicer and allows the simple f ’.

In a course which simply wants to stay close to the traditional secondary school notation, and which only aims to cater to the immediate needs of clients in the sciences and engineering, there clearly is no need whatsoever for the arrow notation and pure functions.  However, this notion of pure functions provided by the CAS is a perfect stepping stone connecting the algebraic expressions of secondary school with the kinds of functions that most any applied scientist, engineer or mathematician encounters all the time: This starts simply with functions defined implicitly (e.g. the roots of an equation or a critical point depending on some parameter), functions defined as limits (such as antiderivatives defined as limits of Riemann sums), more generally, solutions of dynamical systems (e.g. the terminal value of a trajectory defined by a differential equation), and finally functions that are realized as computer programs that may be small or huge “simulations”. Indeed, the author has found the arrow notation and the CAS-notion of pure functions to be most useful for connecting the formulas (erroneously termed functions) from high school to the notion of “function”, “subroutine”, “procedure”, “method” etc. that the same students encounter in their introductory programming classes. A simple test at then end of the first year that reveals how far the students have come along in learning the notion of a function as a mapping is to ask for an expansion (using the chain and product rule) of the second derivative 
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 of a composition of two functions. In MAPLE syntax this is simply > D(D((f @ g ))); A similarly revealing question asks for the derivative of f – 1. All instructors are familiar with the all too common confusion the reciprocal of a function (algebra) and the inverse of a function (which is about functions, whose primary operation is composition), leading to the respective derivatives 
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4. Functions in MATLAB
MATLAB provides very different opportunities to working with functions. Recall, that the MAT in MATLAB stands for matrix. For a long time matrices were almost the only data structure available. This has changed dramatically in recent years when everything was redone in an object oriented way. Thus a typical way to represent a function was by listing (a finite subset of) its values in a table (a matrix with one row). For example the following commands generate a set of x-values, a set of corresponding y-values and then plot these data points: xx = [ -6: 0.5 : 6]; yy = sin (xx); plot( xx, yy). One of the very nice features is that this will ONLY plot the data-points, albeit connected by straight line segments (the default style). The previous generations which did not have access to graphing calculators and grew up laboriously creating such tables of function values. In contrast, the current generation all too often is lost when facing a new function, unused to starting with evaluating it at a small set of data values which may give the first insight into its graph. The old MATLAB  was a welcome sight here: While saving everyone the work of calculating one value at a time, it nonetheless forced one to become conscious about the nature of finite subsets of the function (which, after all,  mathematically is simply the collection of all (x,y) pairs). Note, however, that for already quite a long time MATLAB provides a short-cut to plotting formulas via the command fplot.

Routinely representing a function by tables of its values much facilitates teaching derivatives and integrals from their analytic roots, as limits of divided differences and as limits of Riemann sums. No surprise thus that MATLAB is a much friendlier companion to a reformed calculus curriculum such as CCH [4] than a traditional one such as Stewart [3]. One of the most exciting features of such representation is to routinely develop a sense of “function approximation” which is so essential for almost all applied mathematics at higher levels – with numerical (approximate) solutions to both ordinary and partial differential equations being some of the more prominent. One small caveat is that virtually all manuals and practically all classroom examples that this author has seen restrict themselves to unreasonably small matrices when representing functions as subsets of their values. Instead, we should think of routinely having thousands, or millions of entries in such “look-up”-table, certainly much more than fits onto one screen. The next step is key: Do not calculate all values (entries) right away – but instead consider the function a virtual look-up table, with entries only calculated on an as-need-basis. 

A key challenge is to compose such “functions” with, of course, the “inverse function” a natural sub-problem. Many nice approaches are reasonable, but clearly this is an issue that demands careful planning. The step from such “functions” that are constructed from simple algebraic formulas to “functions” whose values are the outputs of large computer programs is a minor one, thus just like the CAS facilitating the next step, however in a completely different way.

The above described approach supports a philosophically very different approach to “calculus as the study of change (and) of functions” than the traditional courses – it makes the engineers’ request to use MATLAB in the first year very plausible, but it also makes clear that it is a very challenging task to take advantage of these opportunities offered by MATLAB (of course, a naïve use of MATLAB as e.g. a simple function plotter or “definite integrator” can be done quite mindlessly, but it wastes so many opportunities).

5. Some more challenging features of MATLAB in 1st year mathematics
Let us briefly reflect on some of the major drawbacks of MATLAB in first year calculus (other than being so radically disconnected from the “formula” driven traditional course). Foremost is that MATLAB’s (original) simplicity, is also one of the main obstacles to an easy marriage with introductory college level mathematics courses: At the same time when we are trying to teach students that not every mathematical object is just a real scalar number (or a variable representing one of these), in MATLAB almost everything is a matrix. At the time when we try to teach NOT to divide by vectors, that (matrix) multiplication may be (is) noncommutative etc., MATLAB loves to use the most simple, most suggestive notation (at least for the advanced user) to indicate various operations that are usually clear (only) from the context. In particular, MATLAB is very smart, usually doing the thinking for the user, i.e. doing what the user must have intended. A most simple example is taking the sine of a vector, which clearly must be a request for evaluating the sine at each component of the vector. It is less clear what is meant by the exponential of a matrix (in MATLAB exp(A) yields the elementwise exponentials, whereas expm(A) yields the matrix exponential as used e.g. in dynamical systems). Matrix multiplication is denoted by A*B, but MATLAB also has many uses for A .*B which denotes “freshmen” (componentwise) multiplication of matrices of the same size. After all, thinking of matrices as representing functions (collections of function values), this kind of multiplication simply corresponds to the (pointwise) product of two functions. This all makes much sense, and advanced users really like the convenience of having such array operations at their finger-tips. Yet, first-time users usually need quite a bit of help to come to grips with the differences between say x./(1+x.^2) and x/(1+x^2) (both of which are useful, and legal operations of matrices!). But there are many instances where the “overloaded” nature of many functions is more worrisome for the casual user: For example, if b is a column vector with k entries and A is an invertible k 
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 k matrix, then most everybody will agree what (left) division A \ b by A should mean: it should yield the solution to the linear system of equations A x = b. Similarly, for the row vector b ‘ (the transpose of b), right division b ‘ / A should yield the solution of the system  x A = b. This is beautiful syntax that is highly appreciated by the instructor whose objective is to teach all students that once a problem has been reduced to linear algebra then the solution is basically as easy as simple division (after all, almost all real applied mathematics problems end up this way). The more traditionally minded instructor may be more scared. To bring this more to the point, the following is perfectly legal, useful and meaningful: v = [ 1 2 3 4 ]’, w = [ 1 4 9 16 ] ‘;  v \ w. The division of two column vectors (or equal length) looks abhorrent to many a teacher who considers his or her job to teach that one cannot divide by vectors. Yet MATLAB not only allows this, but even encourages it, yielding the perfectly meaningful result 3.3333 which is consistent with the use above, and which is arguably the most meaningful solution of the “linear system” v x = w of  four scalar equation in one unknown. Since the “matrix” v is not invertible, MATLAB “understands” that the user must have had in mind a least-squares solution! Such beautiful implementations have the potential of greatly expanding a students mind: Solving a system of linear equations is really just like division. Even solving a least squares problem may also meaningfully be considered as a form of division. Great opportunities, but unless great care is exercised, such wonderful syntax may have the opposite effect, confusing the student who has just been told that one CAN NOT divide by vectors.

6. Conclusion
In summary, both CAS on one side, and MATLAB on the other provide great opportunities to dramatically expand the students’ mind beyond the traditional “algebra”-oriented first year colleagiate math courses. Both require very careful planning and attention to detail unless one only superficially wants to employ then as calculators and graphers. This authors’ personal impression is that CAS are much easier to “integrate” into existing calculus courses, especially traditional ones. On the other hand, MATLAB is potentially far more eye-opening, much closer to most clients needs and desires, but also much more challenging to “integrate” into the course. Honestly, unless the course is very reform-minded, (or the technology is just a superficial add-on), the course will have to dramatically change in order to catch up with such advanced thinking as is built-in in the modern professional tools MATLAB. 

One message to take home is that when your engineers come to your department, make every effort to make them understand how consequential any such adoption decision might be: It is comparatively easy to integrate CAS use into even quite traditional classes. By comparison a true integration of MATLAB is more like a revolution.
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