MAT 300 Mathematical Structures / 100
Final Exam!/40class May 10, 2004 name
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You may use the following theorems without having to prove them:
Thm. 6.4.1. If a,b € Z are not both zero, then there exist z,y € Z such that ged(a,b) = za + yb.
Thm. 6.4.3. If a,b € Z are relatively prime, ¢ € Z, and a | be, then a | c.

1. Precisely state the definitions of FIVE of the following:
a. subset, b. function, c. one-to-one, d. sequence, e. finite, f. maximal. g. largest.
2. State the “division algorithm”. (Carefully state all hypotheses. Define all symbols that you use.)

3. a. Suppose f: A +— B is a function from a set A to a set B, and {A,:a € A} is an indexed
collection of subsets of A. Show that f (Naea Aa) € Naea f(Aa)-

b. Give an example of sets A, B, A, A, and a function f for which f (Naer Aa) 2 Naca f(Aa).
4. Suppose A, B and C' are sets and g: A — B and f: B — C are functions.

a. Suppose that both f and g are one-to-one. Show that the composition f o g is one-to-one.

b. Suppose fog is one-to-one. What can you conclude about f or g (or both)? Prove your result.

5. Suppose f: A — A is a function from a set A to itself. For n € Z* let f) denote the (n — 1)-fold
composition of f with itself, defined recursively by f' = f, and f*+t1) = fo f.
Use problem 4. and induction to prove: If f is one-to-one then £ is one-to-one for every n € Z*.

6. a. Prove: If n is a natural number and n? is divisible by 6, then n is divisible by 6.

b. Show that there does not exist any rational number z such that 2> = 6. (Hint: For an indirect
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proof, assume there exist integers p, ¢ with ged(p, ¢) = 1 such that (g) = 6. Use part a.)

7. Let n € Z" and consider the relation ~ on Z that is defined by = ~ y if and only if
the difference (y — ) is a multiple of n (written n|(y — x)).

Show that ~ is an equivalence relation on Z.

8. For the relation ~ of 7. show that if a,a’,b,b' € A, a ~a' and b~V thena-b~ad -¥.
(Or, for less credit, show that, under the same hypotheses, a + b~ a' +1¥'.)

Bonus. Prove by induction that for all n € Z*, n" >n!
Recall, the factorial is defined recursively by 1! =1 and (n + 1)! = (n+ 1) - n! for n € Z*.

Bonus. For the relation ~ of 7. denote by m = {z € Z: 2 ~ m} the equivalence class of m € Z.
Find all solutions of the linear equation 3 = 6 - T in Zr, Zg, and in Z,
i.e., solve the congruences 6 - z = 3 (mod) m where m =7, 8, 9.




