MAT 473 Spring, 2005
NOTES ON THE IMPLICIT FUNCTION THEOREM

The implicit function theorem gives sufficient conditions for a level set of a function to
define some of the variables as functions of the others near a point on the level set, and for
this “implicitly defined” function to be differentiable. In the case of a function from R? to
R, where the level set is curve in the plane, the theorem is easy to visualize, and a direct
proof is not too hard to construct. This proof can be generalized to higher dimensions.
We will give a different proof using the contraction mapping theorem. In what follows we
will identify R**™ with the Cartesian product R® x R™. Thus (z,y) € R"™™ means that
r € R" and y € R™. We will use the notation D for the derivative with respect to the
first n variables, and D, for the derivative with respect to the last m variables. Thus if f

is a function defined on R"™™ we will write f'(a) = <D1 fla), Dgf(@)).

Theorem. (Implicit function theorem.) Let f : U C R"™™ — R™ be a C'! function,
where U is open, and let (x9,y0) € U. Let A = Dy f(20,y0) € Mpxn, B = Da2f(x0,y0) €
My, and ¢ = f(xo,y0) € R™. Suppose that B is invertible. Then there are r, s > 0 such
that B,(x0) X Bs(yo) C U, and

(i) for each « € B,(x¢) there is a unique y € Bs(yo) such that f(z,y) = ¢
(ii) Define g : B.(x9) — Bs(yo) by f(:z;,g(:z;)) = ¢ (possible by part (i)). Then ¢ is a C!

function.
For the proof we need a C'! version of the characterization of differentiability. We present

this in general before proving the theorem. Let h : U C R¥ — R be C', with U open.
Define ¢ : U x U — R by

M) k() =W (D =2) ey

T,y) = ly—zl] ’
#lz:9) { 0, if v =y.

We claim that ¢ is continuous on U x U. To see this we apply the mean value theorem to

the expression h(y) — h(x) to get a number § € (0,1) such that
h(y) = h(z) = h'(z +6(y — 2))(y — v).
Then we find for x, y € U with z # y,

oty = LR A D= P 400ty — ) = o) 2

Therefore ‘qb(:z;, y)‘ < ‘(h’(:z; +0(y — :1;)) — h’(:z;)‘ In fact, this inequality is true for all x,

y € U, even if = y. Since h' is continuous, we get liny, ) (z0,20) ?(2,y) = 0, and thus ¢
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is continuous at (2, xg). Since ¢ is clearly continuous at points (xg, yo) for which x¢ # yo,

¢ 1s continuous on all of U x U. Finally, from the definition of ¢ we have

fly) = fl@) + f @)y — =) + oz, )|y — 2|
forall z, y € U.
Proof of theorem. Define ¢ on U x U as above for the function f. (Note that ¢ takes values
in R™ instead of R. The above discussion implies that each component function of ¢ is

continuous, and hence so is ¢.) Choose s > 0 such that

(1) Bu(wo) x Ba(yo) C U,

1 — _
(2) ||B - Daf(x,y)| < =Tk (x,y) € By(zo) x Bs(yo),
1 — _
(3) |e((x1 1), (w2, 92))]| < B (zi,yi) € Bs(xo) X Bs(yo)
Choose r > 0, r < s, such that
(4) Hf(:z:,yo) - f(l'o,yo)H < ﬁ, x € By(xo).

We will imitate Newton’s method to solve the equation f(x,y) = ¢ for y, given a fixed x.

For x € B,(zo) define K, : B4(y0) — R™ by
K.(y) =y — B~ (f(z,y) — f(z0,%0))-

We will show that K, is a contraction mapping of B4(yo). For this we have to prove
two things: first, that A, maps the ball into itself, and second, that it has a contraction

constant. We will prove the second item first. Let y, z € B,(yo). Then
Ko(y) = Ko(2) = (y — 2) = B~ (f(2,9) = f(x,2))
= (y—2) =B [Daf(a,2)(y — 2) + o((2,9), (x,2) |y — 2]l]

by the mean value theorem,

— (=B Daf(2.2))(y — =) — B~ é((2.y). (. 2)) lly — =II.

Hence

1K) — Kol < (| = BT Dol 2)|| + | B 6 (), (.2)) | )y — =1

< 1B(1B = Dafl,2)|| + [[6((,w)s (2, 2)) | lly = =]

1 1
< ||B~! < > —

=Lz
—2y z||.

Now



1 K:(y) = yol| < [[Ke(y) — Ke(yo)|l + [ Ke(yo) — yol|

1
< Sy = woll + || B™ (f(z.50) = f(xa.50) |

1
< s+ )57

= S.

S
2| B~

By the contraction mapping theorem, K, has a unique fixed point in B,(yo). By the
definition of K, y is a fixed point for K, if and only if f(x,y) = ¢. This proves (i).
For (ii) we need another estimate. Let h € B,(0). Put

v =x29+h
y=g(z) =g(xo +h)
Ay =y —yo = g(zo + ) — g(zo).
By the definition of g,
y = K.(y)
=y — B (f(x,y) — f(zo, 1))
=y— B ' [A(x — 20) + B(y — vo) + ¢((=,y), (z0. %)) || (z — z0,y — o)
=yo — BT Ah — B ¢((2,y), (20, 30))|I(R, Ay)].

1Ayl < IBTA| - |[2l + 1187 (1Al + llAyl)

4B
—HAyH < (IB7 A + )HhH
[Ay|l < (HB A+ )HhH
Therefore ¢ is continuous at xg. Moreover we now see that
g(wo +h) = g(zo)=B~ Ah = =B~" - 6((2,y). (z0,%0)) - (7, Ay)],

Tlloteo +7) = g(ro) =B~ AR|| < HhHHB 160 ): (20mw0)) || - (1] + 1Aw])

< BT - o (2. 9). (w0, y0))]

— 0

4
‘<1+§(HB A!\Jri))

as h — 0, since ¢ is continuous and vanishes on the diagonal of U x U. Therefore ¢ is

differentiable at g, and
g'(z0) = =B~'A = —Dsf(z0,y0) ' D1 f(x0,Y0)-
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Now notice that by the inequality defining s, Dy f(x,y) is invertible for all (x,y) € B,(x0) X
Bs(yo). Therefore the proof given applies to each point (:1;, g(:z;)) It follows that ¢ is differ-
entiable on B, (x¢), and its derivative is given by ¢'(z) = —D2f<x,g(x)>_1D1f<:1;,g(:1;)>.

Since g is continuous on B,.(xq), we now see that ¢’ is continuous also. Thus ¢ is C'!. i

Corollary 1. Let V = B,(z¢) X Bs(yo) and M = {(z,y) € R"*™ : f(z,y) = ¢}. Then
V' N M is the graph of (the C'! function) g.

Corollary 2. ¢'(z) = —D2f<x,g(x)>_1D1f<:1;,g(:1;)>. (This was derived in the course of
the proof, but could be deduced from the equation f(:z;,g(:z;)) = ¢ by the chain rule.)

Corollary 3. If f is C* then g is also C'*.

Proof. If f is C? then D;f is C'. Since g is known to be C!, the expression for ¢’ in
Corollary 2 shows that ¢’ is C'!, and hence that ¢ is C?. This argument may be continued

as many times as f is continuously differentiable. i

We next sketch how the implicit function theorem can be used to justify the method
of Lagrange multipliers for constrained optimization problems. Let f: U C R" — R™ be
a C' function, with n > m. Let S = {a € U : f(x) = ¢}, the level set of f for the value
¢ € R™. Suppose that f'(z) has rank m at each point of S. Now let h : R® — R be a
C'! function. Suppose that h|s has a local extremum at a point ¢ € S. How can we find
the point a? Let us write R® = R"™" x R™ so that, subject to permuting the variables
(which we explain more carefully below, in the proof of the submersion theorem), D f(a)
is invertible. The implicit function theorem tells us that near a, S defines x5 as a function
¢ of x1: f(:z;l,qb(xl)) = ¢ for all x1 near a;. Moreover, g(:z;l, qb(:z;l)> has a local extremum

at a;. Thus both functions have derivative 0 at a;. Differentiating gives

ra (B <o

o (7)o

_ In—m
r= (qb/(a) >n><(n—m).

The columns of T are a basis for an (n — m)-dimensional subspace of ker f'(a). But since

Let

f'(a) has rank m, the kernel of f'(a) is (n — m)-dimensional. Thus the column space of

T equals the kernel of f'(a). But ¢'(a) is orthogonal to the columns of T, and hence is
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orthogonal to the kernel of f’(a). This means that ¢'(a) lies in the row space of f'(a).
Therefore there are scalars A1, ..., Ay, such that ¢'(a) = M fi(a) + -+ A fr,(a). We
have that

form a system of m + n equations in the m + n variables ay, ..., an, A1, ..., A
We now use the implicit function theorem to prove the inverse function theorem.

Theorem. (Inverse function theorem.) Let U C R"™ be open, let « € U, and let f: U —
R"™ be C''. Suppose that f'(a) is invertible. Then there are open sets V and W C R",
with @ € V C U and f(a) € W, such that f : V — W is one-to-one and onto with C
inverse.

Proof. Define h : R" x U — R" by h(z,y) = f(y) — « + f(a). Then h(f(a),a) = f(a),
and Dgh(f(a), a) = f'(a) is invertible. The implicit function theorem implies that there
are r, s > 0 such that B,(f(a)) x Bs(a) C R™ x U, and such that:

(i) for all v € B, (f(a)) there exists a unique y € Bs(a) such that h(z,y) = f(a),

(ii) define ¢ : B,(f(a)) — Bs(a) by h(:z;,g(:z;)) = f(a). Then g is C.

Now the definition of ¢ means that f(g(:z;)) —a+ f(a) = f(a), or

flg(z)) =2, =€ B.(f(a)).

Since f and g are C'! we find that f’(g(:z;)) -¢'(x) = I, for x € Br<f(a)>. Thus ¢'(x) is
invertible for all x € B, (f(a)) Notice also that

F(U) 2 f(Bs(a)) 2 f(g(Br(f(a)))) = B.(fla)).

Thus the hypotheses imply that f(U) is a neighborhood of f(a) whenever f'(a) is invertible.
Applying this fact to g we find that g(B,(f(a))) is a neighborhood of g(x) for all @ €
B,(f(a)); ie. V = g(B,(f(a))) is an open set. Let W = B,(f(a)). Then g: W — V is

onto, and is one-to-one by the equation f o ¢ = id. Therefore f is one-to-one and onto.

Definition. A C'! map that is one-to-one and onto with C'! inverse is called a diffeomor-

phism.



Thus if U C R" is open, f: U — R" is C'', and if f'(2) is invertible for all x, then f

is locally a diffeomorphism.

Corollary. Let U C R" be open, f : U — R" a C'! map, and suppose that f'(x) is
invertible for all  in U. Then f is an open mapping. (That is, f(E) is an open set

whenever E C U is an open set.)

We think of a diffeomorphism as giving a smooth change of coordinates. There is an
important branch of mathematics, differential topology, studying properties that are not

altered by diffeomorphisms. Manifolds are defined by such properties.

Example. Let k& > (. The function 7 : R*¥ — R defined by 7(z1,...,2x) = (21,...,2¢) is
called the canonical submersion. Thinking of R* as R x R¥=¢, we have /(z) = (Ig, Ok_g>.
Thus D is invertible. Thus 7 is the simplest map to which the implicit function theorem
applies. Fora € R¥let b = 7(a) = (a1,...,a;) € RY. Thelevel set 7 ~1(b) = {W(a)} xRF—¢
is the graph of the constant function g : R¥=¢ — R’ given by g(y) = b, in the sense that
the graph of ¢ may be viewed as

{(s(y).y) e RO xRy e RO} = {(byy) :y e RV

The next theorem shows that every submersion is locally the canonical submersion, up to

diffeomorphism.

Definition. A C!' map f : U C RF — R, U open, is a submersion at a € U if the rank

of f'(a) equals (. f is called a submersion if it is a submersion at each « € U.

Submersion Theorem. Let & > ¢, U C R¥ open, a € U, and f : U — R’ a C' map such
that the rank of f’(a) equals ¢. Then there are open sets V., W C R* with a € W C U,
and a diffeomorphism i : V — W, such that foh = 7|y.

[44

Proof. We will permute the coordinates so that we can “see” where the rank condi-

tion holds. Since f’(a) has rank ¢, it has ¢ linearly independent columns, say i1, ...,

i¢. In other words, the ¢ x { matrix A = (Dilf(a),...,Dizf(aD is invertible. Let

{jlv"'v.jk—f} = {177k} \ {ilv"'vif}' Let B = <D]1f(a)7 7Djk—zf(a)> € fo(k—é)-
Put T = (eil, . .,eiz,ejl,...,ejk_» € M, a permutation matrix. Then f'(a)-T = (A B).
Consider the function fo T : T~}(U) — R'. Note that

(F o TY(T @) = ' (T(T} (@) - T' (T (0)) = f'(a) - T.
We will use the inverse function theorem. Define g : T~ (U) — R* by
g(l’) = <f o T(l’), Ll41,--- ,l’k).
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A B

Thus rog = foT. Note also that ¢'(T"'(a)) = (O I
k—t

) , an invertible matrix.

Thus there are open sets Z1, Zo C R¥, with T=Y(a) € Z; C T~ (U), such that g : Z; — Z,
is a diffeomorphism. Define V = Zy, W = T(Z;), and h = Tog~!: V — W. Then since

foT|z =moglyz , we have foTog_1|g(Z1) = 7T|g(Z1), or foh=mrl|y. |

Definition. A k-dimensional (C'') manifold (in R™) is a subset M C R"™ such that for all
a € M there is an open set W C R" with a € W, and a C'! diffeomorphism ¢ : W — V,
V an open subset of R", such that ¢(W N M) = (W) N (R* x 0"~ F) (i.e. 2 €¢ WN M if
and only if ¢(x) = (v1,...,2%,0,...,0).)
Example. Let f: R" = R""F be C!, let ¢ € R"7* and set M = f~1(c¢). Suppose that
f 1s a submersion at each point of M. Then M is a k-dimensional manifold. To see this,
replace f(x) by f(x) — ¢, so that we may assume ¢ = 0. For a € M there are open V,
a € W C R" and a diffeomorphism h : V — W such that foh = 7 on V. Put ¢ = h™ 1.
Then
W NM)=h""(WnM)

=V nh (M)

=Vnh ' (f71(0))

=Vn(foh)~(0)

=V nr10)

=V (R" x {0}).
Examples of manifolds.

1. Define f : R*™! — R by f(x) = ||z||*. Tt is easy to check that f'(x) is onto for all  # 0.
Thus if we define S = f~!(1) we find that the n-sphere is an n-dimensional manifold (in
Rn—l—l)‘

2. Comnsider the determinant function det : M,, — R. We claim that if A € M,, is invertible
then det’(a) is onto (exercise). Therefore SL(n,R) = det™'(1) is an (n? — 1)-dimensional

manifold.

3. Let S,, denote the set of n x n symmetric matrices. It is easy to see that 5, is just
R™"+t1)/2 (in the same way that M, is just R"Q). Define f : M, — S, by f(a) = A'A.
The orthogonal group is given by O(n) = f~1(I,). It is an exercise to check that f is

a submersion at each orthogonal matrix, and therefore O(n) is a manifold (of dimension

n(n—1)/2).



