
MAT 578 HOMEWORK 7 Due: 10/11/07

Solve three of the following problems.

27. Note: powers of the unilateral shift S, and of its adjoint, will be useful in this problem.
(a) Prove that the adjoint map T → T ∗ on B(H) is continuous for the weak operator topology, but

not for the strong operator topology.
(b) Prove that multiplication in B(H) is strong operator continuous on bounded sets.

28. Prove that if H is infinite dimensional, then multiplication in B(H) is not strong operator continuous.

29. (a) Let U(H) be the set of unitary operators in B(H). Prove that the strong operator closure of
U(H) consists of isometries.

(b) Let S be the unilateral shift. Prove that S ∈ U(`2)
SOT

. (Hint: construct unitaries on `2{1, . . . , n}
that strongly approximate S.)

30. Let (X, µ) be a σ-finite measure space, and let B(X) be the set of all bounded Borel functions X → C.
Recall that for f ∈ B(X), the essential range of f is the set of λ ∈ C such that µ

(
{|f − λ| < ε}

)
> 0

for every ε > 0. If f , g ∈ B(X), we will write f ∼ g to mean that f = g µ-a.e. Prove that the essential
range of f equals ⋂{

g(X) : g ∈ B(X), g ∼ f
}
.

31. Let A be a Banach algebra, and let a0, a1, . . ., b0, b1, . . . ∈ A. Suppose that
∑∞

n=0 ‖an‖ < ∞ and∑∞
n=0 ‖bn‖ < ∞. Let x, y ∈ A be given by x =

∑∞
n=0 an and y =

∑∞
n=0 bn, and define cn ∈ A by

cn =
∑n

j=0 ajbn−j . Prove that
∑∞

n=0 ‖cn‖ < ∞, and that xy =
∑∞

n=0 cn.
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