
MAT 570 HW 10 Due Tuesday, 11/15/05

Solve three problems from among these and past unsolved problems.

47. When (with proof) does equality hold in the triangle inequality in Lp(X,M, µ) if:
(i) p = 1?
(ii) 1 < p < ∞?

(iii)∗ (Extra Credit) p = ∞?

48. (The Vitali Convergence Theorem) Let 1 ≤ p < ∞ and let (fn) be a sequence in
Lp(X,M, µ). Prove that (fn) is Cauchy in Lp if and only if the following three conditions
all hold:
(i) (fn)∞n=1 is Cauchy in measure.
(ii)

{
|fn|p

∣∣ n = 1, 2, . . .
}

is uniformly integrable (see problem 34).
(iii) For all ε > 0 there exists E ∈M with µ(E) < ∞ such that∫

X\E
|fn|p dµ < ε for all n.

(Hint: for the ‘if’ direction, let Amn be the subset of E where |fm − fn| ≥ ε, E being
the set given by (iii). Estimate the integral of |fm−fn|p separately over Amn, E\Amn,
and X \ E.)

49. Let f ∈ Lp(X,M, µ) ∩ L∞(X,M, µ) for some p < ∞ (then f ∈ Lq for any q > p).
Prove that ‖f‖∞ = limq→∞ ‖f‖q.

50. Let f be a measurable complex-valued function on (X,M, µ). The essential range of
f is defined to be the set, Rf , of all z in C such that for every ε > 0,

µ
({
|f − z| < ε

})
> 0.

Prove that
(i) Rf is closed.
(ii) ‖f‖∞ = sup

{
|z|

∣∣ z ∈ Rf

}
.

51. Let g ∈ L∞(X,M, µ). Define a linear operator Tg : Lp → Lp by Tg(f) = gf
(1 ≤ p ≤ ∞). Prove that ‖Tg‖ ≤ ‖g‖∞, and that equality holds if µ is semifinite.


