MAT 570 HW 9 Due Tueday, 10/30/01

37. Let v be a signed measure on (X, M). Prove the following statements. (Use the
definition of signed measure, but not the Hahn decomposition theorem.)

(1) If {E;} is an increasing sequence in M, then v(U; E;) = lim; v(Ej;).

(ii) If {E;} is a decreasing sequence in M, and ‘V(El)‘ < oo, then v(N;E;) = lim; v(E;).

38. Let i and v be signed measures. Prove that the following statements are equivalent.
(i) pLv

(i) p L |v|

(iii) g L vt and p L v~

39. Let v be a signed measure on (X, M). Prove the following statments.
(i) L'(v) = L(|v])

(ii) If f € L'(v), then ‘ffdl/‘ < [Ifldlv].

(iii) If E € M, then |[v|(E) = sup{| [, fdv|:|f] < 1}.

40. Prove the following statments.

(i) If v is a signed measure, and A, p are positive measures such that v = A — pu, then
A> vt and p > v, (For signed measures 6 and ¢ we write § < ¢ to mean that
O(E) < ¢(E) for all measurable sets E.)

(ii) Let 14, vo be signed measures, and suppose that v1(X) and v3(X) are not opposite

extended real numbers. Then |vy + vo| < |vq] + |v2].

41. Let (X, M,u) be a measure space. A collection of functions & C L'(u) is called
uniformly integrable if for every € > 0 there exists § > 0 such that for every measurable

set E with u(E) < and for every f € &, we have

/Efd/,a‘<e.

Prove the following statements.

(i) Any finite subset of L'(x) is uniformly integrable. (You may cite the result of # 21.)
(ii) If f, — fin L'(p) then {f1, f2, f3, ...} is uniformly integrable.



