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1 Introduction and Notations

Concerning with approximating function by sigma-pi neural network, Pinkus [1]

discussed TDI-subspace of C(Rn)and some density problems, i.e suppose that g ∈

C(Rn), set

µg = span{g(Ax − b)} (1.1)

where A is nonsingular diagonal matrix and b ∈ Rn. Then µg is called the smallest

TDI-subspace generated by g. With the topology of uniform convergence on compact

subsets in C(Rn), the necessary and sufficent conditions imposed on g such that

µg = C(Rn) have been obtaind. On the other hand Chen and Chen [9] used the

property of isomorphism of Fourier transform in L2(Rn) to discuss this question in

L2(Rn).
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The materials described above associate with the approximation to the functions,

but in the study of system identification, we always view a system as a nonlinear map

from one space to another, then given a system defined by a map F , the objective

of system identification is to build another map G which will approximate F well.

Therefore it is necessary to study the problem of approximating nonlinear function-

als and operators defined on some function space . In [7] Chen and Chen discussed

in detail the problem of approximating nonlinear functional and nonlinear operators

defined on some compact set in C(K) by Radial Bases Function(RBF) neural net-

works, where K is a compact subset of Rn, and obtained some explicit results, but

the compactness of K plays an essential role.

Can we give a neural network model to approximate nonlinear functionals or

operators defined on some compact set in Lp(Rn)? In this paper we will answer this

question and give some strong results.

Next all nonsingular diagonal matrixes of order n will be denoted by An, Ωn the

volume of unit ball in Rn, and R∗ = {x ∈ Rn : theresomexi = 0}.

If f is any function on Rn, and a ∈ R∗ , b ∈ Rn, Then f a
b is defined as following:

fa
b = f(ax + b) for all x ∈ Rn;

the set Sf is defined by

Sf = {f a
b : a ∈ R∗, b ∈ Rn}.

If f ∈ Lp(Rn), we shall denote by T [f ] the closed vector subspace of Lp(Rn) generated

by Sf .
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2 Approximating Function Theorems

Harisymiv [5] obtained an elegant result and used some delicate techniqes to prove

it, but his proof is difficult to understand. Next we will relate Harisymiv’s Theorem

and give our proof.

Theorem 2.1 If f ∈ Lp(Rn), (1 < p <∞) and f 6= 0 , then T [f ] = Lp(Rn).

Showing this theorem we need some preliminary work.

Consider any function φ ∈ D(R∗), then if x ∈ R∗, it follows that φx−1

∈ D(R∗).

If s ∈ S ′(Rn) we define a function s5 φ on R∗ by

s5 φ(x) = s(φx−1

)

for all x ∈ R∗, then s5 φ ∈ C∞(R∗) [5]. Thus we have

Lemma 2.2 If W is any relatively compact open set such that W̄ ⊂ R∗; if φ ∈

D(R∗) and s ∈ D′(R∗), then there exists a function k(x) ∈ S(Rn) such that On W

s5 φ = k̂

Proof W̄ ⊂ R∗ implies that there exists open set Ω ⊂ R∗ such that W̄ ⊂ Ω ⊂ R∗,

therefore there is ψ ∈ C∞(Rn) satisfying

ψ(x) =





1, if x ∈ W̄

0, if x ∈ Rn\Ω

Let k(x) = ((s5φ)ψ)∨, here and elsewhere ∨ denotes the inverse Fourier transform.(s5

φ)ψ ∈ D(Rn), then we have k(x) ∈ S(Rn).

Comparing Lemma 2.2 with Lemma 2.1 in [5], we emphiasize that k(x) ∈ S(Rn),

which play key role in the following lemma.
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Lemma 2.3 [5] If φ ∈ D(R∗) ,f ∈ Lp(Rn), g ∈ Lq(Rn), and if

fa ∗ g = 0

for all a ∈ R∗, then on R∗

f̂ 5 φ · ĝ = 0.

Lemma 2.4 Suppose that f ∈ Lp(Rn) and that R∗ ⋂ suppf̂ 6= ∅. Then if g ∈ Lq(Rn)

is such that f a ∗ g = 0 for all a ∈ R∗, we have

suppĝ ⊆ Rn\R∗.

Proof First we observe that

suppf̂a = a · suppf̂

and hence, since R∗ ⋂ suppf̂ 6= ∅,

⋃

a∈R∗

suppf̂a ⊇ R∗. (2.1)

Now suppose that x ∈ R∗. By (2.1) there exist b such that x ∈ suppf̂ b. Choose a

relatively compact neighbourhood W of x such that W̄ ⊂ R∗.There exists a function

φ ∈ D(W ) such that

f̂ b(φ) 6= 0,

i.e.

f̂ b 5 φx(x) 6= 0.

f̂ b5φx(y) ∈ C∞(R∗) implies that there exists a open neighbourhood Ω of x satisfying

Ω̄ ⊆ R∗ such that f̂ b 5 φx 6= 0 in Ω̄. By Lemma 2.2, there is k(x) ∈ S(Rn) such that
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k̂(x) = f̂ b 5 φx(y) on Ω̄. By Lemma 2.4, then for any ψ ∈ D(Ω)

ĝ(ψ) = k̂(y) · ĝ(
1

k̂(x)
ψ)

= f̂ b 5 φx(y) · ĝ(ψ̃)

= 0 (2.2)

this implies that x 6∈ suppĝ, thus suppĝ ⊆ Rn\R∗.

Now we start to prove Theorem 2.1

Proof of Theorem 2.1 Suppose that T [f ] is a subset of Lp(Rn), by Hann-

Banach extension theorem and Risez representation theorem, there exists nonzero

function g(x) ∈ Lq(Rn) such that for any a ∈ R∗, b ∈ Rn we have

∫

Rn
fa(x + b)g(x) = 0 (2.3)

i.e.

fa ∗ g = 0. (2.4)

Since f ∈ Lp(Rn)\0 and Rn\R∗ is q-thin set [5], if 1 < q <∞, we have

suppf̂
⋂
R∗ 6= ∅.

Then, by Corollary 2.5 we can follows that

suppĝ ⊂ Rn\R∗

and so g = 0 . This is in contradict with g 6= 0. Then we complete the proof of

Theorem 2.1.

It can be easily seen that Theorem 2.1 is equivlent to the following theorem:

Theorem 2.5 Suppose that g ∈ Lp(Rn) and g 6= 0, then for any f(x) ∈ LP (Rn)

and any ε > 0, there exist positive integer N , non-singular diagonal matrix Ai, Xi ∈
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Rn, i = 1, · · · , N , and contants ci, i = 1, · · · , N , which all depend on f , such that

‖f(x) −
N∑

i=1

ci(f)g(Aix +Xi)‖p < ε. (2.5)

But for the functions in a compact set of Lp(Rn), we have the following more

strong theorem.

Theorem 2.6 Suppose that V is a compact set of Lp(Rn), g ∈ Lp(Rn) and g 6= 0.

then for any ε > 0, there exist positive integer N , non-singular diagonal matrix Ai,

Xi ∈ Rn, i = 1, · · · , N , which are independent of f ∈ V , and contants ci(f), i =

1, · · · , N , which depend on f ∈ V , such that

‖f(x) −
N∑

i=1

ci(f)g(Aix+Xi)‖p < ε (2.6)

holds for all f ∈ V . Moreover, every ci(f) is a continuous functional defined on V .

In order to prove Theorem 2.6, we need some Lemmas.

Lemma 2.7 [11] V is a compact set in Lp(Rn), then we have:

1. There is a constant A > 0, such that for all f ∈ V , ‖f‖p < A;

2. For any ε > 0, there is a constant B > 0, such that for all f ∈ V

∫

‖x‖>B
|f(x)|pdx < ε;

3. ) For any ε > 0, there is h0 > 0, such that for all f ∈ V , provided that h < h0

‖f(x+ h) − f(x)‖p < ε.
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Suppose f ∈ Lp(Rn). For any fixed h > 0, we let

fh(x) =
1

m(B(x, h))

∫

B(x,h)
f(t)dt.

where B(x, h) is the ball in Rn with center at x and radius h, m(B(x, h)) is the

volume of the ball in Rn. Then by the definition of fh(x) and Minkowski’s inequality

for integrals, we can easily prove

Lemma 2.8

1. ‖fh‖p ≤ ‖f‖p.

2. For any ε > 0, there is h0 > 0, if h < h0,we have ‖fh − f‖p < ε.

3. Suppose that V is a compact set in Lp(Rn), for any fixed h > 0, let Vh =

{fh : f ∈ V }. Then there exists constant Ah > 0 such that for all fh ∈ Vh,

|fh(x)| ≤ Ah.

4. For any ε > 0 there exists δ(ε), if ‖x − y‖ < δ(ε), then for all fh ∈ Vh,

|fh(x) − fh(y)| < ε uniformly holds, where Ah, δ(ε) are independent of fh.

With these lemmas in hand, next we will prove Theorem 2.6.

Proof of Theorem 2.6 For any fixed ε > 0, by (2) of Lemma 2.8, there exists

h0 > 0, such that

‖fh − f‖p <
ε

8
. (2.7)

Combining this inequality with (2) of Lemma 2.7, we conclude that for previous ε

and some fixed h < h0, there is B > 0 such that

(∫

‖x‖≥B
|fh(x)|

pdx

) 1

p

<
ε

4
(2.8)
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holds for all fh ∈ V .

Let φ(x) = ce−‖x‖Rn , satisfying
∫
Rn φ(x)dx = 1, and φδ(x) = δ−nφ(δ−1x). It is

well known that there is δ0 > 0,such that for δ < δ0 and all f ∈ V

‖f ∗ φδ − f‖p <
ε

8
. (2.9)

By Young inequlity and Lemma 2.8, when h < h0 and for all f ∈ V

‖f ∗ φδ − fh ∗ φδ‖p ≤ ‖f − fh‖p ≤
ε

8
. (2.10)

From (2.9) (2.10), for all f ∈ V we have

‖f − fh ∗ φδ‖ ≤
ε

4
. (2.11)

Combining (2.8) with (2.11) and the fact that
∫
Rn φδ(x)dx = 1, for all f ∈ V we have

‖f(x) −
∫

‖t‖<B
fh(t)φδ(x− t)dt‖p <

ε

2
. (2.12)

For the fixed h and δ , we can approximate the integral
∫
‖t‖≤B fh(t)φδ(x − t)dt by

Riemann sum
M∑
i=1

f(tj)φδ(x−tj)m(4tj), where
M⋃
i=1

4tj is a division of the ball ‖t‖Rn ≤

B,tj ∈ 4tj, then we have

∫

‖t‖≤B
fh(t)φδ(x− t)dt−

M∑

i=1

fh(tj)φδ(x− tj)m(4tj)

=
M∑

i=1

∫

4tj

[fh(t)φδ(x− t) − fh(tj)φδ(x− tj)]dt

=
M∑

i=1

∫

4tj

[fh(t) − fh(tj)]φδ(x− t)dt

+
M∑

i=1

fh(tj)
∫

4tj

[φδ(x− t) − φδ(x− tj)]dt

= I1 + I2.
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Now we are to estimate ‖I1‖p and ‖I2‖p, by Minkowski inequality , we have

‖I1‖p ≤
M∑

i=1

(∫

Rn

(∫

4tj

[fh(t) − fh(tj)]φδ(x− t)dt

)p

dx

) 1

p

≤
M∑

i=1

∫

4tj

(∫

Rn
|[fh(t) − fh(tj)]φδ(x− t)|pdx

) 1

p

dt.

For small enough fixed h and δ, by Lemma 2.8, there is η > 0 if diam(4tj) < η, from

the previous inequality we can conclude ‖I1‖p < ε/8. Similarly, we can also obtain

‖I2‖p < ε/8.

Combining with (2.12), for all f ∈ V we have

‖f(x) −
M∑

i=1

fh(tj)m(4tj)φδ(x− tj)‖p <
3ε

4
. (2.13)

By Theorem 2.5 for each fixed j, j = 1, · · · ,M , there are positive integer Nj,

constants dij ,non-singular diagonal matrixes Aij, vectors Xij ∈ Rn, i = 1, · · · , Nj

such that

‖φδ(x− tj) −
Nj∑

i=1

dij(Aijx−Xij)‖p <
ε

4L
(2.14)

where L = sup
f∈V

M∑
j=1

|fh(tj)|m(4tj).

Substituting (2.14) into (2.13) we conclude that there are N =
M∑

j=1
Nj , positive

numbers λj, non-singular diagonal matrixes Ai , vectors Xi, i = 1, · · · , N , which are

independent of f ∈ V and constants ci(f), i = 1, · · · , N depend on f ∈ V , such that

‖f(x) −
N∑

i=1

λig(Aix−Xi)‖p ≤ ε (2.15)

for all f ∈ V . From the process of the above proof, we see that all ci(f) are linear com-

bination of fh(tj), i.e, linear continuous functionals of f . Theorem 2.6 is completely

proved.
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In the following, we can see that Theorem 2.6 play an important role in the

application of approximation of operators.

3 Approximating Functionals and Operators

Taking advantage of Stone-Weierstrass theorem we discuss problems of approxi-

mating continuous operators from Lp1(Rn1) to Lp2(Rn2) in this section.

Suppose that V is a compact set of Lp(Rn), (1 < p <∞), non-zero g(x) ∈ Lq(Rn),

(1/p + 1/q = 1). From Theorem 2.5 we know that the family of all finite linear

combinations
N∑

i=1
cig(Aix+ bi) is dense in Lq(Rn), where Ai ∈ An, ci ∈ R and bi ∈ Rn.

We denote by

S := {G(x) : G(x) =
N∑

i=1

cig(Aix+ bi), Ai ∈ An, ci ∈ R1, bi ∈ Rn}, (3.1)

then we have

Lemma 3.1 Suppose that f1 and f2 are distinct elements of Lp(Rn), r1 and r2 are

distinct real numbers, (let r1 = r2 if f1 = f2). Then there exist real number ρ and

G(x) ∈ S such that

ρ+
∫

Rn
G(x)f1(x)dx = r1, (3.2)

ρ+
∫

Rn
G(x)f2(x)dx = r2. (3.3)

Proof From the hypotheses we know f1 − f2 6= 0, since S is dense in Lq(Rn),

there exists Q(x) ∈ S such that

∫

Rn
Q(x)(f1(x) − f2(x))dx 6= 0. (3.4)
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Let

G(x) =
r1 − r2∫

Rn Q(x)(f1(x) − f2(x))dx
Q(x), (3.5)

then G(x) ∈ S and
∫

Rn
G(x)(f1(x) − f2(x))dx = r1 − r2. (3.6)

Set ρ = r1 −
∫
Rn G(x)f1(x)dx, clearly ρ +

∫
Rn G(x)f2(x)dx = r2. Lemma 3.1 is

proved.

Let A stands for the set of all R-valued continuous functional defined on V , and

A0 := {h : V 7→ R1, h(f) = ρ+
∫

Rn
G(x)f(x)dx,G(x) ∈ S, ρ ∈ R1}, (3.7)

then A0 is a subset of A. We want to take advantage of Stone-Weierstrass theorem

to construct approximations to continuous functionals defined on V .

The lattice operations a∨ b and a∧ b on pairs of elements a and b of A are defined

by (a∨ b)(x) = max[a(x), b(x)] and (a∧ b)(x) = min[a(x), b(x)]. By Stone-weierstrass

theorem, we can easily conclude the following lemma.

Lemma 3.2 Let A be the family of continuous R-valued functions defined on com-

pact set V , A0 an arbitrary subfamily of A, and U(A0) the family of all functions

generated from A0 by the finite lattice operations. Suppose that f ∈ A has the prop-

erty that for any v and w in V there exists a function h ∈ A0 such that h(v) = f(v)

and h(w) = f(w), then f ∈ U(A0).

Lemma 3.3 [8][1] Suppose that K is a compact set in Rn. g(x) ∈ C(R1) and is

not a polynomial, then for any ε > 0, there exist a positive integer N , real nembers

θi, vectors ωi ∈ Rn and constants ci, i = 1, 2, · · · , N , such that

|f(x) −
N∑

i=1

cig(ωi · x+ θi)| < ε (3.8)
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holds for x ∈ K and f(x) ∈ C(K).

Theorem 3.4 Suppose that V is a compact set of Lp(Rn), nonzero g1(x) ∈ Lq(Rn),

(1/p + 1/q = 1), g2(x) ∈ C(R1) and is not a polynomial, S and A0 are defined as

above. F is a continuous functional defined on V , then for any ε > 0, there exist

positive integers N , m, hj ∈ A0, λi ∈ Rm, ci, θi ∈ R1, i = 1, · · · , N , j = 1, · · · , m,

such that

|F (f) −
N∑

i=1

cig2(λi · x
m + θi)| < ε, (3.9)

where xm = (h1(f), · · · , hm(f))′, and hj(f) = ρj +
∫
Rn Gj(x)f(x)dx, Gj(x) ∈ S.

Proof For any ε > 0, by Lemma 3.1 and Lemma 3.2 there exist positive m,

elements hj ∈ A0, j = 1, · · · , m, and a lattice map L, such that

|F (f) − L(h1, · · · , hm)| <
ε

2
(3.10)

holds for f ∈ V . By the definition of hj, we know that hj is a continuous map defined

on V , so Kj := hj(V ) is a compact set of R1. Let K := K1 × · · · ×Km, then K is a

compact set of Rm. Therefore, L can be veiwed as a continuous function defined on

K, by Lemma 3.3, for above ε > 0, there exist positive integer N , real numbers ci,

θi, λi ∈ Rm, i = 1, · · · , N , such that

|L(h1, · · · , hm) −
N∑

i=1

cig2(λi · x
m + θi)| <

ε

2
(3.11)

holds for f ∈ V .Combining with (3.10), we see that

|F (f) −
N∑

i=1

cig2(λi · x
m + θi)| < ε (3.12)

holds for f ∈ V . Theorem 3.4 is proved.
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Lemma 3.5 [7] [1] Suppose that g ∈ C(R+) and is not an even polynomial, K is

a compact set in Rn, then for any ε > 0, there exist a positive integer N , real number

ci, λi, θi ∈ Rn, i = 1, · · · , N , such that

|f(x) −
N∑

i=1

cig(λi‖x− yi‖)| < ε (3.13)

holds for all x ∈ K and f ∈ C(K).

Similar to Theorem 3.4, we can prove

Theorem 3.6 Suppose that V is a compact set of Lp(Rn), g1(x) ∈ Lq(Rn) and

g1(x) 6= 0, (1/p + 1/q = 1), g2(x) ∈ C(R1) and is not an even polynomial, S and

A0 are defined as above. F is a continuous functional defined on V , then for any

ε > 0, there exist positive integers N , m, hj ∈ A0, ci, λi ∈ R1, θi ∈ Rn, i = 1, · · · , N ,

j = 1, · · · , m, such that

|F (f) −
N∑

i=1

cig2(λi‖x
m + θi‖)| < ε, (3.14)

where xm = (h1(f), · · · , hm(f))′, and hj(f) = ρj +
∫
Rn Gj(x)f(x)dx, Gj(x) ∈ S.

From now on we start to discuss approximation to nonlinear continuous operators

from Lp1(Rn1) to Lp2(Rn2).

Theorem 3.7 Suppose that V is a compact set of Lp1(Rn1), T is a continuous

operator mapping V into Lp2(Rn2), g1(x) ∈ C(R1) and is not a polynomial, nonzero

g2 ∈ Lp2(Rn2), nonzero g3(x) ∈ Lq2(Rn2), (1/p2 + 1/q2 = 1), S = {G(x) : G(x) =
N∑

i=1
cig3(Aix+bi), Ai ∈ An2, bi ∈ Rn2}, A0 = {h : T (V ) 7→ R1, h(f) = ρ+

∫
Rn2

G(x)f(x)dx,G(x) ∈

S, f(x) ∈ T (V ), ρ ∈ R1}. Then for any ε > 0, there exist positive integers N , Ni, mi,
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Ai ∈ An2 , bi ∈ Rn2 , real numbers ci,k, θi,k, λi,k ∈ Rmi , k = 1, · · · , Ni, j = 1, · · · , mi,

such that

‖T (u)(y)−
N∑

i=1

Ni∑

k=1

ci,kg1(λi,k · x
mi + θi,k)g2(Aix+ bi)‖Lp2 (Rn2 ) < ε (3.15)

holds for all u ∈ V .

Proof T is a continuous operator mapping V into Lp2(Rn2), then T (V ) :=

{T (u) : u ∈ V } is a compact set of Lp2(Rn2). By Theorem 2.6, for any ε > 0, there

exist positive integer N , Ai ∈ An2, bi ∈ Rn2, i = 1, · · · , N , which all are independent

of T (u) ∈ T (V ), and constants σi(T (u)) depending on T (u), such that

‖T (u)(y)−
N∑

i=1

σi(T (u))g2(Aix + bi)‖Lp2 <
ε

2
(3.16)

holds for all u ∈ V . Moreover, every σi(T (u)) is a continuous functional defined on

V . For each σi(T (u)), by Theorem 3.4, there exist positive integers Ni, mi, hi,j ∈ A0,

real numbers ci,k, θi,k, λi,k ∈ Rmi , k = 1, · · · , Ni, j = 1, · · · , mi, such that

|σi(T (u)) −
Ni∑

i=1

ci,kg1(λi,k · x
mi + θi,k)| <

ε

2L
, (3.17)

where xmi = (hi,1(T (u)), · · · , hi,mi
(T (u)))′, hi,j ∈ A0. Because N,Ai, bi are indepen-

dent of T (u) ∈ T (V ), we can set

L =
N∑

i=1

‖g2(Aix + bi)‖Lp2 (Rn2 )

. Combining (3.17) with (3.16) we have

‖T (u)(y)−
N∑

i=1

Ni∑

k=1

ci,kg1(λi,k · x
mi + θi,k)g2(Aix+ bi)‖Lp2 (Rn2 ) < ε (3.18)

holds for all u ∈ V . Theorem 3.7 is proved.

Similar to the proof of Theorem 3.7, we can prove

14



Theorem 3.8 Suppose that V is a compact set of Lp1(Rn1), T is a continuous

operator mapping V into Lp2(Rn2), g1(x) ∈ C(R1) and is not an even polynomial,

nonzero g2 ∈ Lp2(Rn2), nonzero g3(x) ∈ Lq2(Rn2), (1/p2 + 1/q2 = 1), S = {G(x) :

G(x) =
N∑

i=1
cig3(Aix + bi), Ai ∈ An2 , bi ∈ Rn2}, A0 = {h : T (V ) 7→ R1, h(f) =

ρ +
∫
Rn2

G(x)f(x)dx,G(x) ∈ S, f(x) ∈ T (V ), ρ ∈ R1}. Then for any ε > 0, there

exist positive integers N , Ni, mi, Ai ∈ An2, bi ∈ Rn2, real numbers ci,k, θi,k, λi,k,

k = 1, · · · , Ni, j = 1, · · · , mi, such that

‖T (u)(y)−
N∑

i=1

Ni∑

k=1

ci,kg1(λi,k‖x
mi + θi,k‖)g2(Aix+ bi)‖Lp2(Rn2 ) < ε (3.19)

holds for all u ∈ V .
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